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PREFACE. 


In  1810  a  work  was  published  in  Cambridge  under  the  follow- 
ing title — A  Treatise  on  Isoperimetrical  Problems  and  the  Calculus 
of  Variations.  By  Robert  Woodhouse,  A.M.,  F.R.8,,  Fellow  of 
Caius  College,  Cambridge.  This  work  details  the  history  of  the 
Calculus  of  Variations  from  its  origin  until  the  close  of  the  eighteenth 
century,  and  has  obtained  a  high  reputation  for  accuracy  and 
clearness.  During  the  present  century  some  of  the  most  eminent 
mathematicians  have  endeavoured  to  enlarge  the  boundaries  of  the 
subject,  and  it  seemed  probable  that  a  survey  of  what  had  been 
accomplished  would  not  be  destitute  of  interest  and  value.  Accord- 
ingly the  present  work  has  been  undertaken,  and  a  short  account 
will  now  be  given  of  its  plan. 

As  the  early  history  of  the  Calculus  of  Variations  had  been 
already  so  ably  written,  it  was  unnecessary  to  go  over  it  again ; 
but  it  seemed  convenient  to  commence  with  a  short  account  of 
two  works  of  Lagrange  and   a  work  of  Lacroix,  because  they 
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exhibit  the  state  of  the  subject  at  the  close  of  the  eighteenth 
century;  the  first  chapter  is  therefore  devoted  to  these  works  of 
Lagrange  and  Lacroix.  The  notice  of  the  two  works  of  Lagrange 
is  very  brief,  for  in  fact  both  of  them  were  accessible  to  Wood- 
house,  and  he  has  given  a  good  account  of  all  that  Lagrange 
accomplished.  The  notice  of  the  work  of  Lacroix  is  fuller  because 
the  second  edition  of  that  work  had  not  appeared  when  Wood- 
house  wrote ;  it  was  also  necessary  to  indicate  two  important  mis- 
takes which  occur  in  Lacroix  on  account  of  their  influence  on  the 
history  of  the  subject ;  see  Arts.  27  and  39. 

The  second  chapter  contains  an  account  of  the  treatises  of 
Dirksen  and  Ohm. 

The  third  chapter  contains  an  account  of  a  remarkable  memoir 
by  Gauss,  whicli  afibrds  the  earliest  example  of  the  discussion  of 
a  problem  involving  the  variation  of  a  double  integral  with  variable 
limits  of  integration. 

The  fourth  chapter  contains  an  account  of  a  memoir  by  Poisson 
on  tlic  Calculus  of  Variations.  The  great  object  of  this  memoir  is 
to  exliibit  the  variation  of  a  double  integral  when  the  limits  of 
integration  are  variable.  The  memoir  is  important  in  itself,  and 
also  from  the  fact  that  it  may  be  considered  to  have  led  the  way 
for  those  which  were  written  by  Ostrogradsky,  Delaunay,  Cauchy 
and  Sarrus. 

The  fiftli  chapter  contains  an  account  of  a  memoir  by  Ostro- 
gradsky ;  this  memoir  was  suggested  by  Poisson's,  and  its  object  is 
to  exhibit  the  variation  of  a  multiple  integral  when  the  limits  of 
the  integration  are  variable. 

The  Academy  of  Sciences  at  Paris  proposed  for  their  mathe- 
matical prize  subject  for  1842,  the  Variation  of  Multiple  Integrals. 
The  prize  was  awarded  to  a  memoir  by  Sarrus,  and  honourable 
mention  was  made  of  a  memoir  by  Delaunay.  The  memoir  of 
Delaunay  is  analysed  in  the  sixth  Chapter,  and  the  memoir  of 
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Sarrus  in  the  eighth  Chapter;  the  seventh  chapter  analyses  a 
memoir  by  Cauchy,  in  which  the  results  obtained  by  Sarrus  are 
presented  under  a  slightly  different  form. 

Here  that  part  of  the  present  work  terminates  which  treats 
of  the  variation  of  multiple  integrals. 

The  next  three  chapters  treat  of  another  branch  of  the  subject, 
namely,  the  criteria  which  distinguish  a  maximum  from  a  minimum; 
these  criteria  were  exhibited  in  a  remarkable  memoir  published  by 
Jacobi  in  1837,  which  has  given  rise  to  a  series  of  commentaries 
and  developments.  The  method  of  Jacobi  is  founded  upon  one 
originally  given  by  Legendre ;  accordingly  the  ninth  chapter  first 
explains  what  Legendre  accomplished,  and  also  what  was  added 
to  his  results  by  another  mathematician,  Brunacci,  and  then  finishes 
with  a  translation  of  Jacobins  memoir.  The  tenth  chapter  con- 
tains an  account  of  the  commentaries  and  developments  to  which 
Jacobi's  memoir  gave  rise.  The  eleventh  chapter  contains  some 
miscellaneous  articles  which  also  bear  upon  Jacobi's  memoir. 

The  twelfth  chapter  contains  an  account  of  various  memoirs 
which  illustrate  special  points  in  the  Calculus  of  Variations. 
The  thirteenth  chapter  contains  an  account  of  three  comprehen- 
sive treatises  which  discuss  the  whole  subject.  The  fourteenth 
chapter  gives  a  brief  notice  of  all  the  other  treatises  on  the  sub- 
ject  which  have  come  to  the  writer's  knowledge. 

The  fifteenth  chapter  notices  various  memoirs  which  have 
some  slight  connection  with  the  subject.  The  sixteenth  chapter 
notices  various  memoirs  which  relate  principally  to  geometry,  or 
differential  equations,  or  mechanics,  but  the  titles  of  which  are 
suggestive  of  some  relation  to  the  Calculus  of  Variations. 

The  seventeenth  chapter  gives  the  history  of  the  theory  of 
the  conditions  of  integrability. 

The  writer  has  endeavoured  to  be  simple  and  clear,  and  he 
hopes  that  any  student  who  has  mastered  the  elements  of  the 
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subject  will  be  able  without  difficulty   to   understand  the  whole 
of  the  work. 

It  may  appear  at  first  sight  that  great  disproportion  exists 
between  the  spaces  devoted  to  the  various  treatises  and  memoirs 
which  are  analysed.  The  writer  has  not  considered  solely  or 
chiefly  the  relative  importance  of  these  treatises  and  memoirs, 
but  also  the  ease  or  difficulty  of  obtaining  access  to  them ;  and 
thus  a  work  of  inferior  absolute  value  may  sometimes  have  ob- 
tained as  long  a  notice  as  another  of  higher  character  when  the 
latter  could  be  procured  far  more  readily  than  the  former. 

In  citing  an  independent  work  the  title  has  usually  been 
given  in  the  original  language  of  the  work,  but  in  citing  a  me- 
moir which  forms  part  of  a  scientific  journal  it  has  generally  been 
considered  sufficient  to  give  an  English  translation  of  the  title. 
Sometimes  a  mathematician  has  been  named  in  the  history  before 
an  account  of  his  contributions  to  the  subject  has  been  given ; 
in  such  a  case  by  the  aid  of  the  index  of  names  at  the  end 
of  the  volume  it  will  be  easy  to  find  the  place  which  contains 
the  account.  Occasionally  in  the  course  of  the  translation  of  a 
passage  from  a  foreign  memoir  the  present  writer  has  inserted  a 
remark  of  his  own ;  this  remark  wiU  be  known  by  being  enclosed 
within  square  brackets. 

The  writer  may  perhaps  be  excused  for  stating  that  he  has 
found  the  labour  attendant  on  the  production  of  this  work  far  longer 
and  heavier  than  he  had  anticipated.  It  would  have  been  easy  to 
have  examined  merely  the  introductions  to  the  various  treatises  and 
memoirs,  and  thus  to  have  compiled  an  account  of  what  their  re- 
spective authors  proposed  to  effect ;  but  the  object  of  the  present 
writer  was  more  extensive.  He  wished  to  ascertain  distinctly  what 
had  been  effected,  and  to  form  some  estimate  of  the  manner  in 
which  it  had  been  effected.  Accordingly,  unless  the  contrary  is 
distinctly  stated,  it  may  be  asstmied  that  any  treatise  or  memoir 
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relating  to  the  Calculus  of  Variations  which  is  described  in  the 
present  work  has  undergone  thorough  examination  and  study. 
This  remark  does  not,  however,  apply  to  all  the  productions  which 
are  noticed  in  the  last  two  chapters  of  this  work. 

It  will  be  found  that  in  the  course  of  the  history  numerous 
remarks,  criticisms,  and  corrections  are  suggested  relative  to  the 
various  treatises  and  memoirs  which  are  analysed.  The  writer 
trusts  that  it  will  not  be  supposed  that  he  undervalues  the  labours 
of  the  eminent  mathematicians  in  whose  works  he  ventures  occa- 
sionally to  indicate  inaccuracies  or  imperfections,  but  that  his  aim 
has  been  to  remove  diflSculties  which  might  perplex  a  student. 
In  the  course  of  his  studies  the  writer  frequently  found  that  remarks 
which  he  intended  to  offer  on  various  points  had  been  already  made 
by  some  author  not  usually  consulted ;  for  example,  the  considera- 
tions  introduced  in  Art.  366  occurred  to  him  at  the  commencement 
of  his  studies,  and  it  was  not  until  long  afterwards  that  he  found 
he  had  been  anticipated  by  Legendre ;  see  Art.  202. 

The  writer  will  not  conceal  his  own  opinion  of  the  value  of  a 
history  of  any  department  of  science  when  that  history  is  presented 
with  accuracy  and  completeness.  It  is  of  importance  that  those 
who  wish  to  improve  or  extend  any  subject  should  be  able  to  ascer- 
tain what  results  have  already  been  obtained,  and  thus  reserve  their 
strength  for  diflSculties  which  have  not  yet  been  overcome;  and 
those  who  merely  desire  to  ascertain  the  present  state  of  a  subject 
without  any  purpose  of  original  investigation  will  often  find  that 
the  study  of  the  past  history  of  that  subject  assists  them  materially 
in  obtaining  a  sound  and  extensive  knowledge  of  the  position  to 
which  it  has  attained.  How  far  the  present  work  deserves^  attention 
must  be  left  to  competent  judges  to  decide;  should  they  consider 
that  the  objects  proposed  have  been  in  some  degree  secured, 
the  writer  will  be  encouraged  hereafter  to  undertake  a  similar 
survey  of  some  other  department  of  science. 
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The  writer  will  receive  most  tliankfiilly  any  suggestion  or  cor- 
rection relating  to  the  present  work  with  which  he  may  be  favoured, 
and  especially  any  information  respecting  those  memoirs  and  trea- 
tises which  may  have  escaped  his  observation,  and  those  of  which 
he  has  only  been  able  to  record  the  titles ;  see  Arts.  394  and  420. 

The  writer  takes  this  opportunity  of  returning  his  thanks  to  the 
Syndics  of  the  University  Press  for  their  liberal  contribution  to  the 
expenses  of  printing  the  work. 


St  John's  Colleox, 
AprU  15,  1861. 


CONTENTS. 


PAOB 

CHAPTER  I. 
Laoranoe.    Lacrotx 1 


CHAPTER  II. 
Dtrksev.    Ohm 28 

CHAPTER  III. 
Gauss 38 

CHAPTER  IV. 

PoisgON 53 

CHAPTER  V. 

OSTROQRADSKT      .  .» Ill 

CHAPTER  VI. 
Dbi*aunay 140 

CHAPTER  VII. 
8ARRUS 182 

CHAPTER  VIII. 
Cai'chy 210 

CHAPTER  IX. 

Lrgrndrr,  Brfnacci,  Jacobi 229 


XU  CONTENTS. 


PAfiF. 

CHAPTER  X. 

COMMENTATOBS  ON  JaooBI 2.54 


CHAPTER  XI. 
On  Jacobi's  Memoir ail 

CHAPTER  XII. 

Miscellaneous  Memoirs 333 

CHAPTER  XIII. 
Systematio  Tre.\tises 373 

CHAPTER  XIV. 

Minor  Treatises 43G 

CHAPTER  XV. 

Miscellaneous  Articles 470 

CHAPTER  XVI. 

Miscellaneous  Articles 484 

CHAPTER  XVII. 

Conditions  of  Integrability .005 


CALCULUS   OF   VARIATIONS. 


CHAPTER  I. 

LAGRANGE.    LACROIX. 

1.  It  is  the  object  of  the  present  work  to  trace  the  progress  of 
the  Calculus  of  Variations  during  the  nineteenth  century.  It  will 
be  convenient  to  begin  with  an  account  of  three  works  which  ex- 
hibit  the  state  of  the  subject  at  the  close  of  the  eighteenth  cen- 
tury. We  shall  accordingly  in  this  chapter  give  an  analysis  of 
the  treatises  on  the  Calculus  of  Variations  contained  in  Lagrange's 
ThSorte  dea  Fonctions  Analytiquea^  in  the  Legona  sur  le  Calcul  des 
Foncttons  of  the  same  author,  and  in  the  TraitS  du  Calcul  Diffi- 
rentiel  et  du  Calcul  Integral  of  Lacroix. 

2.  The  first  edition  of  Lagrange's  TMorie  des  Fonctions  Ana- 
lytiques  appeared  in  1797,  and  the  second  in  1813;  the  work  was 
also  reprinted  in  1847.  The  portion  which  treats  of  the  Calculus 
of  Variations  remains  as  it  was  in  the  original  edition,  where  it 
extends  over  pages  198 — 220;  we  proceed  to  give  an  accoimt  of 
this  portion. 

3.  Having  treated  of  ordinary  maxima  and  minima  problems 
in  the  preceding  pages  of  his  work,  Lagrange  states  that  the  same 
principles-  may  be  applied  to  determine  curves  which  possess  at 
every  point  some  assigned  maximum  or  minimum  property.  For 
example,  required  the  curve  at  every  point  of  which 

{y  +  {m-x) y'\  {y  +  (n - x) y'] 

is  a  maximum  or  minimum,  where  y'  denotes  -^ . 

j-p  1 
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Here  it  is  supposed  that  at  any  point  of  the  curve  y  is  suscep- 
tible of  variation  while  x  and  y  are  not  susceptible  of  variation ; 
then  according  to  the  ordinary  principles  of  maxima  and  minima 
problems  we  differentiate  the  proposed  expression  with  respect  to 
y'  as  variable,  and  equate  the  differential  coefficient  to  zero.  This 
gives 

(m-a;)  {y  +  (n-a:)y'}  +  {n-x)  {y+(w-a;)y}  =0...(1); 

therefore 

>^  (2a;-m-n)y    ^ 
^      2(w-ar)  (n-a;)' 

divide  by  y  and  integrate,  thus  we  obtain 

y"=A(w-ar)  {n-x) (2), 

where  A  is  an  arbitrary  constant. 

Differentiate  the  left-hand  member  of  (1)  with  respect  to  y  ;  this 
gives  2  (m  —  a;)  (n  —  a;) ;  hence  we  conclude  that  at  every  point  of 
the  curve  determined  by  (2)  the  proposed  expression 

{y+(m-a;)y}{y  +  (n-a;)y} 

is  a  maximum  or  minimum  according  as  (m  —x){ji^  x)  is  negative 
or  positive.  From  (2)  it  appears  that  the  curve  is  an  ellipse  if  /*  be 
negative,  and  then  (m  -  o^  (^  —  a;)  must  be  negative  and  there  is  a 
maximum ;  also  the  curve  is  an  hyperbola  if  A  be  positive,  and  then 
(iTi  ^Q^iji--  x)  must  be  positive  and  there  is  a  minimum. 

This  is  the  first  appearance  of  a  problem  of  this  kind.  La- 
grange intimates  that  such  problems  may  be  proposed  involving 
other  differential  coefficients  besides  the  first. 

4.  Lagrange  next  considers  the  more  common  problem  of  tlie 
Calculus  of  Variations,  namely  that  in  which  we  require  the  maxi- 
mum or  minimtmi  value  of  the  integral  of  a  function/  (x,  y ,  y ',  y ",...) . 
He  uses  ©  to  denote  what  is  called  the  variation  of  y,  and  which  is 
usually  denoted  by  Sy.  He  arrives  at  the  well-known  relation  which 
must  be  satisfied  in  order  that  the  proposed  integral  may  be  a  maxi- 
mum or  minimum;  this  relation  he  expresses  in  the  following 
manner; 

/'(y)-[/'(y')]'+L/'(y")]"-[/'(y"')r+-  =  o. 
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He  also  obtains  the  ordinary  result  for  the  terms  which  are  free 
from  the  integral  sign,  which  must  likewise  vanish  in  order  that  the 
proposed  integral  may  be  a  maximum  or  minimum. 

5.  Lagrange  now  proceeds  to  the  discrimination  of  a  maximum 
from  a  minimum  value ;  he  takes  the  case  in  which  the  function 
under  the  integral  sign  contains  no  differential  coeflScient  of  y  higher 
than  the  first.  We  will  here  indicate  his  method,  but  we  shall 
use  the  ordinary  notation  instead  of  Lagrange's.     Let  p  denote 

^ ,  and  suppose  /(a?,  y,  p)  to  represent  any  function  the  integral  of 

which  taken  between  certain  fixed  limits  is  to  have  a  maximum  or 
minimum  value.  Change  y  into  y  +  8y  and  p  into  p  +  8p ;  thus 
f{x^  y,  p)  will  become 

where  the  &c.  stands  for  terms  of  the  third  and  higher  orders  in  hy 
and  Sp. 

Now  by  means  of  the  relation  between  x  and  y  given  by 

|-(D'-« <■). 

and  the  fact  that  the  integration  is  taken  between  fixed  limits,  the 
integral  denoted  by 


Ify^^fA^ 


vanishes.     We  must  then  examine  the  integral 

if  this  taken  between  the  fixed  limits  is  negative  for  all  indefinitely 
BmsAl  values  of  Sy  and  Sp,  the  proposed  integral  is  a  maximum  when 
y  has  the  value  which  satisfies  (1) ;  if  it  be  positive  for  such  values 
of  hy  and  ip  the  proposed  integral  is  a  minimum. 

»  1-2 
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The  integral  which  we  have  to  examine  may  be  put  under  the 
form 

where  X  is  any  function  of  x ;  for  we  can  shew  immediately  by  dif- 
ferentiation that  the  latter  expression  coincides  with  the  integral 
which  we  have  to  examine.     Now  assume  X  such  that 

[d^dp      ^)~W        dxjdf ^^^' 

then  the  last  expression  under  the  integral  sign  becomes  a  perfect 
square,  and  the  integral  maj  be  written 


w 


where  -^  -ri  =  t-^i —  2X. 

fl^p      ay  dp 

Thus  we  have  to  examine  the  sign  of 

\  %.)'  -  \  %,)• + ^/^''  ^  («p + ^%)'  ^^ 

where  x^  and  x^  denote  the  limits  of  the  integration,  and  \  and  X^ 
are  the  values  of  X  and  iy^  and  h)^  the  values  of  Sy  at  the  respective 
limits.  Let  us  suppose  that  hy^  and  Sy^  are  zero,  then  we  have 
remaining 


Wlw^'p'^''^'^'''- 


dp 

Hence  we  may  conclude  that  if  ^7-4  ^^  always  positive  between 

the  limiting  values  of  x  the  proposed  integral  has  a  minimum  value ; 

.   d^f 
and  if  -^  be  always  negative  between  the  limiting  vahies  of  x  the 

proposed  integral  has  a  maximum  value. 

Lagrange  remarks  that  this  result  had  been  published  in  the 
Memoirs  of  the  Academy  of  Sciences^  in  1786  [by  Legendre]  ;  but  he 
adds,  that  in  order  to  ensure  the  correctness  of  the  result  it  ought  to 
be  shewn  tliat  the  value  of  X  determined  by  (2)  does  not  become 
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infinite  between  the  limits  of  integration,  and  it  is  generally  im- 
possible to  do  this,  because  the  value  of  X  cannot  actually  be  found. 

6.     Lagrange  takes  for  example  the  case  in  which 

here  -~^  is  necessarily  positive,  but  Lagrange  shews  that  when  n  ia 
negative  we  are  not  certain  of  the  existence  of  a  minimum. 

7-  Lagrange  then  indicates  the  method  to  be  pursued  in  dis- 
criminating a  maximum  from  a  minimum  when  the  expression 
which  is  to  be  integrated  involves  differential  coeflScients  of  a  higher 
order  than  the  first. 

8.  Then  leaving  the  question  of  the  discrimination  of  maxima 
and  minima  values,  Lagrange  returns  to  the  consideration  of  the  con- 
ditions which  are  common  to  both  maxima  and  minima  values.  He 
makes  some  remarks  on  the  case  in  which  the  limiting  values  of  the 
quantities^,  y',  y", ...  are  not  given,  but  only  one  or  more  equations 
connecting  them.  He  then  proceeds  to  suppose  that  the  function 
under  the  integral  sign  contains,  besides  y  and  its  difierential  co- 
eflScients with  respect  to  a?,  another  variable  z  and  its  diflferential 
coeflScients  with  respect  to  x.  When  y  and  z  are  independent  he 
arrives  at  the  two  well-known  relations  which  must  be  satisfied  in 
order  that  the  proposed  integral  may  be  a  maximum  ov  minimum, 
namely  the  relation  already  given  in  Art.  4,  and  another  which  may 
be  obtained  from  that  by  changing  y  into  z.  Lagrange  also  gives 
the  results  for  the  case  in  which  y  and  z  and  their  differential  coeflS- 
cients with  respect  to  x  are  connected  either  by  a  given  equation  or 
by  the  circumstance  that  an  assigned  integral  expression  involving 
them  is  to  have  a  constant  value. 

9.  As  an  example  of  the  theory  Lagrange  considers  the  pro- 
blem of  the  brachistochrone  when  a  particle  moves  from  one  given 
point  to  another.     Take  the  axis  of  x  vertically  downwards,  and  let 

V2y  {h  +  x)  be  the  velocity  which  the  falling  particle  has  when  at 
the  depth  x  below  the  origin ;  then  the  expression  which  is  to  be 
rendered  a  minimum  is 

V(l+y''  +  0(fa 
V(A  +  a?) 


/ 
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where  y'  =  -^ ,  and  a'  =  -7- ;  here  we  have  not  assumed  that  the  re- 
quired curve  is  a  plane  curve.  Hence  in  order  that  the  integral  may 
be  a  maximum  or  minimum  we  must  have,  hy  the  relations  referred 
to  in  Art.  8, 

Integrate  these  equations ;  thus 

»y  ftud  -^— — — ^— — — ^^— — — ^^^— ^. 

are  both  constants ;  hence  by  dividing  the  first  of  tliese  expressions 

v' 

by  the  other  we  have  ^  a  constant,  and  this  shews  that  the  curve 

must  be  a  plane  curve.  Then  by  completing  the  investigation  in 
the  usual  manner  we  obtain  a  cycloid  for  the  required  curve.  Wc 
now  proceed  to  examine  whether  the  proposed  integral  is  thus  ren- 
dered a  maximum  or  minimum.  The  terms  of  the  second  order  arc 
(see  Art.  5) 

J  2V(^  +  a?)  (!+/  +  ?")* 

where  p  stands  for  -p-  and  y  for  -r- .  The  above  expression  may  be 
written 

and  as  this  is  essentially  positive  the  proposed  integral  is  rendered 
a  minimum;  and  tlius  the  cycloid  fulfils  the  conditions  of  the 
problem. 

10.  Lagrange  then  gives  some  investigations  relating  to  the 
cxniditiona  of  integrahility  of  functions ;  this  is  a  subject  to  which  a 
separate  chapter  will  be  devoted  in  the  present  work. 

11.  The  treatise  on  the  Calculus  of  Variations  contained  in  the 
TMorie  dea  Fonctions  Analytiques  is  very  clear,  and  although  the 
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notation  is  not  8o  expressive  as  that  which  Lagrange  originally  in- 
troduced, it  is  far  preferable  to  that  employed  in  the  Legons  sur  le 
Calcul  dea  Fonctions.  We  now  proceed  to  give  an  account  of  that 
part  of  the  latter  work  which  is  connected  with  our  subject. 

12,  In  the  list  of  Lagrange's  works  which  is  appended  to  the 
MScanique  AnalytiqtLe  it  is  stated  that  the  first  edition  of  the 
Legons  sur  le  Calcul  des  Fonctions  appeared  in  1801  as  a  portion 
of  the  second  edition  of  the  Seances  de  VEcole  Normale;  the  Legons 
were  also  included  in  the  12  th  part  of  the  Journal  de  VEcole  Poly- 
technique  in  1804.  In  1806  a  separate  edition  of  the  Legons  ap- 
peared containing  two  additional  legons,  and  these  were  also  in- 
serted in  the  14th  part  of  the  Journal  de  VEcole  Polytechnique  in 
1808.  The  two  additional  legons  are  devoted  to  the  Calculus  of 
Variations. 

13.  In  the  edition  of  the  Legons  sur  le  Calcul  des  Fonctions 
which  was  published  in  1806,  the  part  bearing  on  our  subject 
extends  over  pages  401 — 501  and  forms  the  last  two  legons.  The 
first  of  these  two  legons  extends  over  pages  401 — 440 ;  it  treats  of 
the  integrability  of  functions,  and  also  contains  a  sketch  of  the 
early  history  of  the  Calculus  of  Variations ;  as  we  do  not  consider 
the  early  history  of  the  Calculus  of  Variations  in  the  present  work, 
and  as  we  reserve  the  subject  of  the  integrability  of  functions  for 
a  future  chapter,  we  shall  not  here  give  any  account  of  this  part 
of  Lagrange's  work.  Lagrange  states  that  the  work  of  Euler, 
entitled  Methodus  inveniendi  lineas  curvas,,,  would  have  left  nothing 
to  be  desired  respecting  curves  which  are  required  to  have  a  maxi- 
mum or  minimum  property,  if  it  had  been  based  on  an  analysis 
more  confonnable  to  the  spirit  of  the  DiflFerential  Calculus;  La- 
grange then  adds  that  the  object  had  been  attained  by  his  own 
method  given  in  the  Memoirs  of  the  Turin  Academy.  This  method 
is  the  well-known  use  of  the  symbol  S  to  express  a  variation. 
Lagrange  states  that  this  method  has  been  explained  in  most  works 
on  the  Differential  Calculus  which  have  appeared  since  it  was 
published,  and  therefore  it  will  be  sufficient  for  him  to  ^ve  merely 
an  account  of  the  principles  of  it ;  and  accordingly  a  brief  sketch 
is  supplied. 
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14.  Lagrange  begins  the  next  legon  thus ; — "  The  method  of 
yariations  based  on  the  use  and  combination  of  the  symbols  d  and 
8,  which  denote  different  differentiations,  left  nothing  to  be  desired ; 
but  this  method  having,  like  the  Differential  Calculus,  the  method 
of  indefinitely  small  quantities  for  its  base,  it  was  necessary  to 
present  it  under  another  point  of  view  in  order  to  connect  it  with 
the  Calculus  of  Functions ;  I  have  already  doAe  this  in  the  Thiorie 
des  FoTictions,  but  I  propose  to  return  to  the  subject  now  in  order 
to  treat  it  in  a  manner  more  direct  and  more  complete.^' 

15.  Lagrange  proceeds  accordingly  to  expound  the  subject 
with  the  aid  of  a  new  notation.  Suppose  y  =  <l>{x),  and  let  <l)(x) 
be  changed  into  <f>{x,  t),  where  i  is  an  arbitrary  indefinitely  small 
quantity ;  then  suppose  <f>  {x,  i)  expanded  in  powers  of  t  by  Mac- 
laurin's  Theorem.     The  residt  is  expressed  thus. 


y+»y  +  0^  +  iT2:3^  + 


80  that  dots  over  the  symbol  y  indicate  differential  coefiicients  of  y 
with  respect  to  i,  it  being  supposed  that  i  is  made  zero  after  the 
differentiations.  The  terms  of  the  series  after  the  first  constitute 
in  fact  the  variation  of  y ;  in  this  work  however  Lagrange  confines 
himself  to  an  investigation  of  the  conditions  which  are  common  to 
maximum  and  minimum  values,  so  that  in  fact  the  terms  which 
involve  powers  of  i  beyond  the  first  are  not  used  by  him.  Since 
the  way  in  which  i  enters  into  <f>  {x,  i)  is  quite  arbitrary  it  follows 
that  y  may  have  any  value  we  please. 

16.  Lagrange  then  arrives  at  the  ordinary  conditions  for  the 
maximum  or  minimum  value  of  JVdx,  where  Fis  supposed  to  con- 
tain X  and  y,  and  the  differential  coefficients  of  y  with  respect  to  x. 
In  his  investigation  he  first  supposes  that  x  itself  does  not  receive 
any  variation,  and  afterwards  finds  the  change  in  his  formulae 
occasioned  by  varying  x. 

He  then  proceeds  to  the  case  in  which  V  contains  besides 
y  another  dependent  variable  «,  and  its  differential  coefficients  with 
respect  to  x;  and  he  gives  the  relations  which  must  hold  in  order 
that  JVdx  may  be  a  maximum  or  minimum  both  when  y  and  z  are 
unconnected  and  when  they  are  connected  by  an  equation. 
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17.  Lagrange  gives  some  investigations  relative  to  the  maxi- 
mum or  minimum  value  of  a  function  of  two  independent  variables 
which  involves  a  double  integral.  We  will  indicate  how  far  he 
proceeds  with  this  problem ;  but  we  shall  use  the  ordinary  notation 
instead  of  Lagrange's.     Suppose  V  a  function  of  a?,  y,  z,  p,  q,  r,  «, 

,  dz  dz  d^z  d^z  d'z 

t,...  where  i>  =  ^,  j  =  ^,  r  =  ^,  »  =  ^^,  <  =  ^,...;aud 

let  U=  fJVdydx',  then 

hU=fJtVdydx, 

and  oV=-r-oz  +  -J-OP+  ^-oq  +  -y-Sr+  ... 

az  dp  ^       dq    ^      dr 

say  =LBz  +  MSp  +  NBq  +  FBr+QB8'\'EBt-\- ... 

Now  by  the  Differential  Calculus 

MBp  =  ^iM8z)-8z§, 

M,  =  I  iNBz)  -  Bz  ^. 

and  so  on ;  thus  we  obtain 

.^,     fj.     dM    dN^d'P^d'Q  ^d'R         \. 
\        ax      dy      oar     dxdy      ay  J 

+  :t-  MSz 4.p_---— S^  +  g -— 

(ix\  dx      ax  dy  J  • 

+|(^«'+^f-f^-S^ )• 

In  order  that  SZZmay  vanish  it  is  necessary  that  the  coefficient 
of  Zz  in  the  first  line  of  the  expression  for  8  V  should  vanish ;  that 
is,  we  must  have 

L^  —  ^—     —     il^     —          =0 
dx      dy      da^      dxdy      dy^ 

Then  Sf7  consists  of  terms  which  involve  only  one  sign  of  integra- 
tion, namely,  that  with  respect  to  x  or  that  with  respect  to  y. 


> 
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CALCULUS   OF   VARIATIONS. 


CHAPTER  I. 

LAGRANGE.    LACROIX. 

1.  It  is  the  object  of  the  present  work  to  trace  the  progress  of 
the  Calculus  of  Variations  during  the  nineteenth  century.  It  will 
be  convenient  to  begin  with  an  account  of  three  works  which  ex- 
hibit the  state  of  the  subject  at  the  close  of  the  eighteenth  cen- 
tury. We  shall  accordingly  in  this  chapter  give  an  analysis  of 
the  treatises  on  the  Calculus  of  Variations  contained  in  Lagrange's 
ThSorie  des  Foncttons  Andlytiquea^  in  the  Legons  sur  le  Calcul  des 
Fonctions  of  the  same  author,  and  in  the  Traiti  du  Calcul  BiffS- 
rentiel  et  du  Calcul  Integral  of  Lacroix. 

2.  The  first  edition  of  Lagrange's  Th^ie  des  Fonctions  Ana- 
lyiiques  appeared  in  1797,  and  the  second  in  1813;  the  work  was 
also  reprinted  in  1847.  The  portion  which  treats  of  the  Calculus 
of  Variations  remains  as  it  was  in  the  original  edition,  where  it 
extends  over  pages  198 — 220;  we  proceed  to  give  an  account  of 
this  portion. 

3.  Having  treated  of  ordinary  maxima  and  minima  problems 
in  the  preceding  pages  of  his  work,  Lagrange  states  that  the  same 
principles'  may  be  applied  to  determine  curves  which  possess  at 
every  point  some  assigned  maximum  or  minimum  property.  For 
example,  required  the  curve  at  every  point  of  which 

{y  +  {m-xjy'l  y+{n-x)y'] 

is  a  maximum  or  minimum,  where  y'  denotes  -^ . 

^  d^ 

yp  1 
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Here  it  is  supposed  that  at  any  point  of  the  curve  y  is  suscep- 
tible of  variation  while  x  and  y  arc  not  susceptible  of  variation ; 
then  according  to  the  ordinary  principles  of  maxima  and  minima 
problems  we  differentiate  the  proposed  expression  with  respect  to 
y'  as  variable,  and  equate  the  differential  coefHcient  to  zero.  This 
gives 

(m-a:)  {y  +  (n-ir)y}  +  {n-x)  {y  4- (wi-ir)y}  =0...(1); 

therefore 

■  ^  (2a;-yn-n)y    ^ 

^      2(m-a;)  (n-a:)' 
divide  by  y  and  integrate,  thus  we  obtain 

y^  =  h{m  —  x)  (n  — x) (2), 

where  A  is  an  arbitrary  constant. 

Differentiate  the  lefb-hand  member  of  (1)  with  respect  to  y' ;  this 
gives  2  (m  —  a?)  (n  —  a?) ;  hence  we  conclude  that  at  every  point  of 
the  curve  determined  by  (2)  the  proposed  expression 

{y  +  (m -  x)  y\  {y  +  (n-  a;)  y'} 

is  a  maximum  or  minimum  according  as  (m  —  x)  (n  —  x)  is  negative 
or  positive.  From  (2)  it  appears  that  the  curve  is  an  ellipse  if  h  be 
negative,  and  then  {m  -  x)  {n  —  x)  must  be  negative  and  there  is  a 
maximum ;  also  the  curve  is  an  hyperbola  if  h  be  positive,  and  then 
(m  ^x)  {n^  x)  must  be  positive  and  there  is  a  minimum. 

This  is  the  first  appearance  of  a  problem  of  this  kind.  I^a- 
grange  intimates  that  such  problems  may  be  proposed  involving 
other  differential  coefficients  besides  the  first. 

4.  Lagrange  next  considers  the  more  common  problem  of  the 
Calculus  of  Variations,  namely  that  in  which  we  require  the  maxi- 
mum or  minimum  value  of  the  integral  of  a  function/ (a:,  y,  y',  y",..-)- 
He  uses  ©  to  denote  what  is  called  the  variation  of  y,  and  which  is 
usually  denoted  by  Sy.  He  arrives  at  the  well-known  relation  which 
must  be  satisfied  in  order  that  the  proposed  integral  may  be  a  maxi- 
mum or  minimum;  this  relation  he  expresses  in  the  following 
manner; 

fiy)  -  [/'(y')]'+  Lf  (y")]"  -  [/'(y'")]"'  +  -  =  o. 
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He  also  obtains  the  ordinary  result  for  the  terms  which  are  free 
from  the  integral  sign,  which  must  likewise  vanish  in  order  that  the 
proposed  integral  may  be  a  maximum  or  minimum. 

6.  Lagrange  now  proceeds  to  the  discrimination  of  a  maximum 
from  a  minimum  value ;  he  takes  the  case  in  which  the  function 
under  the  integral  sign  contains  no  differential  coefficient  of  y  higher 
than  the  first.  We  will  here  indicate  his  method,  but  we  shall 
use  the  ordinary  notation  instead  of  Lagrange's.     Let  ^  denote 

^ ,  and  suppose  /(a?,  y,  p)  to  represent  any  frmction  the  integral  of 

which  taken  between  certain  fixed  limits  is  to  have  a  maximum  or 
minimum  value.  Change  y  into  y  4- Sy  and  p  into  p-\-hp\  thus 
/(a;,  y,  p)  will  become 

where  the  &c.  stands  for  terms  of  the  third  and  higher  orders  in  Sy 
and  ifp. 

Now  by  means  of  the  relation  between  x  and  y  given  by 

l-(f=» ('). 

and  the  fact  that  the  integration  is  taken  between  fixed  limits,  the 
integral  denoted  by 


Wi^^fA^ 


vanishes.     We  must  then  examine  the  integral 

if  this  taken  between  the  fixed  limits  is  negative  for  all  indefinitely 
small  values  of  Sy  and  Sp,  the  proposed  integral  is  a  maanmum  when 
y  has  the  value  which  satisfies  (1) ;  if  it  be  positive  for  such  values 
of  Sy  and  Sp  the  proposed  integral  is  a  minimum. 

1—2 
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The  integral  which  we  have  to  examine  may  be  put  imder  the 
form 

where  X  is  any  f anction  of  x ;  for  we  can  shew  immediately  by  dif- 
ferentiation that  the  latter  expression  coincides  with  the  integral 
which  we  have  to  examine.     Now  assume  X  such  tliat 

\dydp  J~W     ^dxjdp' ^^'' 

then  the  last  expression  under  the  integral  sign  becomes  a  perfect 
square,  and  the  integral  may  be  written 


l\ 


l^A^+^^yYdx, 


where  ^  -~  =  j-~ —  2X. 

dp       ay  dp 

Thus  we  have  to  examine  the  sign  of 

\  %.)'  -  \  («yo)*  + 1/,''  ^  («P  +  ^h)'  dx, 

where  x^  and  x^  denote  the  limits  of  the  integration,  and  X^^  and  X^ 
are  the  values  of  X  and  iy^  and  Sy^  the  values  of  iy  at  the  respective 
limits.  Let  us  suppose  tliat  hy^  and  Sy^  are  zero,  then  we  have 
remaining 


j/r^^'^-^^^^''^^- 


Hence  we  may  conclude  that  if  V^  be  always  positive  between 

the  limiting  values  of  x  the  proposed  integral  has  a  minimum  value ; 

and  if  -r^  be  always  negative  between  the  limiting  values  of  x  the 

proposed  integral  has  a  maximum  value. 

Lagrange  remarks  that  this  result  had  been  published  in  the 
Memoirs  of  the  Academy  of  Sciences^  in  1786  [by  Legendre]  ;  but  he 
adds,  that  in  order  to  ensure  the  correctness  of  the  result  it  ought  to 
be  shewn  that  the  value  of  X  determined  by  (2)  does  not  become 
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infinite  between  the  limits  of  integration,  and  it  is  generally  im- 
possible to  do  this,  because  the  value  of  X  cannot  actually  be  found. 

6.  Lagrange  takes  for  example  the  case  in  which 

here  ^  is  necessarily  positive,  but  Lagrange  shews  that  when  n  ia 
negative  we  are  not  certain  of  the  existence  of  a  minimum. 

7.  Lagrange  then  indicates  the  method  to  be  pursued  in  dis- 
criminating a  maximum  from  a  minimum  when  the  expression 
which  is  to  be  integi'ated  involves  differential  coefficients  of  a  higher 
order  than  the  first. 

8.  Then  leaving  the  question  of  the  discrimination  of  maxima 
and  minima  values,  Lagrange  returns  to  the  consideration  of  the  con- 
ditions which  are  common  to  both  maxima  and  minima  values.  He 
makes  some  remarks  on  the  case  in  which  the  limiting  values  of  the 
quantities y,  y\  y\  ...  are  not  given,  but  only  one  or  more  equations 
connecting  them.  He  then  proceeds  to  suppose  that  the  function 
under  the  integral  sign  contains,  besides  y  and  its  differential  co- 
efficients with  respect  to  a;,  another  variable  z  and  its  differential 
coefficients  with  respect  to  x.  When  y  and  z  are  independent  he 
arrives  at  the  two  well-known  relations  which  must  be  satisfied  in 
order  that  the  proposed  integral  may  be  a  maximum  or  minimum, 
namely  the  relation  already  given  in  Art.  4,  and  another  which  may 
be  obtained  from  that  by  changing  y  into  z.  Lagrange  also  gives 
the  results  for  the  case  in  which  y  and  z  and  their  differential  coeffi- 
cients with  respect  to  x  are  connected  either  by  a  given  equation  or 
by  the  circumstance  that  an  assigned  integral  expression  involving 
them  is  to  have  a  constant  value. 

9.  As  an  example  of  the  theory  Lagrange  considers  the  pro- 
blem of  the  brachistochrone  when  a  particle  moves  Irom  one  given 
point  to  another.     Take  the  axis  of  x  vertically  downwards,  and  let 

V25'(A  +  a;)  be  the  velocity  which  the  falling  particle  has  when  at 
the  depth  x  below  the  origin ;  then  the  expression  which  is  to  be 
rendered  a  minimum  is 

V(l+y''  +  0<fo 
V(*  +  a?) 


/ 
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where  v'  =  -^ ,  and  «'  =  -7- ;  here  we  have  not  assumed  that  the  re- 
^      dx^  air 

quired  curve  is  a  plane  curve.  Hence  in  order  that  the  integral  may- 
be a  maximum  or  minimum  we  must  have,  by  the  relations  referred 
to  in  Art.  8, 

Integrate  these  equations ;  thus 

are  both  constants ;  hence  by  dividing  the  first  of  these  expressions 

by  the  other  we  have  ^  a  constant,  and  this  shews  that  the  curve 

must  be  a  plane  curve.  Then  by  completing  the  investigation  in 
the  usual  manner  we  obtain  a  cycloid  for  the  required  curve.  We 
now  proceed  to  examine  whether  the  proposed  integral  is  thus  ren- 
dered a  maximum  or  minimum.  The  terms  of  the  second  order  arc 
(see  Art.  5) 

f  (1  +  g*)  iW  -  ^pq^ph  +  (!+;>•)  (gg)'  ^ 

J  2V(A+x)(l+y+j')» 

fin  dz       

where  jp  stands  for  -j-  and  y  for  ^ .  The  above  expression  may  be 
written 

^    2V(A  +  x)(l+/  +  2*)* 

and  as  this  is  essentially  positive  the  proposed  integral  is  rendered 
a  minimum;  and  thus  the  cycloid  fulfils  the  conditions  of  the 
problem. 

10.  Lagrange  then  gives  some  investigations  relating  to  the 
conditions  of  int^rahility  of  functions;  this  is  a  subject  to  which  a 
separate  chapter  will  be  devoted  in  the  present  work. 

11.  The  treatise  on  the  Calculus  of  Variations  contained  in  the 
Th^orie  des  Fonctions  Analytiques  is  very  clear,  and  although  the 
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notation  is  not  so  expressive  as  that  which  Lagrange  originally  in- 
troduced, it  is  far  preferable  to  that  employed  in  the  Legons  sur  le 
Calcul  des  Fonctions.  We  now  proceed  to  give  an  account  of  that 
part  of  the  latter  work  which  is  connected  with  our  subject. 

12,  In  the  list  of  Lagrange's  works  which  is  appended  to  the 
Micamque  Analytique  it  is  stated  that  the  first  edition  of  the 
Legons  sur  le  Calcul  des  Fonctions  appeared  in  1801  as  a  portion 
of  the  second  edition  of  the  Seances  de  VEcole  Normale;  the  Legons 
were  also  included  in  the  12th  part  of  the  Journal  de  VEcole  Poly- 
technique  in  1804.  In  1806  a  separate  edition  of  the  Legons  ap- 
peared containing  two  additional  legons^  and  these  were  also  in- 
serted in  the  14th  part  of  the  Journal  de  VEcole  Polytechnique  in 
1808.  The  two  additional  legons  are  devoted  to  the  Calculus  of 
Variations. 

13.  In  the  edition  of  the  Legons  sur  le  Calcul  des  Fonctions 
which  was  published  in  1806,  the  part  bearing  on  our  subject 
extends  over  pages  401 — 501  and  forms  the  last  two  legons.  The 
first  of  these  two  legons  extends  over  pages  401—440 ;  it  treats  of 
the  integrability  of  functions,  and  also  contains  a  sketch  of  the 
early  history  of  the  Calculus  of  Variations ;  as  we  do  not  consider 
the  early  history  of  the  Calculus  of  Variations  in  the  present  work, 
and  as  we  reserve  the  subject  of  the  integrability  of  functions  for 
a  future  chapter,  we  shall  not  here  give  any  account  of  this  part 
of  Lagrange's  work.  Lagrange  states  that  the  work  of  Euler, 
entitled  Meihodus  inveniendi  lineas  curvas,,.  would  have  left  nothing 
to  be  desired  respecting  curves  which  are  required  to  have  a  maxi- 
mum or  minimum  property,  if  it  had  been  based  on  an  analysis 
more  conformable  to  the  spirit  of  the  Differential  Calculus ;  La- 
grange then  adds  that  the  object  had  been  attained  by  his  own 
method  given  in  the  Memoirs  of  tlie  Turin  Academy.  This  method 
is  the  well-known  use  of  the  symbol  S  to  express  a  variation. 
Lagrange  states  that  this  method  has  been  explained  in  most  works 
on  the  Differential  Calculus  which  have  appeared  since  it  was 
published,  and  therefore  it  will  be  sufficient  for  him  to  give  merely 
an  account  of  the  principles  of  it ;  and  accordingly  a  brief  sketch 
is  supplied. 
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14.  Lagrange  begins  the  next  legon  thus ; — "  The  method  of 
variations  based  on  the  use  and  combination  of  the  symbols  d  and 
S,  which  denote  different  differentiations,  left  nothing  to  be  desired ; 
but  this  method  having,  like  the  Differential  Calculus,  the  method 
of  indefinitely  small  quantities  for  its  base,  it  was  necessary  to 
present  it  under  another  point  of  view  in  order  to  connect  it  with 
the  Calculus  of  Functions ;  I  have  already  doAe  this  in  the  ThSorie 
des  Fonctions,  but  I  propose  to  return  to  the  subject  now  in  order 
to  treat  it  in  a  manner  more  direct  and  more  complete." 

15.  Lagrange  proceeds  accordingly  to  expound  the  subject 
with  the  aid  of  a  new  notation.  Suppose  y  =  <^(a;),  and  let  <t>{x) 
be  changed  into  <^(a?,  i),  where  t  is  an  arbitrary  indefinitely  small 
quantity ;  then  suppose  ^  (a;,  i)  expanded  in  powers  of  i  by  Mac- 
laurin's  Theorem.     The  result  is  expressed  thus, 


y+«y+— 2y+r:2:3y+ 


so  that  dots  over  the  symbol  y  indicate  differential  coefficients  oiy 
with  respect  to  «,  it  being  supposed  that  i  is  made  zero  after  the 
differentiations.  The  terms  of  the  series  after  the  first  constitute 
in  fact  the  variation  of  y ;  in  this  work  however  Lagrange  confines 
himself  to  an  investigation  of  the  conditions  which  are  common  to 
maximum  and  minimum  values,  so  that  in  fact  the  terms  which 
involve  powers  of  i  beyond  the  first  are  not  used  by  him.  Since 
the  way  in  which  *  enters  into  <\>  (a:,  i)  is  quite  arbitrary  it  follows 
that  jf  mBj  have  any  value  we  please. 

16.  Lagrange  then  arrives  at  the  ordinary  conditions  for  the 
maximum  or  minimum  value  oi  JVdx,  where  Fis  supposed  to  con- 
tain X  and  y,  and  the  differential  coefficients  of  y  with  respect  to  x. 
In  his  investigation  he  first  supposes  that  x  itself  does  not  receive 
any  variation,  and  afterwards  finds  the  change  in  his  formulae 
occasioned  by  varying  x. 

He  then  proceeds  to  the  case  in  which  V  contains  besides 
y  another  dependent  variable  z,  and  its  differential  coeflScients  with 
respect  to  x]  and  he  gives  the  relations  which  must  hold  in  order 
that  JVdx  may  be  a  maximum  or  minimum  both  when  y  and  z  are 
unconnected  and  when  they  are  connected  by  an  equation. 
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17.  Lagrange  gives  some  investigations  relative  to  the  maxi- 
mum or  minimum  value  of  a  function  of  two  independent  variables 
which  involves  a  double  integral.  We  will  indicate  how  far  he 
proceeds  with  this  problem ;  but  we  shall  use  the  ordinary  notation 
instead  of  Lagrange's.     Suppose  V  a  function  of  x,  y,  z,  p,  y,  r,  «, 

,  dz  dz  d^z  d^z  d^z  , 

«,...  where  i>  =  ^,  y  =  ^,  r  =  ^,  «  =  ^^,  <  =  ^,...;aud 

let  U=  fJVdyda:;  then 

ZU=fJtVdydx, 

and  dF=-T-o« +  ^- &>+ -J- 5fl'  +  -T-or  +  ... 

dz  dp  ^       dq    ^      dr 

say  =ZS«  +  JfSp  +  iV^Sy4-f6r  +  Q&  +  JJS^+... 

Now  by  the  Differential  Calculus 

and  so  on ;  thus  we  obtain 

ZV^(l^  —  --—'\-  —  -^^-  +  —..     \iz 
\        dx      dy      do?     dxdy      dy^ / 

d   /,rc>         T>^S«      dF  ^     .  r^dhz  \ 

+  :t-  ifS^  +  P-T — -j-^^-^Q-TT 

dx\  dx      dx  dy  /  • 

In  order  that  SZZmay  vanish  it  is  necessary  that  the  coeflScient 
oiZz  in  the  first  line  of  the  expression  for  ST  should  vanish ;  that 
is,  we  must  have 

dx      dy      da^      dxdy      dy^ 

Then  8^7  consists  of  terms  which  involve  only  one  sign  of  integra- 
tion, namely,  that  with  respect  to  x  or  that  with  respect  to  y. 
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Thns  Lagrange  is  correct  as  for  as  he  has  carried  the  investiga- 
tion ;  bat  as  we  shall  see  hereafter  the  great  difficoltj  of  the  ques- 
tion consists  in  reducing  the  terms  which  involve  only  one  sign  of 
integration  to  their  simplest  form,  so  as  to  dedace  the  equations 
which  most  hold  for  the  limiting  values  of  the  integrals.  The 
difficulty  was  first  overcome  by  Poisson.  Lagrange  adds  a  remark 
which  is  not  correct ;  he  says — "  The  simplest  case  is  that  in  which 
the  boundary  of  the  surface  represented  by  the  equation  in  a?,  y,  t 
is  supposed  completely  given  and  invariable.  Then  the  variations 
of  z  and  its  diflferential  coefficients  are  zero  with  respect  to  the 
bounding  curve  and  therefore  also  through  the  whole  extent  of  the 
single  integrals  contained  in  SZ7,  and  the  condition  SU=0  is  satis- 
fied of  itself."  If  the  bounding  curve  be  given  Sz  vanishes  at  every 
I>oint  of  the  bounding  curve,  but  it  is  not  true  as  Lagrange  asserts 
that  Bp,  Bq,  ...  also  vanish. 

18.  Lagrange  illustrates  the  subject  by  the  discussion  of  some 
of  the  standard  problems.  He  selects  the  following ; — the  shortest 
line  in  free  space  or  on  a  given  surface,  the  brachistochrone  in  a 
resisting  medium,  the  cui've  down  which  a  particle  must  fall  in  a 
resisting  medium  in  order  to  acquire  a  maximum  velocity,  and  the 
surface  of  minimum  area.  The  first  three  of  these  problems  had 
been  originally  discussed  by  Euler,  the  last  had  been  originally 
discussed  by  Lagrange  himself  in  the  Turin  Memoirs. 

19.  The  treatise  on  the  Calculus  of  Variations  contained  in  the 
LeQona  sur  le  Calcul  d^s  Fonctions  is  rather  difficult,  and  the  nota- 
tion is  extremely  uninviting  and  perplexing.  It  may  be  observed 
that  there  is  a  German  translation  of  the  two  works  of  Lagrange 
which  we  have  considered,  by  Dr  A.  L.  Crelle ;  the  translation  is 
accompanied  by  a  running  commentary  which  is  incorporated  with 
the  text.  In  the  translation  of  the  Legons  the  notation  of  Lagrange 
is  replaced  by  the  ordinary  notation  of  the  Differential  Calculus. 
It  seems  to  have  been  the  design  of  Dr  Crelle  to  translate  all  the 
works  of  Lagrange,  but  the  only  work  which  appeared  besides  the 
two  we  have  considered  was  the  Treatise  on  the  Solution  of  Numeri- 
cal Equations, 

20.  We  now  proceed  to  give  an  account  of  the  chapter  on  the 
subject  contained  in  the  work  of  Lacroix.    The  first  edition  of  the 
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TraiU  du  Galcul  Diff&rentiel  et  du  Calcul  IntSgral  appears  to  have 
been  published  in  1797,  The  second  edition  of  the  second  volume  is 
dated  1814 ;  it  contains  a  chapter  on  the  Calculus  of  Variations  ex- 
tending over  pages  721 — 816.  There  are  some  additions  and  cor- 
rections extending  over  pages  716 — 721  of  the  third  volume,  which 
is  dated  1819. 

21.  In  his  preface  Lacroix  states  that  the  Calculus  of  Vari- 
ations is  treated  at  much  greater  length  than  it  had  been  in  the 
first  edition  of  the  work ;  he  considers  that  he  had  to  effect  two 
things,  namely  on  the  one  hand  to  exhibit  the  Calculus  of  Variations 
in  all  the  extent  it  had  reached  and  with  the  symmetry  which  it 
had  gained  by  means  of  its  peculiar  notation,  and  on  the  other 
hand  to  explain  the  connexion  of  the  subject  with  the  ordinary 
principles  of  the  Differential  Calculus.  He  adds  that  those  readers 
who  wish  to  confine  themselves  to  the  Calculus  of  Variations  strictly 
so  called  may  begin  at  page  755. 

22.  The  guide  whom  Lacroix  has  principally  followed  is 
Euler ;  the  third  volume  of  Euler's  treatise  on  the  Integral  Cal- 
culus contains  an  appendix  on  the  Calculus  of  Variations,  and  in 
the  fourth  volume  of  the  treatise  a  memoir  on  this  subject  is  given 
which  is  reprinted  from  the  Transactions  of  the  Academy  of 
St  Petersburg  {Novt  Comment,  Acad.  Petrop,  xvi.).  Lacroix 
devotes  the  first  part  of  his  chapter,  extending  over  pages  721 — 754, 
to  an  exposition  of  the  method  given  by  Euler  in  the  memoir  just 
cited ;  the  method  is  the  same  as  that  which  was  afterwards  used 
by  Lagrange  in  the  Legons  mr  le  Calcul  des  Fonctiona.  Suppose 
y  any  function  of  x,  say  y  =  <f>{x);  let  there  be  a  new  variable  ^, 
and  let  <f>{x,  t)  be  any  function  of  x  and  t  which  reduces  to  ^{x) 
when  <  =  0.     Then  by  Maclaurin's  Theorem 

where  t  is  supposed  to  be  put  equal  to  zero  in  the  differential 
coefl5cients  with  respect  to  t  after  differentiation.  Then  (j>{x,  t)'-<f>{x) 
is  equivalent  to  what  is  usually  denoted  by  Sy  and  called  the  vari- 
ation of  y.    If  we  suppose  t  small  enough  we  may  restrict  ourselves 

to  the  first  term  in  the  series  for  <f>{xy  t)  —<f>{x),  that  is,  to  -p «, 
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If{dx^  V  -  dV'Bx)  =/(P'  -  ^'  +  ^-  - . . .)  « 

+^(«'- )g 

4- 

^(^■- )^" 

+ 

.  r,Txr'  diP'   ^iQ'   d*m'      .    ,     ,,, 

Thus  far  there  is  no  diflSculty,  but  Lacroix  adds  in  Article  871 ; 

let  A  denote  the  total  value  of  /,  that  is,  of  ^lAx  taken  between 

limits  determined  by  the  nature  of  the  question ;  since  this  value 
is  a  constant  it  may  be  introduced  under  the  signs  of  differentiation 
and  integration,  and  thus  the  formula  will  become 

+    

+  J|(JV^+  ^xV  -  IN')  -  ^  (P+  AP'  -  IF) 
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of  finding  the  maximum  or  minimmn  value  of  this  integral  does 
not  differ  from  an  ordinary  problem  of  maximum  or  minimum. 
This  remark  leads  him  naturally  to  consider  the  example  given 
by  Lagrange  of  finding  the  maximum  or  minimum  value  of  an 
expression  which  involves  a  differential  coefficient  but  no  integral 
sign.    (See  Art.  3.) 

25.  Up  to  page  734  Lacroix  has  supposed  that  the  indepen- 
dent variable  x  is  not  susceptible  of  variation ;  he  now  introduces 
the  supposition  that  x  itself  receives  a  variation.  This  part  of  the 
subject  is  treated  perhaps  as  well  as  it  could  be  on  the  basis 
adopted  by  Lacroix,  but  it  would  probably  be  obscure  to  a  beginner. 
It  is  perhaps  impossible  to  avoid  this  obscurity  altogether  if  we 
ascribe  a  variation  to  the  independent  variable ;  and  thus  it  seems 
better  to  adopt  the  method  of  some  recent  writers  who  vary  only 
the  dependent  variable  and  obtain  the  requisite  generality  in  their 
formulae  by  giving  small  changes  to  the  limits  of  the  integral 
instead  of  varying  the  dependent  variable.  (See  the  works  of 
Strauch  and  Jellett.) 

26.  On  pages  742 — 744  Lacroix  expounds  a  method  which  he 
says  in  its  full  extent  is  due  to  Poisson.  In  this  method  the  limit- 
ing values  of  the  variables  and  differential  coefficients  which  occur 
in  the  expression  under  the  integral  sign  are  at  first  supposed  fixed ; 
then  by  the  ordinary  process  of  the  Calculus  of  Variations  a  differ- 
ential equation  is  obtained,  which  must  be  solved,  and  which  will 
involve  a  certain  number  of  arbitrary  constants;  these  constants 
Poisson  proposes  to  determine  by  the  principles  of  the  Differential 
Calculus.  For  example,  if  the  problem  proposed  be  that  of  the 
brachistochrone,  it  would  be  first  inferred  from  the  differential 
equation  furnished  by  the  ordinary  process  of  the  Calculus  of 
Variations  that  the  curve  must  be  a  cycloid ;  then  with  the  relation 
between  x  and  y  thus  determined,  the  integral  fVdx  may  be  ob- 
tained, and  may  be  expressed  in  terms  of  the  limiting  values  of  x 
and  of  the  arbitrary  constants  which  arise  from  the  solution  of  the 
differential  equation ;  it  will  now  be  a  problem  of  the  Differential 
Calculus  to  assign  such  values  to  the  limits  of  x  and  to  the  arbitrary 
constants  as  will  ensure  a  minimum  value  for  the  integral.  In  fact 
instead  of  solving  a  problem  at  once  and  completely  by  the  Calculus 
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rf  Variaxirjrift,  Powaoti  r?":ooge»  ti>  diTi<ie  h  IrLt*:  tw-:  rare  acd  solve 
'Mie  part  fcv  the  Calcaind  ot  Variatijt::^  an-i  tii»*  otiwr  p-art  by  the 

rvmtj  fiWfx  the  amxn^n  metLod.  and  hicnbL  seems  to  mtEmate  the 
aame  opinioii  on  pa^  744. 

27.  An  important  mistake  in  the  treatment  ot  tLe  Tarxatiir'n  of  a 
tlfjuhlf,  integral  occnra  on  page  752.  and  is  repeated  on  pajZes  7S3, 
7^4 ;  this  we  will  now  explain.  tL?inz  the  ordinary  notati*:.n.  Let  F 
fce  a  function  of  the  independent  Tariables  x  and  jf.  and  of  the 
dependent  rariable  z,  and  of  the  differential  coefficients  of  z  with 
reapect  to  a:  and  y ;  let 

then  it  ia  required  to  find  the  variation  iU  which  arises  from  a 
rariation  S;z  aacribed  to  z.  Let  the  differential  coefficients  of  z  be, 
an  i»aaL  denoted  bj  />,  q,  r,8,  t;  and  suppose  for  simplidty  that  no 
differential  coefficient  of  z  occurs  of  a  higher  order  than  the  second. 
Then 

Lacroix  now  proceeds  to  transform  these  terms  by  integration  by 
parts,  and  in  doing  so  he  makes  a  mistake.     His  process  is  snb- 

stantially  the  following.    Let  S  denote  -7-  ,  then 


fr.^    7       fcfd'Sz    J       cfdSz      CdSdBzj  ,,. 

again  Is  -^dx=SBz-  I  ^  Bzdx (2), 

,  [dSd&z.       dS^       f  <^^    ^  J 

and  I  -J-  -j-dx=-j-cz  —  I  bz  dx  \ 

J  dy  dx  dy  J  dxdy 

thus  finally  JJf^  dxdy  = 

8Bz-j^£szdx-jf^Szdy  +  jf^Szdxdy. 
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The  step  taken  in  (2)  is  generally  false.  For  in  a  double  inte- 
gral the  limiting  values  of  the  variable  with  respect  to  which  we 
first  integrate  are  in  general  functions  of  the  other  variahle;  thus  in 
(1)  after  integrating  with  respect  to  y,  we  should  have  to  substitute 

some  ftinction  of  x  for  y  in  the  term  S-j— .     Therefore  in  the  ex- 

pression  \8--j—dx^  the  symbol  hz  does  not  represent  a  function  of 

the  independent  variables  x  and  y,  but  a  function  of  x  alone.     But 

—J—  indicates  the  partial  differential  coefiicient  of  hz  taken  with 

respect  to  a;,  and  is  therefore  only  a  part  of  what  we  obtain  when 

we  differentiate  hz  with  respect  to  a:,  supposing  y  itself  a  function  of 

X.     So  that  if  we  denote  the  complete  differential  coefiicient  of  hz 

.  ,  ,     Dhz  , 

with  respect  to  x  by  -i — ,  we  have 

Dhz  ^  dhz      dhz  dy 
dx       dx       dy    dx^ 

where  ^  is  to  be  found  from  the  value  of  y  in  terms  of  x  which 

holds  at  the  limit.     The  process  of  Lacroix  then  is  wrong  because 

dhz       .^  .^  Dhz 

it  uses  -T-  as  if  it  were  -3—  . 
dx  dx 

28.  There  is  no  error  in  the  transfonnation  which  Lacroix 

effects  of  the  terms  1 1  -r-  hrdxdy  and  jj-j-  htdxdy ;  but  the  err 

indicated  in  the  preceding  article  occurs  again  in  the  transformation 
of  terms  arising  irom  the  differential  coefficients  of  z  which  are  of 
an  order  higher  than  the  second.  It  must  be  observed  that  the 
error  disappears  when  the  limits  of  both  the  integrals  are  con- 
stants. 

29.  The  error  indicated  in  Art.  27  was  alluded  to  by 
Poisson  and  corrected  in  his  memoir  on  the  Calculus  of  Variations 
{MSmoires  de  V Institute  Tome  xii.  page  296).  It  seems  to  have 
been  introduced  by  Euler ;  it  occurs  in  Art.  169  of  the  Treatise  on 
the  Calculus  of  Variations  contained  in  the  third  volume  of  Euler's 
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Integral  Calculus.  In  the  memoir  however  to  which  we  have 
already  referred  (see  Art.  22),  which  is  reprinted  in  the  fourth 
volume  of  the  Integral  Calculus^  the  error  does  not  occur ;  there 
Euler  has  a  result  which  is  equivalent  to 

that  is,  he  omits  the  incorrect  equation  (2)  of  Art.  27.  He  has 
therefore  here  not  attempted  to  carry  his  transformations  farther 
than  they  are  carried  in  Art.  17,  and  has  left  his  results  in  a  correct 
form.  It  should  however  be  observed  that  Strauch  asserts  that 
Euler's  results  are  not  correct,  since  he  has  omitted  several  terms 
which  involve  only  a  single  integral  (Strauch,  Calculus  of  Varia- 
tions, Vol.  II.  p.  633).  There  seems  no  reason  for  the  assertion 
made  by  Strauch  beyond  the  following : — In  such  a  step  as 

dBz      fdSdSz 
dy  dx 

we  must  remember  that  the  integration  with  respect  to  y  will  have 
to  be  taken  between  certain  limits,  so  that  the  equation  just  written 
would  more  correctly  be  written  thus, 

where  the  first  two  terms  on  the  right-hand  side  are  respectively  the 
values  oi  8  -J-  when  y^  and  y^  are  substituted  for  y.    This  is  the 

only  point  in  which  Euler's  formula  is  liable  to  objection,  and  this 
can  scarcely  be  called  an  error,  as  it  is  really  only  an  abbreviation 
which  is  perpetually  used  in  the  Integral  Calculus.  This  is  pro- 
bably all  that  Strauch  means  by  his  assertion ;  in  the  problem 
which  he  has  discussed  in  the  pages  immediately  preceding  his 
assertion  he  has  confined  himself  to  the  case  in  which  the  limits  of 
the  integrations  are  all  constants^  and  his  results  agree  with  those  of 
the  third  volume  of  Euler's  Integral  Calculus,  when  we  allow  for 
the  abbreviated  form  which  Euler  adopts,  as  we  have  just  ex- 
plained. It  may  be  added  that  the  mistake  corrected  by  Poisson 
has  been  preserved  in  some  elementary  works  which  have  been 
published  since  Poisson's  Memoir. 
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30.  In  addition  to  the  error  already  pointed  out,  it  must  be 
observed  that  on  page  752,  Lacroix  exhibits  the  result  very  incor- 
rectly ;  for  he  omits  all  such  terms  as  -^  and  -7-  ,  and  Sz  is  the 

only  form  in  which  he  introduces  the  variation  of  «.  In  conse- 
quence of  this,  he  falls  into  the  same  error  on  page  753,  as  has 
been  already  indicated  in  Lagrange  (see  Art.  17).  He  states  that 
when  the  lines  which  boimd  the  area  over  which  the  double  inte- 
gration extends  are  absolutely  given,  then  all  the  terms  in  the 
variation  of  the  double  integral  vanish  except  those  which  remain 
under  the  double  integral  sign ;  and  this  of  course  is  not  true. 

31.  Lacroix  closes  this  division  of  his  subject  with  a  remark  on 
the  problem  of  the  variation  of  a  double  integral  when  the  limits 
themselves  are  supposed  variable ;  pages  754,  755.  He  says  that 
the  question  is  too  difficult  for  him  to  stop  to  consider  it,  but  that  he 
will  return  to  it  afterwards  in  order  to  introduce  the  reader  to  some 
considerations  of  which  no  trace  could  be  found  in  preceding  works. 
It  is  not  apparent  to  which  of  his  subsequent  articles  Lacroix  thus 
refers ;  the  only  place  in  which  he  appears  to  return  to  the  point  is 
page  778,  and  there  he  gives  scarcely  any  thing  more  than  had  pre- 
viously been  given  by  Euler. 

32.  On  page  755  Lacroix  begins  his  exposition  of  the  Calculus 
of  Variations  properly  so  called.  Here  he  introduces  Lagrange's 
symbol  S  to  express  a  variation.  Lacroix  devotes  his  first  article  to 
proofs  of  the  formulae  hdy  =  diy,  Sdx  =  dSx,  &jP*y  =  <rSy, ....  This 
article  seems  to  require  some  observations.  After  he  has  considered 
the  case  in  which  1/  alone  receives  a  variation  and  not  a?,  he  proceeds 
thus: 

"  Hitherto  we  have  only  varied  the  ordinate  PM  or  y ;  but  this 
point  of  view  is  too  restricted ;  some  questions  may  require  that  we 
should  pass  firom  the  point  M  of  the  curve  CE  to  a  point  v  of  the 
curve  y€  corresponding  to  an  abscissa  AH  which  differs  from  AP, 
(See  fig.  1.)  It  is  obvious  that  the  variation  of  PJ/  consists  then  of 
two  parts,  namely  of  the  variation  Mfi  which  is  due  solely  to  the 
change  of  curve,  and  of  the  increment  which  Pfi  receives  in  the 
curve  ye  when  the  abscissa  AP  is  changed  into  AH ;  and  we  shall 
have  in  this  case  Sdy  =  dBy.     For  let 
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AF^x  +  ch^x\  ^n'  =  a?'  +  i!r(a?')  =  X'; 
it  will  follow  that 

Hi;  -  PM^  Sy  =  i^  (Z)  -  <^  (a:),  HV  --PM'  =  Sy'  =  i^  {X')  -  <^(x ), 
and         Sy'-Sy  =  e%  =  i^(X')-<^(^')-^(-X')  +  <^(a?). 

On  the  other  hand,  since 

dy=^4>{x)-^{x), 

Sdy  =  S<t>{x')^S<t>{x)=ir{X')-<t>{x)-ylr{X)-\'if>{x); 

hence  Sdy  =  dBy. 

It  is  moreover  obvious  that  by  supposing  &c  =  «r  (a?)  we  have 
separately 

Sdx  =  dSx, 

It  follows  that  S(Py  =  dSrfy  =  d^Sy ;  and  proceeding  thus  we 
shall  obtain  the  theorem 

Sd^y  =  rf"Sy, 

in  virtue  of  which  wc  may  transpose  the  characteristics  B  and  d; 
this  may  be  extended  to  any  fanction  whatever,  so  that 

whatever  ?7  may  be,  Ab  the  basis  of  the  Calculus  of  Variations 
this  was  enunciated  at  the  origin  of  the  Calculus ;  but  it  has  always 
appeared  to  me  that  the  truth  of  it  had  not  been  proved  with  suf- 
ficient care,  and  that  it  was  necessary  to  develop  the  demonstration 
by  bringing  into  view  the  nature  of  the  variations  attributed  to  the 
abscissa  and  the  ordinate/* 

33.  The  proof  given  in  the  preceding  Article  may  be  exhibited 
more  clearly ;  it  consists  essentially  of  the  following  process.  Let 
y  stand  for  <f>{x)j  let  d  denote  the  operation  of  changing  x  into  x' 
and  subtracting  the  original  function  from  the  new  fanction,  let  S 
denote  the  operation  of  changing  x  into  X  and  ^  into  y^  and  sub- 
tracting the  original  function  from  the  new  fanction ;  then 

dSy^d{^^'(X)-il>{x)}^y^{X-)-,f>{x')-{ir{X)-if,(x)}, 
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and  Sdt,^S{<t>{x')-<f>{x)]  =.^(Z')  -  tW  -  {<^(a^') -<^(^)}  ; 
therefore  dSy  =  Bdy. 

The  proof  is  certainly  sound ;  it  most  be  noticed  however  that 
it  is  assumed  that  B  always  means  a  change  of  x  into  X  and  <f>  into  '^ 
and  a  corresponding  subtraction.  This  however  is  too  restricted  a 
meaning  of  the  operation  denoted  by  S,  for  it  is  necessary  to  have 
the  power  of  supposing  that  the  curve  y€  in  the  figure  is  not  through- 
out determined  by  the  equation  y  =  -^  («).  The  curve  may  be  deter- 
mined by  y  =  '^{x)  for  part  of  its  extent,  by  y  =  x(^)  ^^^  another 
part,  by  y  =f{x)  for  another  part,  and  so  on.  All  the  restriction 
on  '^j  x>/>  •••  is  *^**  there  be  no  discontinuity  in  the  value  of  y 
or  of  any  of  its  differential  coefficients  up  to  that  of  the  highest 
order  which  occurs  in  the  expression  we  are  considering ;  discon- 
tinuity in  form  is  admissible,  and  in  fact  necessary.  Thus  the 
demonstration  given  by  Lacroix  in  Art.  32  is  not  perfectly  satis- 
factory, since  it  involves  a  limitation  of  the  meaning  of  the  sym- 
bol S. 

34.  Many  elementary  writera  who  have  reproduced  this  de- 
monstration have  however  omitted  that  part  of  it  in  which  the 
symbols  are  defined,  and  thus  have  rendered  it  inconclusive.  Thus 
it  has  been  considered  sufficient  to  proceed  as  follows : — let  AP=a:, 
Pn  =  (ic,  PP'  =  Sar,  nn'  =  S(a  +  da;);  then  F  and  H'  are  the 
abscissae  of  points  on  the  new  curve  which  are  infinitesimally  near, 
and  AP'  =  a?  +  8a;,  therefore 

P'n'  =  d{x  +  Sx); 
hence  YW  ^dx  +  Six  +  dx), 

and  Pn'  =  PF  +  Fn'  =  Saj  +  ti(a:  +  Sa;); 

therefore  Sdx  =  dSx. 

m 

But  in  this  process  the  statement  P'n'  =  rf(a;  +  &c)  is  quite  arbi- 
trary, as  there  is  no  definition  on  which  it  depends. 

36.  But  in  feet  there  is  nothing  to  be  proved,  and  the  subject 
would  be  rendered  more  intelligible  by  the  omission  of  these  and 
similar  propositions  which  appear  in  so  many  elementary  works. 
Suppose  for  example  that  y  receives  an  increment  Sy,  then  the 

first  differential  coefficient  of  y  with  respect  to  x  instead  of  ^ 

2—2 
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becomes     ^^     ^'  ^  that  is,  receives  an  increment  ^^ .    Hence  if 

we  please  to  denote  this  increment  by  hp  we  have  hp  =  ^^  \  there 

is  here  nothing  to  prove,  it  is  merely  a  definition  of  the  meaning 
of  Sp.  Again,  let  u  denote  the  integral  Jvdx;  if  v  receives  an 
increment  Bv  then  u  receives  an  increment  fSvdx,  which  we  may 
denote  by  Su  if  we  please.  Instead  then  of  a  formal  proposition  in 
which  Bfvdx  is  proved  equal  to  JSvdx,  there  is  really  only  a  defi- 
nition of  the  meaning  of  Su  when  u  =  Jvdx. 

36.  That  these  supposed  propositions  are  not  required  in  a 
treatise  on  the  Calculus  of  Variations  may  be  seen  by  consulting 
Airy's  Tract  on  the  Calculus  of  Variations.  The  subject  will  be 
found  there  treated  with  great  simplicity  and  clearness,  without 
any  introduction  of  such  matter  as  we  have  taken  from  Lacroix  in 
Article  32.  It  may  be  added  that  Euler,  who  gives  the  geometrical 
process  of  Article  32  in  his  treatise  on  this  subject  contained  in 
his  Integral  Calculus,  gives  it  rather  as  an  illustration  than  a  proof 
{interim  tamenjuvabii  id  per  Oeoinetriam  illustrasse). 

37.  Lacroix  now  proceeds  to  give  the  usual  formulsB  of  the 
subject  expressed  in  the  usual  notation.  He  exhibits  the  variation 
of  an  integral  which  involves  both  x  and  y  and  their  differentials, 
so  that  in  fact  x  and  y  may  be  considered  both  functions  of  a  third 
variable.  He  notices  the  conditions  which  must  hold  in  order  that 
a  function  involving  two  variables  and  their  differential  coefficients 
may  be  susceptible  of  integration,  once  or  more  than  once,  without 
assigning  any  relation  between  the  variables.  He  also  investigates 
the  variation  of  JVdx,  where  V  contains  another  integral  fV'dx 
besides  x  and  y  and  the  differential  coefficients  of  y ;  as  this  is  a 
point  of  some  difficulty  we  shall  consider  it  liere  more  fully. 

38.  An  investigation  of  the  variation  of  an  integral  formula 
which  itself  involves  another  integral  was  given  by  Euler;  it  occurs 
in  the  4th  chapter  of  the  treatise  on  the  Calculus  of  Variations, 
which  is  contained  in  the  third  volume  of  his  Integral  Calculus. 
Lacroix  gives  it  in  his  Articles  854  and  871.  Lacroix  omits  a  few 
lines  of  explanation  which  are  found  in  Euler,  and  thus  the  process 
which  in  its  original  form  was  not  free  from  obscurity  is  rendered 
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Still  more  obscure;  in  fact,  as  we  shall  see,  Lacroix  does  not 
distinguish  between  problems  which  are  really  different.  From 
Lacroix  the  process  has  passed  into  many  elementary  works.  We 
will  now  give  the  process  of  Lacroix. 

Eequired  the  variation  of  fVdx^  where  F  is  a  function  of  a;,  y , 
Pf  q,  r^...  and  v  where  v  =  fV'dx,  and  V  is  also  a  function  of  x,  y, 
p,  y,  r, ... ;  here  j?,  q,  r,.,,  denote  the  successive  differential  coeflS- 
cients  of  y  with  respect  to  x.    Suppose 

dV=  Mdx  +  Ndy  +  Pdp  +  Qdq  +  Bdr  -{-...  -h  Ldv, 
dV'=M'dx  +  N'dy  +  F'dp  +  Q^dq  +  B'dr  +  ... 
Then  by  the  usual  formulse  of  the  Calculus  of  Variations 

B  fVdx  =  V Bx  +  /{dxBV-  dVSx) ; 
now  for  shortness  let  dV=  rf^  4-  Ldv,  then  S  F=  8^  +  LSv ; 
thus      B  fVdx  =  VBx  +  /{dxBf  -  dfBx)  +  /{LdxBv  -  LdvBx) . 
Abo         St?  =  V'Bx  +  f{dxB  V  -  dV'Bx) ;  and  dv  =  V'dx ; 
therefore     /{LdxSv  -  LdvBx)  ^fLdxf{dxBr -  dV'Bx). 
Put  fLdx  =  /;  then  by  integration  by  parts 
/{LdxBv- LdvBx)  =lf{dxBV''-drBx)^fl{dxBV''-dV'Bx). 

Hence  we  obtain 

BfVdx^VBx  +  f{dx&ylr^ditBx) 

+  lf{dxBV'-'dV'Bx)''fl{dxBV'^dV'Bx). 

The  three  terms  which  follow  VBx  on  the  right-hand  side  of 
the  last  equation  may  be  transformed  by  the  ordinary  processes  of 
the  subject.     Thus  if  ©  =  Sy  -jpSa;,  we  shall  obtain 

/  •%     dR  .  V  d(o 

+(<?-^+ )^ 

+  (^- )^ 

+ 
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^W-f^ )g 

+^(^'- )S 

+ 

+  (^*3-^  + )^ 

^(^'- )g 

+ 

.  r,TTiT>    dIP'    ^IQ'    d*IB'       ,     ,       ,„, 

Thus  far  there  is  no  difficulty,  but  Lacroix  adds  in  Article  87 1 ; 

let  A  denote  the  total  value  of  /,  that  is,  of  jLdx  taken  between 

limits  determined  by  the  nature  of  the  question ;  since  this  value 
is  a  constant  it  may  be  introduced  under  the  signs  of  differentiation 
and  integration,  and  thus  the  formula  will  become 

S/7efo=F&c  +  |(P4--4P'-/P')-.^(G +-4(7-/(2') +  ...}« 


+  \(Q^AQ'^iq)-^{R  +  AR'-IR)  +  ..\ 


dad 
dx 


+ 


+  JUn+AN''-IN')  -  ^  {P-^'AP'-'IP') 


4-^((2  +  -4(2'-/(2')-...la>efo. 
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This  last  step  is  not  obvious ;  it  will  be  seen  that  no  change 
is  made  in  the  terms  which  axe  denoted  bj  (1)  and  (3),  but  that 
/  is  changed  into  A  in  (2).  Now  the  orighial  integral  ]Vdx  must 
be  supposed  taken  between  some  limits,  say  a  and  /8;  thus  the  first 
line  for  example  in  (2)  will  really  when  written  at  full  become 

and  as  the  value  of  /  when  x  =  ^  will  not  generally  be  the  same 
as  its  value  when  a?  =  a,  we  cannot  as  Lacroix  does  put  ul  for  /  in 
the  terms  included  in  (2). 

Some  variety  of  meaning  may  occur  with  respect  to  /;  for  by 
/  we  may  understand  simply  the  indefinite  integral  jLdx  without 

any  constant  added ;  or  by  /  we  may  understand  I   Ldx^  so  that 

J  a 

/vanishes  when  x  has  the  arbitrary  value  a,  or  again,  a  may  be 
supposed  equal  to  a  or  to  /8.  None  of  these  suppositions  however 
lead  to  the  result  given  by  Lacroix,  although  the  supposition  that 
/  vanishes  when  a;  =  a  or  when  x^fi  will  simplify  the  correct 
formulae.  There  is  another  point  to  be  noticed.  We  have  hitherto 
supposed  V  to  mean  the  indefinite  integral  /F'dic  without  any  con- 
stant added ;  but  v  may  stand  for  something  different,  as  for  ex- 
ample for  /    V'dx.    In  this  case  in  order  to  find  what  arises  fix)m 

If{dxSV'  "dV'Sx),  we  must  take  the  integral  from  c  to  a?,  then 
multiply  by  /  and  put  successively  a;  =  a  and  a?  =  /8  in  the  result, 
and  subtract  the  first  value  of  the  result  from  the  second.  Similar 
processes  must  be  performed  with  the  terms  in  (3).     For  simplicity 

we  will  suppose  that  /=  I  Ldx,  so  that  /  vanishes  when  aj  =  a. 

Thus,  for  example,  the  first  term  of  the  first  line  of  (2)  is 

[/{(P«)^-(P'a,)^e}]x=^ 

The  second  line  vanishes  since  /«„  is  zero,  and  tlie  first  line  may 
be  written 


tmk  ia^ZZZL 
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by  diflterentiating  the  fraction  in  the  ordinary  way  and  changing 
d  into  S,  we  shall  have 

^  _  dxBdz  —  dzSdx  _  dxdSz-'dzdSx  _  dBz—pdSx 
^^  da?  ""  da?  ""        db 

Similarly  8g  =  ^"~g^. 

The  formuloe  thus  obtained  for  Bp  and  Sq  by  Lacroix  are  incorrect ; 
they  appear  to  have  been  taken  by  Lacroix  from  Enler's  treatise 
comprised  in  his  Integral  Calculus.  The  true  formulae  were  given 
by  Poisson ;  the  erroneous  steps  in  the  process  of  Euler  and  Lacroix 
were  afterwards  indicated  by  Ostrogradsky,  and  Poisson's  results 
were  confirmed.  These  points  we  shall  have  occasion  to  explain  in 
analysing  the  memoirs  of  the  two  writers  last  named. 

40.    After  the  error  in  finding  Bp  and  Sq  Lacroix  follows  Euler 

in  giving  erroneous  formulae  for  Sr,  Bs,  and  Sl     These  writers  both 

shew  that  in  following  out  their  process  they  obtain  two  formulae 

for  S«,  by  performing  the  operations  in  different  orders,  and  these 

two  formulae  can  only  be  reconciled  by  supposing  that  &i;  is  a 

function  of  x  only,  and  By  a  ftmction  of  y  only.     They  proceed 

thus 

^_^dp^  dBp-sdBy 

'^    dy  dy        * 


A  ^^r  _  ^'^^        dBx  ^      d^Bx  ^ 

dy      dydx        dx      ^  dydx^ 

^  ^       d*Bz        dBx         cPBx        dBy 

therefore  os  =  j;--^ —  8  -i p  -j-j *--7    • 

dydx        dx      ^  dydx        dy 

Again,  adopting  a  different  order,  we  have 

^^^dq^dBq-^adBx 
dx  dx 

dBq^  d'Bz         dBy        d^By 
*°  dx^dxdy        dy      ^dxdy^ 

,      ^  ^       d^Bz        dBy         d'By        dBx 

therefore  &  =  ^-^-.^ -y^-,^. 
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These  two  formuke  for  &  contain  respectively  the  essentially  dif- 
ferent terms  jp  ,  ,  and  q  ,  ^  ,  which  can  only  be  made  to  dis- 
appear by  supposing  that  ix  does  not  contain  y  and  that  hy  does 
not  contain  x. 


41.  The  difficulty  at  which  Euler  and^Lacroix  thus  arrive  is 
owing  to  the  circumstance  that  they  determine  Sp  and  hq  errone- 
ously, and  repeat  their  error  in  determining  & ;  the  correct  values 
will  be  given  hereafter.  Strictly  speaking  it  is  not  absolutely 
necessary  that  ix  should  be  a  function  of  x  only,  and  hy  of  y  only 

in  order  to  make  ,    ,    and   ,    f  vanish ;  for  if  hx  were  a  function 

ay  ax  dxdy  ' 

d^Zx 
of  X  only  or  of  y  only  ^  ^    would  vanish,  and  a  similar  remark  is 

true  with  respect  to  hy.  But  the  supposition  that  &c  is  a  function  of 
X  only  and  Sy  of  y  only  is  more  natural  at  this  point,  and  is  much 
more  convenient  for  the  subsequent  processes  required  in  the  deve- 
lopment of  the  variation  of  a  double  integral.  Lacroix  seems  to 
intimate  on  page  778  that  there  is  some  loss  of  generality  in  im- 
posing the  restrictions  on  hx  and  hy ;  this  however  does  not  appear 
to  be  the  case.  For  let  a?,  y,  z  be  the  co-ordinates  of  any  point ; 
and  let  x-\-ixy  y  +  ^yt  z-k-hz  be  the  co-ordinates  of  an  adjacent 
point ;  then  if  &c  be  an  arbitrary  fiinction  of  x  only,  hy  an  arbitrary 
function  of  y  only,  and  iz  an  arbitrary  fiinction  of  both  x  and  y,  we 
have  the  power  of  passing  from  the  point  (a;,  y,  z)  to  an  adjacent 
point  in  every  possible  way ;  that  is,  our  suppositions  involve  all 
the  generality  we  require. 

42.  Lacroix  now  gives  the  ordinary  development  of  the  varia- 
tion of  a  double  integral ;  in  so  doing  he  reproduces  the  error  which 
has  been  already  indicated  in  Art.  27.  He  illustrates  the  whole 
subject  by  discussing  some  of  the  usual  problems ;  he  selects  the 
brachistochrone,  the  solid  of  least  resistance,  the  curve  which  in- 
cludes a  maximum  area  between  itself  and  its  evolute,  the  integral 
JVdx  where  V=-yj*J{\  +^')  dx^  and  the  brachistochrone  in  a  resist- 
ing medium. 


LACROIX.  27 

43.  Lacroix  then  gives  Enler's  method  of  treating  questions  of 
relative  maxima  and  minima ;  that  is,  for  example,  he  shews  that  if 
we  want  the  maximum  or  minimum  value  of  fiuix  subject  to  the 
condition  that  Jvdx  shall  be  constant  we  must  proceed  to  solve  the 
problem  of  finding  the  maximum  or  minimum  of /(w  +  av)  dx,  where 
a  is  a  constant.  This  part  of  the  subject  he  illustrates  by  the  pro- 
blem in  which  a  curve  is  to  be  found  of  given  length  and  area, 
which  by  rotation  round  an  axis  will  generate  a  maximum  or  mini- 
mum volume.  Lastly  he  gives  some  investigations  with  respect  to 
the  problem  of  discriminating  a  maximum  from  a  minimum ;  these 
are  similar  to  those  which  we  have  already  noticed  in  Art,  5. 

44.  In  the  third  volume  of  his  work,  which  was  published  in 
1819,  Lacroix  has  a  note  on  the  point  which  we  have  noticed  in 
Art.  39.  He  gives  there  the  correct  forms  for  8p,  Sq, ...  which  had 
been  obtained  by  Foisson  after  the  publication  of  the  second  volume 
of  the  Trails  du  Calcul  Diffirentiel  et  du  Calctd  Intiigral, 

45.  On  the  whole  the  Calculus  of  Variations  does  not  seem  to 
have  been  very  successfully  expounded  by  Lacroix,  and  this  is 
perhaps  one  of  the  least  satisfactory  parts  of  his  great  work.  Mr 
Abbatt,  in  the  preface  to  his  treatise  on  the  subject,  speaks  thus  of 
it:  "In  Lacroix's  TraitS  du  Calcul  Diffh'entiel  et  du  Calcul 
Intigral^  Tom.  ii.,  we  find  materials  sufficient  to  form  a  complete 
work  on  Variations;  but  the  subject  is  treated  in  a  manner  so 
prolix  and  inelegant,  that  the  reader's  taste  will  scarcely  be  im- 
proved, how  much  soever  his  knowledge  may  be  increased  by 
the  perusal." 


(    28    ) 


CHAPTER  11. 


DIRKSEN.    OHM, 


46.  In  this  Chapter  we  shall  give  an  account  of  the  works 
of  Dirksen  and  Ohm.  The  treatise  of  Dirksen  is  entitled  Analy-- 
tical  Exhibition  of  the  Calculus  of  Variations  toith  the  application 
of  it  to  the  determination  of  Maxima  and  Minima,  by  E.  H.  Dirksen, 
Berlin,  1823,  (Analytische  Darstellung  der  Variations-rechnung  mit 
Anwendung  derselben  auf  die  Bestimmung  des  Grdssten  und 
Bleinsten). 

47.  Dirksen's  book  is  a  small  quarto  of  243  pages,  with  a 
preface  of  8  pages;  it  is  very  badly  and  incorrectly  printed. 
In  the  preface  the  author  says  that  the  Calculus  of  Variations  ap- 
pears to  have  been  neglected,  for  in  elementary  works  no  improve- 
ment had  been  introduced  since  the  time  of  Euler  and  Lagrange ; 
he  states  that  he  has  himself  developed  the  subject  from  a  purely 
analytical  origin ;  and  in  conformity  with  this  remark  it  may  be 
observed  that  there  is  no  figure  in  the  book. 

48.  The  work  is  divided  into  four  chapters.  The  first  chap- 
ter extends  over  32  pages ;  it  is  called  an  Exhibition  of  the  prin- 
ciples of  the  Calculus  of  Variations.  Dirksen  takes  any  function 
such  as  j>  {x,  y ,  z)  and  changes  x  into  x  H-  kBx,  y  into  y  -f  ASy,  and 
z  into  z  H-  khz ;  he  then  expands  the  new  value  of  the  function  in 
a  series  proceeding  according  to  ascending  powers  of  Jc ;  the  coeffi- 
cient of  the  first  power  of  A  is  called  the  variation  of  the  first  order 
of  the  function,  the  coefficient  of  £*  is  called  the  variation  of  the 
second  order  of  the  function,  and  so  on.  In  the  first  chapter  the 
author  finds  the  variations  of  explicit   differential   and  integral 
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ftinctions,  and  of  a  function  which  is  implicitly  determined  by 
means  of  an  unsolved  differential  equation. 

49.  The  second  chapter  extends  from  page  33  to  page  73 ;  it 
is  called  Development  and  Transformation  of  the  variation  of  the 
first  order  of  undetermined  Integral  Formulce  taken  between  yiven 
limits.  Here  Dirksen  confines  himself  to  the  term  containing 
the  first  power  of  Tc  in  his  general  expansion,  and  he  gives  the 
ordinary  process  of  integration  by  parts  which  separates  the 
variation  of  an  integral  into  an  integrated  part  and  a  part  still 
remaining  under  the  sign  of  integration.  He  also  gives  the  trans- 
formation of  a  double  integral  JJVdxdy,  supposing  the  limits  of  the 
integrations  for  both  x  and  y  to  be  constants. 

50.  The  third  chapter  extends  from  page  74  to  page  200 ;  it  is 
called  Application  of  the  Calculus  of  Variations  to  the  determination 
of  Maxima  and  Minima.  The  author  first  considers  the  maximum 
or  minimum  of  an  explicit  function,  which  is  an  ordinary  problem 
of  the  Differential  Calculus.  He  then  proceeds  to  the  case  where 
the  function  involves  differential  coefficients,  and  he  discusses  the 
example  given  by  Lagrange  (see  Art.  3).  Next,  he  considers  un- 
determined integral  formula ;  and  with  respect  to  these  he  investi- 
gates the  second  term  of  his  general  expansion  in  powers  of  k  with 
the  view  of  discriminating  a  maximum  from  a  minimum ;  he  uses 
the  method  given  by  Lagrange  in  the  Th4orie  des  Fonctions  Analy^ 
tigues. 

5L  The  fourth  chapter  extends  from  page  201  to  the  end;  it 
is  called  Examples  relating  to  the  determination  of  the  Maximum  or 
Minimum  of  undetermined  Integral  Formulce.  Dirksen  states  in 
the  preface  that  these  examples  are  for  the  most  part  taken  from 
Euler's  Methodus  Inveniendi ,  but  he  intimates  that  the  solu- 
tions of  the  examples  are  in  some  respects  superior  to  those  given 
by  Euler.  The  examples  given  by  Dirksen  are  in  fact  all  in 
Euler;  but  Dirksen  has  generally  investigated  the  terms  of  the 
second  order  so  as  to  discriminate  a  maximimi  from  a  minimum, 
and  this  gives  his  solutions  an  advantage  over  Euler's.  Some  of 
these  examples  are  also  discussed  in  the  work  of  Strauch ;  it  will 
be  useful  to  point  out  those  which  are  in  Dirksen  and  which  are 
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mutations  for  which  the  boundary  P  remained  unchanged,  or 
always  remained  in  the  same  vertical  surface,  it  is  obvious  that 
it  would  only  be  necessary  to  ascribe  a  variation  to  the  vertical 
co-ordinate  z,  and  thus  the  problem  would  become  much  simpler. 
But  we  wish  to  examine  the  problem  in  all  its  generality  and 
the  separate  consideration  of  the  change  of  the  limits  will  be  in- 
convenient, so  that  it  will  be  better  to  ascribe  variations  to  all 
three  co-ordinates  a?,  y,  z.  We  will  suppose  therefore  that  for  a 
point  in  the  surface  whose  co-ordinates  are  ar,  y,  jsr,  another  is  sub- 
stituted whose  co-ordinates  are  a?  +  So?,  y  +  Sy,  z-^-hz;  and  hx,  Sy, 
hz  may  be  considered  as  undetermined  functions  of  x  and  y  and 
indefinitely  small.  We  will  now  examine  the  variations  of  the 
different  parts  of  W,  beginning  with  the  variation  of  V. 

Let  us  conceive  a  triangular  element  dUot  the  surface  27,  and 
suppose  the  co-ordinates  of  the  angular  points  to  be 

.,  J  dz    J        dz  y 

x-hdx,    y  +  dy,    ^'^dx'^dv^' 

It  11  .  ^  It     ,  dz  -,, 

x  +  dx,   y  +  dy,   z -h^dx-\--^dy. 

The  double  of  the  area  of  this  triangle  is  known  to  be 

[This  follows  from  the  known  expression  for  the  area  of  a  tri- 
angle in  terms  of  the  co-ordinates  of  its  angular  points,  in  conjunc- 
tion with  the  theorem  which  connects  the  area  of  any  plane  figure 
with  the  area  of  its  projection.] 

In  the  surface  obtained  by  the  variation  of  the  first  surface  we 
shall  have  for  the  co-ordinates  of  the  points  corresponding  to  the 
angular  points  of  dU, 

for  the  first  point 

ar  +  &»,  y  +  Sy,    z-hSz; 

for  the  second  point 

dox  dox 

x-\-dx'\-tx-\-  ;t- ^+  -T-  dy, 
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and  on  the  reductions  of  certain  integral  forms  by  means  of  inte- 
gration by  parts.  This  mode  of  arrangement  seems  liable  to  objec- 
tion, as  the  various  propositions  are  given  apart  from,  their  useful 
applications,  and  thus  they  are  rendered  more  diflScult  and  less 
interesting  than  they  would  be  if  introduced  when  they  were 
required  for  immediate  service. 

55.  The  portion  of  the  book  extending  over  pages  87 — 127  is 
called  Calculus  of  Variations.  Ohm's  view  of  a  variation  is  similar 
to  that  of  Euler  and  Lagrange.  (See  Art.  22  and  Art.  15.)  Let  V 
denote  any  function,  and  V^  a  function  which  reduces  to  Fwhen 
/c  =  0 ;  then  V^  is  what  F  becomes  by  variation,  and  F«  is  supposed 
developed  in  a  series,  so  that 


1.2  '  1.2.3  ' 

The  terms  SF,  S*F,  S'F, ...  are  called  variatton-coejfflctentSy  and 
by  Maclaurin's  Theorem  they  are  the  values  of  the  successive  dif- 
ferential coefficients  of  Fwhen  k  is  supposed  zero  after  the  differ- 
entiations. The  only  terms  of  importance  are  the  first  and  second 
variation-coeflSicients,  namely  SV  and  S'V.  In  this  part  of  the 
treatise  Ohm  gives  the  first  and  second  variation-coefficients  of  dif- 
ferent expressions,  some  of  which  involve  integrals  and  some  of 
which  do  not. 

56.  The  portion  of  the  work  extending  over  pages  131 — 314  is 
called  the  Theory  of  Maxima  and  Minima.  The  pages  131 — 208 
contain  the  theory  of  maxima  and  minima,  which  is  given  in  ordi- 
nary treatises  on  the  Differential  Calculus.  Ohm  endeavours  to 
present  this  part  of  the  subject  under  a  novel  aspect,  but  it  does  not 
appear  that  there  is  any  real  extension  or  improvement  of  the  com- 
mon methods.  The  pages  209 — 244  contain  investigations  of  the 
maxima  and  minima  of  expressions  in  which  differential  coefficients 
enter,  that  is,  expressions  of  the  kind  exemplified  by  Lagrange  (see 
Art  3).  This  part  of  Ohm's  treatise  contains  more  than  had  been 
previously  given  on  this  point;  the  extension  however  was  ex- 
tremely natural  and  obvious  after  the  example  discussed  by  La- 
grange. 
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67.  We  now  arrive  at  the  part  of  Ohm's  treatise  which  is 
devoted  to  the  maxima  and  minima  of  integral  expressions.  On 
pages  244 — 304  Ohm  considers  expressions  which  involve  single 
integrals.  He  takes  an  integral  fVdxy  and  at  first  he  supposes 
that  V  involves  only  x  and  y ;  next  he  supposes  that  V  involves 

X,  y,  and  -r^;    next  he  supposes  that  V  involves  a?,  y,   -^  and 

^  ;  lastly,  on  page  272  he  supposes  that  V  involves  a?,  y,  ;^  > 

-Y^,  ...  up  to  -j-m'  He  then  takes  the  case  in  which  V  con- 
tains besides  y  another  function  of  x,  as  z,  together  with  the  dif- 
ferential coefficients  of  y  and  z. 

58.  For  discriminating  between  maxima  and  minima  Ohm 
gives  the  method  which  was  originally  proposed  by  Legendre, 
which  we  have  already  exemplified  in  Art.  5.  He  seems  however 
to  consider  the  results  as  more  certain  than  they  really  are,  for  he 
omits  all  reference  to  tlie  qualifications  indicated  by  Lagrange  (see 
the  latter  part  of  Art.  5).  Ohm  extends  this  method  to  the  case 
in  which  the  function  under  the  integral  sign  involves  more  than 
one  dependent  variable ;  on  page  279  he  takes  for  example  JVdx 

where  F*  is  a  function  of  x,  y,  «,  ^ ,  -^  and  -r-  . 

69.  In  pages  304 — 310  we  find  some  investigations  with 
respect  to  the  maxima  and  minima  of  multiple  integrals.  Here 
for  the  first  time  the  case  is  considered  in  which  the  limits  of  the 
first  integration  are  functions  of  the  other  variable.  The  following 
is  Ohm's  process  with  some  change  of  notation. 

Let  1^=/(^'3^'^'|>|)' 

U^f'f^'Vdxdy; 

JxoJyo 

the  integration  in  U  is  supposed  to  be  effected  with  respect  to  y 
first,  and  the  limits  y„  and  y,  may  be  functions  of  x.  It  is  required 
to  express  SU.     With  the  notation  used  in  Art.  17  we  have 
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therefore  S£^=/'7j*  [l  -  ^-  ^)  izdxdy 


where  (iViS«)i  denotes  the  value  of  NZz  when  for  y  we  put  y^,  and 
{Nhz)^  the  value  of  -ATS^  when  for  y  we  put  y^.     Now 

thus  the  term  1      I     -7-  (ifS^?)  dxdy  gives 

([^'MSzdy)      -(("'MSzdy) 

-/;;(i»/B.).|e&+/VH|-c&. 

We  have  thus  the  value  of  SfT' reduced  as  much  as  possible. 

60.  Pages  311 — 314  shew  how  to  obtain  the  variations  of  func- 
tions which  are  implicitly  given  by  differential  equations.  The 
book  finishes  with  an  appendix  of  fourteen  pages,  in  which  are 
given  some  algebraical  expansions  which  are  in  fact  cases  of 
Taylor's  Theorem. 

61.  There  are  three  other  works  in  which  Ohm  has  touched 
upon  the  subject  of  the  Calculus  of  Variations ;  these  are 

System  der  Mathematiky  Band  V.  Berlin,  1831. 
System  der  Mathematiky  Band  vii.  Berlin,  1833. 
Lehrbuch  der  hohem  Mathematiky  Band  II.  Berlin,  1839. 

We  shall  make  some  observations  on  these  three  works. 

62.  In  the  fifth  volume  of  Ohm's  System  of  Mathemxitics  the 
portion  of  the  work  devoted  to  our  subject  is  the  eleventh  chapter, 
extending  over  pages  51 — 87.     The  chapter  is  divided  into  two 
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parts;  the  first  is  called  the  Expansion  of  polynomial  fanctuma  in 
series  and  extends  over  pages  50 — 81,  the  second  is  called  Calculus 
of  Variations  and  extends  over  pages  82 — 87.  The  main  point  of 
the  chapter  may  be  said  to  be  the  expansion  of  a  function  of 
a?,  y,  Zy ...  a,  b,  c, ...  in  powers  of  k  when 

a=ia^  +  a^K  +  ajf  -}-... 

and  similar  expressions  hold  for  y^  Zy ..,  b,  Cy».»  There  is  only  a 
very  brief  account  of  the  Calculus  of  Variations,  strictly  so  called, 
and  this  account  contains  nothing  of  importance. 

63.  In  the  seventh  Volume  of  Ohm's  System  of  Mathematics 
there  is  a  chapter  on  Maxima  and  Minima,  and  an  Appendix  of 
Examples.  The  chapter  on  Maxima  and  Minima  gives  a  brief 
sketch  of  the  ordinary  portions  of  the  Calculus  of  Variations ;  for 
fuller  details  Ohm  refers  to  his  separate  work  on  the  subject,  of 
which  we  have  already  given  an  account  in  Arts.  53 — 60.  The  ap- 
pendix of  problems  contains  41  problems  and  occupies  113  pages; 
these  problems  are  intended  by  Ohm  to  illustrate  the  separate  work 
to  which  reference  has  just  been  made.  The  first  six  of  the  pro- 
blems require  maxima  or  minima  values  of  expressions  involving 
a  function  and  its  differential  coefficients,  but  not  involving  inte- 
grals. These  problems  are  all  reproduced  by  Strauch  in  the  second 
volume  of  his  treatise  on  the  subject.  The  first  is  given  by  Strauch 
on  pages  14 — 16 ;  he  ascribes  it  to  Ohm.  The  second,  third,  and 
fourth  are  given  by  Strauch  on  pages  23 — 27 ;  they  consist  of  the 
example  originally  given  by  Lagrange,  and  two  modifications  of 
it  which  Strauch  ascribes  to  Ohm.  The  fifth  and  sixth  problems 
are  ascribed  by  Strauch  to  Ohm ;  Strauch  gives  them  with  some 
extensions  on  pages  82 — 89.  Ohm's  problems  from  7  to  17  in- 
clusive consist  of  different  cases  of  tlie  shortest  line  that  can  be 
drawn  in  one  plane  or  in  free  space,  with  various  limiting  con- 
ditions. The  problems  from  18  to  20  are  resj^ecting  the  shortest 
lines  that  can  be  drawn  on  assigned  surfaces ;  Ohm  gives  the  ordi- 
nary investigations.  The  general  problem  is  not  treated  by  Strauch, 
but  he  examines  in  detail  the  same  particular  case  as  Ohm,  namely, 
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that  of  the  shortest  line  on  a  sphere.  Ohm's  remaining  problems 
are  all  common  examples,  and  are  all  included  in  Strauch's  second 
volume,  except  one  which  shall  be  given  presently.  The  problems 
21,  22,  31,  32,  33,  34  relate  to  the  brachistochrone  and  to  the  curve 
of  greatest  final  velocity ;  these  are  in  Strauch,  pages  400 — 454. 
The  problems  from  23  to  27  inclusive  relate  to  the  curve  which  is 
of  minimimi  length  and  includes  a  constant  area,  and  the  curve 
of  constant  length  which  includes  a  maximum  area;  all  these 
problems  are  in  Strauch,  pages  476 — 504.  Problems  29  and  30 
relate  to  the  surface  of  minimum  area  and  to  the  surface  of 
maximmn  volume  with  a  given  area;  these  problems  are  in 
Strauch,  pages  616 — 623.  Problem  35  is  given  by  Strauch  on 
pages  454 — 458.  Problem  36  relates  to  the  curve  which  has  the 
area  between  itself  and  its  evolute  a  maximimi;  it  is  given  by 
Strauch  on  pages  289 — 291.  Problem  37  is  given  by  Strauch  on 
pages  534 — 538.  Problem  38  relates  to  the  solid  of  revolution 
which  has  a  minimum  surface ;  it  is  given  by  Strauch  on  pages 
506,  507.  Problem  39  relates  to  the  solid  of  least  resistance ;  it  is 
given  by  Strauch  on  page  399.  Problem  40  is  given  by  Strauch 
on  pages  524 — 527,  and  problem  41  on  pages  527,  528. 

64.  The  solutions  of  Ohm  have  not  been  examined  for  the 
present  work,  as  the  examples  he  gives  are  all  discussed  in  other 
books.  It  may  be  observed  that  in  his  first  seven  problems  Ohm 
investigates  the  terms  of  the  second  order  so  as  to  discriminate  a 
maximimi  from  a  minimum.  From  the  list  given  in  Art.  63,  it  will 
be  seen  that  no  problem  is  contained  in  Ohm  which  is  not  easily 
accessible  in  other  works  except  problem  28. 

65.  Ohm's  28th  problem  is  this;  Required  the  maximum  or 

-  dx,  where  J?  stands  for  ^  ,  and  z  =  I    ydx. 
His  solution  is  substantially  the  following. 

Here  -^  =  y ;  so  that  y  —  -r-  =  0.     Hence  we  may  consider  that 

we  have  to  find  the  maximum  or  minimum  value  of  F,  where 

dz\ 


-/.!7--(-I)! 


dx, 

3—2 
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\  being  a  multiplier  at  present  undetermined.     Thus 

-(fLH?)...-<^>-^'^>"' 

Now  assume  \  such  that  the  coefficient  of  Sz  vanishes ;  that  is, 

assume 

1      ^^  ^  (\  /«\ 

p     dx        ^  ^* 

Then  in  order  that  SFmay  vanish,  we  must  have  the  coeflSicient 
of  hy  zero ;  that  is 

L[jh^=' ••••; (2)- 

By  eliminating  X  between  (1)  and  (2)  and  substituting  for  «,  we 
obtain  ultimately  a  differential  equation  of  the  fourth  order  for 
determining  y ;  so  that  four  arbitrary  constants  occur.  These  four 
constants  will  enable  us  to  make  the  four  terms  relating  to  the 
limits  at  present  remaining  in  SF  vanish.  It  does  not  appear  that 
the  differential  equation  for  determining  y  can  be  integrated  in  a 
finite  form. 

This   example  is  given  in  Euler's  Methodus  inveniendi 

page  102,  without  however  any  express  indication  of  the  limits  of 
integration.     It  is  also  solved  by  Dirksen,  pages  139 — 143. 

66.  The  work  of  Ohm  published  in  1839,  is  noticed  by  Strauch 
in  the  preface  to  his  treatise  (page  xv).  He  says  that  it  is  only  an 
abridgment  of  that  published  in  1825;  it  hns  not  been  consulted 
for  the  present  work. 

67.  On  the  whole,  with  respect  to  Ohm's  works  on  the  subject 
it  may  be  said  that  the  only  one  of  importance  is  that  published  in 
1825;  and  at  the  time  of  publication  this  surpassed  all  preceding 
treatises  on  the  subject.  It  is  however  at  present  only  of  historical 
interest,  as  it  is  completely  superseded  by  the  extensive  treatise  of 
Straucli.  Strauch  in  fact  may  be  considered  as  the  successor  of 
Ohm ;  a  good  sketch  of  Ohm's  works  will  be  found  in  Strauch's 
preface,  pages  xiv— xvi. 


CHAPTER  III. 


GAUSS. 


68.  On  September  28th,  1829,  a  memoir  was  communicated  by 
C.  F.  Gauss  to  the  Royal  Society  of  Gottingen,  entitled  Principia 
Generalia  Theorice  FiguroB  Fluidorum  in  Statu  jEquilibriu  The 
memoir  relates  to  the  theory  of  Capillary  Attraction  and  demon- 
strates in,  a  new  way  some  results  which  had  been  already  obtained 
by  Laplace.  The  memoir  is  published  in  the  Seventh  Volume  of 
the  CommentcUiones  Societatis  Regica  Scientiarum  Gottingensis^  1833; 
it  occupies  pages  39 — 88  of  the  mathematical  portion  of  the  volume. 
Part  of  this  memoir  is  devoted  to  the  solution  of  a  problem  in  the 
Calculus  of  Variations  involving  the  variation  of  a  certain  double 
integral,  the  limits  of  the  integration  being  also  variable;  it  is  the 
earliest  example  of  the  solution  of  such  a  problem.  Gauss  himself 
says  on  page  67,  "  Sed  quum  calculus  variationum  integralium 
duplicium  pro  casu  ubi  etiam  limites  tanquam  variabiles  spectari 
debent,  hactenus  parum  excultus  sit,  hanc  disquisitionem  subtilem 
pauUo  profundius  petere  oportet."  We  shall  give  the  investigation 
of  Gauss. 

69.  It  is  not  consistent  with  the  scope  of  the  present  work  to 
touch  upon  the  parts  of  Gauss's  memoir  which  are  unconnected  with 
the  Calculus  of  Variations.  We  must  refer  the  student  to  the 
original  memoir,  and  recommend  it  as  important  and  interesting. 
In  Liouville's  Journal  des  MathStmitiques,  Vol.  Xlll.,  1848,  is  a 
memoir  by  M.  Bertrand,  which  is  in  fact  nearly  a  republication  of 
that  part  of  the  memoir  of  Gauss  which  does  not  concern  the  Cal- 
culus of  Variations,  with  some  extensions  and  applications.  That 
is  to  say,  M.  Bertrand  reproduces  the  physical  part  of  Gauss's 
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memoir,  but  substitutes  geometrical  reasoning  instead  of  the  parts 
which  involve  the  Calculus  of  Variations.  Moreover  as  we  shall 
see  hereafter  simpler  investigations  of  the  problem  in  the  Calculus 
of  Variations  discussed  by  Gauss  have  been  since  given  by  Pagani 
and  Mainardi,  but  the  interest  which  belongs  to  Gauss's  method, 
from  the  eminence  of  the  author  and  from  the  fact  of  its  being  the 
first  solution  of  such  a  problem,  will  justify  us  in  reproducing  it 
here. 

70.  On  the  first  page  of  his  Memoir  Gauss  has  a  short  note 
which  refers  to  a  problem  in  the  Calculus  of  Variations.  He  says, 
"  the  greatest  attraction  which  a  given  homogeneous  mass  attracting 
according  to  the  ordinary  law  can  exert  on  a  given  particle  is  to  the 
attraction  which  a  sphere  of  the  same  mass  would  exert  on  the 
same  particle  if  placed  on  its  surface  as  3  to  v^."  This  result  may 
be  easily  verified ;  we  have  to  find  the  form  of  a  solid  of  given  mass 
so  that  the  attraction  upon  a  particle  may  be  the  greatest  possible. 
It  is  obvious  that  the  solid  must  be  one  of  revolution,  and  it  may  be 
shewn  tobe  the  solid  formed  by  revolving  the  curve  r*  =  c*  cos  0 
about  the  prime  radius.  This  result  is  also  obtained  by  Schellbach 
in  Crelle's  Journal  fur.,.  Matheinatik^  Vol.  41,  page  345. 

71.  In  order  to  facilitate  the  comprehension  of  the  researches  of 
Gauss  we  begin  with  a  short  account  of  his  notation.  Conceive  a 
vessel  open  at  the  top  containing  homogeneous  fluid ;  let  ds  denote 
an  element  of  volume  of  this  fluid,  z  the  height  of  this  element 
above  a  fixed  horizontal  plane,  T  the  area  of  the  surface  of  the  fluid 
which  is  contiguous  to  the  vessel,  U  the  area  of  the  free  surface  of 
the  fluid,  a  and  /8  two  constant  quantities.  Then  Gauss  arrives  at 
the  following  expression 

this  expression  he  denotes  by  W^  and  he  has  proved  that  for  the 
fluid  to  be  in  equilibrium  W  must  be  a  minimum.  Gauss  then 
proceeds  to  the  investigations  which  occupy  the  present  chapter. 

72.  It  remains  to  determine  the  nature  of  the  figm'e  of  equili- 
brium, for  which  purpose  we  must  find  the  variation  that  W  expe- 
riences when  the  figure  of  the  space  occupied  by  the  fluid  imdergoes 
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any  infinitely  small  variation.  Bnt  since  the  Calculus  of  the 
Variations  of  double  integrals  in  the  case  where  the  limits  are  also 
variable  has  hitherto  been  little  studied,  the  subject  will  require 
careful  investigation. 

Consider  that  part  of  the  surface  of  the  fluid  which  we  have 
denoted  by  J7,  and  let  a?,  y,  «  be  the  co-ordinates  of  any  point  of  it. 
We  may  consider  «  as  a  function  of  the  variables  x  and  y,  and  de- 
note the  partial  differentials  of  z  in  the  usual  manner,  omitting 

brackets,  by 

dz  J      dz  y 

At  the  point  (a?,  y,  z)  suppose  a  normal  to  the  surface  of  the  fluid 
drawn  outwards,  and  let  f ,  17,  5"  be  the  cosines  of  the  angles  between 
this  normal  and  lines  respectively  parallel  to  the  axes  of  x,  y, 
and  z.     Thus 

J  dz  ^     1^     dz  ^     'VI 

^ — r  ^""r 

The  boundary  of  the  surface  Z7will  be  a  closed  curve  which  we 
will  denote  by  P,  and  which  may  be  supposed  described  by  a  point 
moving  always  in  the  same  direction,  so  that  the  element  dP  will 
always  be  considered  positive;  also  tlie  element  (?J7  will  always  be 
considered  positive.  We  will^denote  the  cosines  of  the  angles 
which  the  direction  of  dP  makes  with  the  co-ordinate  axes  of  a?,  y ,  z 
by  X,  F,  ^respectively,  and  in  order  to  remove  all  ambiguity  con- 
cerning this  direction  we  shall  take  it  so  that  a  system  similar  to 
that  of  the  co-ordinate  axes  of  a?,  y,  z  may  be  formed  by  the  follow- 
ing three  lines,  namely,  the  direction  of  rfP,  the  direction  of  the 
normal  to  dP  which  touches  the  surface  TJ  and  falls  within  the 
boundary  of  it,  and  the  normal  to  the  surface  V  drawn  outwards. 
Thus  it  will  follow  that  the  cosines  of  the  angles  between  the 
second  direction  and  the  axes  of  a?,  y,  z  respectively  are 

'nJz^KJ.  ^x^(,z,  ^,Y^n^> 

where  f^,  17^,  g,,  are  the  values  of  f,  17,  f  which  belong  to  the  posi- 
tion of  the  element  dP. 

73.  Let  us  now  suppose  the  surface  U  to  undergo  an  indefi- 
nitely small  mutation.     If  it  were  sufficient  to  consider  only  those 
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mutations  for  which  the  boundary  P  remained  unchanged,  or 
always  remained  in  the  same  vertical  surfS^ce,  it  is  obvious  that 
it  would  only  be  necessary  to  ascribe  a  variation  to  the  vertical 
co-ordinate  z,  and  thus  the  problem  would  become  much  simpler. 
But  we  wish  to  examine  the  problem  in  all  its  generality  and 
the  separate  consideration  of  the  change  of  the  limits  will  be  in- 
convenient, so  that  it  will  be  better  to  ascribe  variations  to  all 
three  co-ordinates  x,  y,  z.  We  will  suppose  therefore  that  for  a 
point  in  tlic  surface  whose  co-ordinates  are  ar,  y,  z,  another  is  sub- 
stituted whose  co-ordinates  are  x-\-hx,  y  +  Sj/,  z  +  Sz;  and  &»,  Sy, 
Bz  may  be  considered  as  imdetermined  functions  of  x  and  y  and 
indefinitely  small.  We  will  now  examine  the  variations  of  the 
different  parts  of  W,  beginning  with  the  variation  of  U. 

Let  us  conceive  a  triangular  element  dUoi  the  surface  Z7,  and 
suppose  the  co-ordinates  of  the  angular  points  to  be 

7  7  dz    7        dz   7 

x  +  efe,    y-^dy,    «  +  ^<*^  +  5^«y; 

11  -It  .  ^^  J*     .  d^  -tt 

x  +  dx,   y  +  dyy   ^+;^^^  +  ^^y' 

The  double  of  the  area  of  this  triangle  is  known  to  be 

[This  follows  from  the  known  expression  for  the  area  of  a  tri- 
angle in  terms  of  the  co-ordinates  of  its  angular  points,  in  conjunc- 
tion with  the  theorem  which  connects  the  area  of  any  plane  figure 
with  the  area  of  its  projection.] 

In  the  surface  obtained  by  the  variation  of  the  first  surface  we 
shall  have  for  the  co-ordinates  of  the  points  corresponding  to  the 
angular  points  of  dU, 

for  the  first  point 

a?  +  &r,  y  -hSy,    z  +Bz; 

for  the  second  point 

x  +  dx  +  Bx-h  --J—  dx+  -7-  dy, 
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for  the  third  point 

The  double  of  the  area  of  this  new  triangle  is  found  to  be 

{dxd'y-dj/d'x)'/N, 
where  N  stands  for 

{(-t)(-f)-ffF 

\\        dxj  \dy      dy )      dy  \dx      dxJ) 

l\        dyj  \dx      dx/      dx  \dy      dy  J) 

[74.  There  are  two  methods  of  arriving  at  this  result ;  we  may 
take  the  ordinary  expression  for  the  area  of  a  triangle  in  terms  of 
the  co-ordinates  of  its  angular  points,  and  substitute  the  values  of 
the  co-ordinates  just  given.  Or  we  may  proceed  thus — ^find  the 
area  of  the  projection  of  the  new  triangle  on  the  plane  of  (a?,  y)  and 
multiply  the  result  by  the  secant  of  the  angle  of  inclination  of  the 
triangle  to  the  plane  of  (a?,  y) :  this  method  is  instructive  and  we 
will  give  it  in  detail. 

The  area  of  the  projection  is  best  found  by  imagining  for  a 
moment  that  the  origin  of  co-ordinates  has  been  transferred  to  the 
point  a;  -h  &c,  y  +  By,  z  +  Sz.  Thus  we  obtain  for  the  double  of  the 
area  of  the  projection, 
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The  first  line  gives 


The  second  line  may  be  obtained  from  the  first  by  interchanging 
dx  with  d'x  and  dy  with  d'y.  Thus  we  have  for  the  double  area 
the  expression 

We  have  then  to  multiply  this  by  the  secant  of  the  inclination  of 
the  triangle  to  the  plane  of  (a;,  y).  Now  we  know  that  if  x^,  y,,  z^ 
be  the  co-ordinates  of  a  point  on  a  surface  the  corresponding  secant 
is  equal  to 

where  (  t-^J  and  (;t^)  ienoi^  partial  difierential  coefficients.     The 

chief  point  of  the  present  investigation  consists  in  forming  these 

partial  difiierential  coefficients  correctly.     To  this  we  proceed;  in 

dz 
forming  -7-2-  we  must  regard  dy^  as  zero.     Hence  since  x^,  y^,  z^ 

stand  for  a?  +  &»,  y  +  Sy,  z-\-hz  respectively,  and  dy^  is  to  be  zero, 
we  have 

7         7    .  dhx  y    .  dBx  7 

1        dz  ^       dz  ^       diz  ,    .  Mz  y 


GAUSS-  43 

(dz^\  _  \dx     dx)\        dy )      \Sy      dyldx 
\dxj "         /^      dSx\  /        dSy\      dhx  oBy"^  * 
\        dx)\        dy  J      dy    dx 

An  analogous  expression  will  be  found  for  {--r^) .     Thus  the 

required  secant  is  known,  and  we  finally  obtain  for  the  double  of 
the  required  area  the  result  already  given 

{dxdy'-dxdy)'/N.] 

75.     K  we  develop  the  value  of  N  and  reject  terms  of  the 
second  order,  we  have 

where  L  stands  for 


dSx 
dx 


h(l)]^f{-(l)] 

fdSx     dSy\  dz  dz      dSz  dz      dSz  dz 
\dy       dx/dxdy      dx  dx      dy  dy' 

Thus  the  ratio  of  the  first  triangle  to  the  second  is  that  of 
unity  to 

and  is  therefore  independent  of  the  form  of  the  triangle  dU. 
Therefore 

this  may  be  written 

w-^j7{f(,vp)+f(r+n-(f+t)ft 

dZz  -.^     diz    J 
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76.  We  shall  obtain  the  variation  of  the  whole  surface  Uhj 
integrating  the  expression  for  the  variation  of  the  element  dU. 
For  this  purpose  we  shall  consider  separately  the  two  parts  of  the 
integral 

and 


/,j,{(r+„<|-t,^-,S:|j 


=  A 


Conceive  a  plane  perpendicular  to  the  axis  of  y  such  that  the 
value  of  y  belonging  to  it  is  ccwnprised  within  the  limit  of  the 
extreme  values  which  y  has  throughout  the  surface  U.  This  plane 
will  cut  the  periphery  Pin  two,  or  four,  or  six, ...  points  of  which 
the  co-ordinates  parallel  to  the  axis  of  x  may  be  denoted  by  a?^  x\ 
x'\  ...  Similarly  the  other  co-ordinates  of  these  points  may  be 
denoted.  Also  let  the  surface  be  cut  by  a  second  plane  parallel 
to  the  former  and  indefinitely  near  it,  so  that  its  co-ordinate  may 
be  denoted  by  y  +  dy;  between  these  two  planes  will  be  found 
elements  of  the  periphery  dP^,  dP\  dP'\  ...  and  it  will  be  easily 
seen  that 

efy  =  -  Y'dP^  =  +  Y'dP'  =  -  Y"dP"  =  +  T"dP'" 

If,  further,  we  conceive  an  infinite  number  of  planes  perpen- 
dicular to  the  axis  of  a?,  then  to  every  element  dx  situated  between 
a?  and  x   or  between  x"  and  x"\  and  so  on,  will  correspond  an 

element  <i?7such  that  dU=^  — jr-  •     Hence  it  follows  that  the  part 

of  the  integral  A  which  corresponds  to  the  part  of  the  superficies 
situated  between  the  planes  determined  by  y  and  y  +  dy  will  be 
found  from  the  integral 

[(rf-\-^dZx     ^dZy     .dhz\ 

the  integral  being  taken  from  a;  =  a;**  to  x  —  x\  then  from  a;  =  a:"  to 
x  =  x"\  and  so  on.  The  above  integral,  by  integration  by  parts, 
gives 


-*/{ 


^i'-^-^^f-*-!}-^- 
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Thus  we  hare  in  the  present  case 

This  we  may  denote  by 

where  the  summation  extends  to  all  the  elements  dF  which  are 
situated  between  the  planes  y  and  y  +  dy,  and  the  integration  to 
all  the  elements  rf  [7  which  are  situated  between  the  same  planes. 

Hence  the  complete  integral  A  is  equal  to 

Ijii^fa -&%,-{&}  rap 

where  the  first  integral  is  to  extend  over  the  whole  periphery  P, 
and  the  second  integral  over  the  whole  surface  U. 

77.     In  a  similar  way  we  may  shew  that  B  is  equal  to 
Let  us  assume  that  for  any  point  of  the  periphery  P 
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and  also  that  for  any  point  of  the  surface  U 

and  we  obtain 

W^jQdP^'SVdU, 

where  the  first  integral  is  to  extend   over  the  whole  periphery 
P  and  the  second  integral  over  the  whole  surface  U. 

78.     The  expressions  given  for  Q  and  V  admit  of  remarkable 
simplification.     By  using  the  equation 

tlie  expression  for  Q  may  be  put  in  a  symmetrical  form;  thus 
In  order  to  simplify  F,  we  observe  that  since 


it  follows  that 


Hence 


And  since 


thus 


dz  _     f        A  ^^  —     V. 

d  f  _  d  iy 
dyl"  dx'i* 

dy  K'ldy'^'^dyi 
^^dy'^'^dxr 

d  'if  +  ^_     d_V  .vdv.d^ 
3[x      f     ""  ^  Ar  ?      f  rfj3     dx 
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Substitute  these  values  in  the  coefficient  of  Bx  in  F,  and  that 
coefficient  becomes 

\dx     dy) ' 
Similarly  the  coefficient  of  hy  in  V  may  be  transfonned  into 


Thus  we  obtain 


r=(f&.+^y+58.)(|+|). 


79.  Before  we  proceed  further,  it  may  be  convenient  to  illus- 
trate the  expressions  obtained  geometrically.  We  shall  refer 
the  various  lines  of  direction  which  occur  to  the  corresponding 
points  on  the  surface  of  a  sphere  with  radius  unity  described 
round  an  arbitrary  centre.  The  directions  of  the  axes  of  a?,  y,  z 
will  be  denoted  by  the  points  (1),  (2),  (3)  respectively;  the 
direction  of  the  line  which  is  a  normal  to  the  surface  and  drawn 
outwards,  will  be  denoted  by  the  point  (4);  the  direction  of  a 
line  drawn  from  any  point  of  the  surface  to  the  corresponding 
new  point  obtained  by  variation,  will  be  denoted  by  the  point  (5). 

The  variation  itself  which  is  equal  to  V(8ic)*  +  (8y)*+  (&)*,  we 
shall  denote  by  &  and  always  take  it  positive.  The  arc  joining 
two  points  of  the  spherical  surface,  as  for  example,  the  points 
(1)  and  (5)  wc  shall  write  thus,  (1,  5) ;  this  arc  of  course  measures 
a  corresponding  angle. 

Thus  we  have 

Sx  =  &  cos  (1,  5),     By  =  Se  cos  (2, 5),     &  =  &  cos  (3,  5). 

All  the  above  notation  applies  to  any  point  on  the  surface. 
On  its  boundary,  that  is  on  the  periphery  P,  we  have  two  other 
directions  that  require  symbols ;  first,  the  direction  of  the  element 
dP  which  we  will  denote  by  the  point  (6) ;  next,  the  direction  of 
a  line  which  is  normal  to  dP,  and  which  touches  the  surface 
and  is  drawn  so  as  to  fall  within  P,  and  this  we  will  denote 
by  the  point  (7).  By  hypothesis,  the  points  (6),  (7);  (4)  lie  in 
the  same  order  as  the  points  (1),  (2),  (3);  also  (4,  6),  (4,  7),  (6,  7) 
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subtend  right  angles,  that  is,  are  quadrants.     Thus  the  relations 
given  above  in  Art.  72  may  be  written 

i7Z-?r=cos(l,  7),  ?Z-fZ=cos(2,  7),  fr-^Z=cos(3,7). 

And  the  equations  which  determine  Q  and  Fmay  be  written 

Q  =  —  Se  cos  (5,  7) 

d^      drf 


r=      &  cos  (4,  5)  (1  + 1). 


Thus  Q  expresses  the  transference  of  any  point  in  the  periphery 
P,  from  the  plane  which  touches  this  periphery  and  is  normal  to 
the  surface  ?7,  and  the  transference  is  positive  when  in  a  direction 
outwards  from  P.  The  factor  &  cos  (4,  5)  of  V  expresses  the 
transference  of  any  point  of  the  surface  U  from  the  plane  touching 
this  surface,  and  the  transference  is  positive  when  in  a  direction 
outwards  from  the  volume  of  which  ?7is  a  boundary. 

The  other  factor  of  V  is  also  capable  of  geometrical  illustration. 
For  we  have 

p        ydz  ydz 


Thus 


p=-(S'HI)'- 


d^  ^     y  d^z     dz  d^ 
dx  dj?     dxdx 


do^'-^^'   -"^dxdy 


d\      .  .    d'-z 


ra. 


d'r^         ^^d^z       ^^,d^z  ,  t.  t,  d*z 


<^y        ^y*       ^'y*        dxdy 
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Thus  ^  +  ^  = 

ax     ay 


^\jb?X'^\dy)\     ^  dxdy  d^dy'^  dj^X'^  \dx)\\' 
This  expression  is  known  to  be  equal  to 

where  R  and  R*  are  the  princtpal  radii  of  curvature  at  the  point 
of  the  surface  under  consideration.  These  quantities  are  considered 
positive  when  the  convexity  of  the  surface  is  turned  outwards. 

80.  A  careful  examination  of  the  above  investigation  will 
shew  that  throughout  it  has  been  assumed  that  only  one  value 
of  z  corresponds  to  given  values  of  x  and  y,  and  that  f  is  positive. 
for  the  whole  surface  U.    Nevertheless  the  final  theorem,  namely 

^ fr=  -/&  cos  (5, 7)  rfP+  jSe  cos  (4, 5)  {j^  +  ^  dU, 

is  true  generally,  and  not  limited  by  the  above  assumption.  If 
we  had  wished  from  the  first  to  have  attained  this  generality  it 
would  have  been  necessary  to  adopt  a  different  method  or  to  enter 
into  some  prolixity.  But  the  result  may  now  be  established  as 
follows. 

The  investigation  does  not  assume  that  the  axis  of  2;  is  vertical ; 
the  situation  of  the  axes  is  arbitrary,  and  the  truth  of  the  theorem 
is  established  for  all  surfaces  such  that  the  points  (4)  all  lie  in  one 
hemispherical  surface;  we  may  adopt  the  pole  of  that  hemi- 
sphere for  (3). 

If  there  be  a  surface  which  does  not  fulfil  this  condition  it  may 
be  separated  into  two  or  more  parts  each  of  which  singly  does  fulfil 
the  condition.  Now  it  will  be  easily  seen  that  if  any  surface  be 
separated  into  two  parts,  the  truth  of  the  theorem  for  the  whole 
surface  follows  immediately  from  its  truth  for  each  part.  For  let 
the  surface  ZZ  consist  of  the  two  parts  U'  and  J7",  and  let  P'  be  the 
periphery  of  U'  and  P"  the  periphery  of  U"\  and  further  suppose 
P'  and  P"  to  have  the  common  part  P*",  so  that  P'  consists  of 
P'"  and  P""  and  P"  consists  of  P"'  and  P""';  it  is  therefore  obvious 

4 


\tttf 


ttrttt 
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that  the  periphery  of  U  consists  of  P""  and  P'"".  Thus,  we  shall 
have 

fSe  cos  (5, 7)  dP'  =  fSe  cos  (5,  7)  dP"'  +  fSe  cos  (5,  7)  dP' 
/&  cos  (5, 7)  cfP"  «  /&  cos  (5,  7)  dP'"+fSe  cos  (5,  7)  dP' 

It  must  however  be  observed  that  the  value  of  the  integral 
fSe  cos  (5,  7)  rfP'",  when  it  is  considered  as  a  part  of  the  former  ex- 
pression, is  exactly  the  opposite  of  its  value  when  considered  as  a 
part  of  the  latter  expression ;  for  to  every  point  of  the  line  P"', 
which  is  to  be  described  in  different  directions  in  the  two  cases, 
will  correspond  opposite  situations  of  the  point  (7)  and  thus  opposite 
values  of  the  factor  cos  (5,  7).  In  addition  one  of  these  two  parts 
destroys  the  other ;  thus  we  have 

fBe  cos  (6, 7)  dP'-^fSe  cos  (5,  7)  dP*'^fSe  cos  (5, 7)  dP. 

Thus  since  SZ7=  SZ7'+  8U"  we  obtain  for  S [7  a  value  exactly  cor- 
responding to  that  already  given  at  the  beginning  of  this  article, 
since  that  formula  is  supposed  to  hold  for  the  value  of  BU'  and 
ofSC^". 

Lastly,  we  may  observe  that  the  truth  of  the  expression  for  BU 
given  at  the  beginning  of  this  article  may  be  shewn  by  geometrical 
considerations,  and  indeed  more  easily  than  by  the  analytical 
method.  But  we  have  adopted  the  method  given  above  in  order 
to  take  an  opportunity  of  throwing  light  upon  a  subject  which 
has  hitherto  been  little  studied,  namely,  the  application  of  the  Cal- 
culus of  Variations  to  a  double  integral  with  variable  limits.  The 
geometrical  method  we  leave  to  the  reader. 

[This  geometrical  method  may  be  seen  in  a  memoir  by  M.  Ber- 
trand  in  Liouville's  Journal  des  Maih£matiques,  Vol.  ix.  page  119.] 

81.  It  remains  to  exhibit  the  variations  which  the  other  terms 
in  W  undergo  in  consequence  of  a  variation  of  the  form  of  the 
space  8 ;  and  first  we  will  consider  the  variation  of  the  space  s. 

Kesume  the  two  triangles  considered  in  Art.  73,  and  join  corre- 
sponding points  of  the  sides  so  as  to  form  a  solid.  The  base  of 
this  solid  may  be  considered  to  be  dUj  and  its  height 

fSa:  +  rjBy  +  {&5  =  &  cos  (4, 5) ; 
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this  expression  will  giye  the  Bltitaie  positive  or  negatiye  according 
as  the  transposed  triangle  lies  outside  or  inside  the  space  s,  that  is, 
according  as  the  whole  solid  lies  outside  or  inside  the  space  $, 
Thus  we  have 

Sa^JdUBe  COB  {i,&). 

Hence  it  follows  that  the  variation  oijzds  will  be 

fzdUSe  cos  (4, 5). 

With  respect  to  the  variation  of  the  quantity  T  we  observe  that 
since  P  denotes  the  common  boundaiy  of  the  surfaces  T  and  27,  the 
transpositions  of  the  points  in  the  periphery  P  must  satisfy  the 
condition  that  the  new  points  should  be  on  the  surface  of  the  vessel. 
It  is  therefore  obvious  that  by  the  transposition  of  the  element 
dP  the  surface  T  experiences  a  variation  ±  dPBe  sin  (5,  6),  and 
speaking  generally  the  sign  of  this  quantity  will  depend  on  the 
sign  of  the  quantity  cos  (4,  5).  But  this  variation  may  be  more 
neatly  expressed  by  introducing  a  new  direction,  namely,  that  of 
the  line  which  lies  in  the  plane  touching  the  surface  of  the  vessel^ 
which  is  normal  to  P,  and  drawn  outwards  from  the  space  s.  We 
will  denote  the  point  corresponding  to  this  direction  by  (8),  and  the 
variation  of  the  surface  T  which  arises  from  the  transposition 
of  the  dement  dP  will  be 

dPSe  cos  (5, 8). 

Thus  fir=  fdPBe  cos  (5,  8), 

where  the  sign  of  the  factor  cos  (5,  8)  will  at  once  decide  whether 
the  variation  is  an  increment  or  a  decrement. 

As  the  point  (6)  is  the  pole  of  the  great  circle  which  passes 
through  the  points  (7)  and  (8),  and  the  point  (5)  lies  in  the  great 
circle  which  passes  through  the  points  (6)  and  (8),  the  points  (5), 
(7),  (8)  form  a  triangle  right-angled  at  (8) ;  thus 

cos  (5,  7)  ==  cos  (5,  8)  cos  (7,  8). 

Moreover  the  arc  (7,  8)  is  the  measure  of  the  angle  between  two 
planes  which  touch  the  surface  of  the  space  s  and  the  surface  of  the 
vessel  at  their  intersection  P,  the  angle  being  formed  by  those 
portions  of  the  planes  which  include  a  vacant  space.     This  angle 

4—2 
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we  will  denote  by  t,  and  thus  180**—  t  will  be  the  angle  between 
those  portions  of  the  planes  which  include  the  surface  a ;  thus  the 
itboYe  equation  becomes 

cos  (5,  7)  =  cos  (5,  8)  cos  t. 

88.  From  all  the  above  results  we  have  the  following  equation 
for  the  variation  of  Wy 

B  W==jdUie  cos  (4,  5)  L  +  a"  (;g  +  -)} 

-/rfP&cos  (5,  8)  (a" cos  t  -  a*  +  2/8^  ; 

the  first  integral  is  to  extend  over  all  the  elements  dU  oi  the  free 
part  of  the  surface  of  the  space  s,  or  of  the  free  parts  if  there  are 
more  than  one ;  the  latter  integral  is  to  extend  over  all  the  elements 
dP  of  the  line  or  lines  which  separate  that  free  part  or  those  free 
parts  from  the  other  part  or  parts  contiguous  to  the  surface  of  the 
vessel. 

Now  in  the  position  of  equilibrium  the  value  of  W  ought  to  be 
a  minimum,  and  so  ought  to  be  incapable  of  diminution  for  any 
indefinitely  small  change  in  the  figure  of  the  fluid  which  leaves  the 
volume  8  unchanged,  that  is,  which  makes  hs  zero.  Hence  it 
follows  that  in  the  position  of  equilibrium  the  figure  of  the  super- 
ficies 27  ought  to  be  such  that  the  variation 


dUie  cos  (4,  5)  L  +  a'  (;g  +  •^,)| 


should  be  proportional  to  tlie  variation  &,  that  is,  to 

dUhe  cos  (4,  5). 
Thus  we  must  have 

«  +  a'  f -75  +  -n^r]  =  constant. 


'*(i+i')  = 


For  it  is  manifest  that  if  this  proportion  did  not  hold,  the  value 
of  TT  would  be  capable  of  diminution  by  a  suitable  mutation  of  the 
figure  of  the  superficies  Z7,  the  limit  P  remaining  unchanged. 

Gttuss  then  proceeds  with  the  examination  of  the  question  of 
fluid  equilibrium. 
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CHAPTER   IV, 


POISSON. 


83.  The  12th  volume  of  the  MSmoires  de  F Academic Bayale... 
contains  a  memoir  on  the  Calculus  of  Variations  by  M.  Foisson. 
The  date  of  publication  of  the  volume  is  1833,  but  the  memoir  was 
presented  to  the  Academy  in  November  1831.  The  memoir  ex- 
tends over  pages  223 — 331  of  the  volume. 

Poisson  begins  with  a  sketch  of  the  history  of  the  subject ;  at 
the  end  of  this  sketch  he  indicates  the  object  of  his  own  memoir  as 
follows:  ''It  will  appear  singular  if  we  reflect  on  the  attention 
which  has  been  bestowed  on  the  Calculus  of  Variations  that  an 
essential  part  of  this  Calculus  is  still  in  a  state  of  imperfection, 
which  renders  the  solutions  of  many  important  problems  incomplete. 
In  fact,  if  the  question  be  to  determine  the  maximum  or  minimum 
of  a  simple  integral,  the  methods  which  Lagrange  has  given  in  the 
4th  volume  of  the  old  series  of  Turin  Memoirs^  and  also  in  the 
Lectures  on  the  Calculus  of  Functions,  leave  nothing  to  be  desired 
either  as  to  the  indefinite  equation  which  is  to  determine  the  un- 
known function  or  as  to  the  particular  equations  which  must  subsist 
at  the  limits  of  the  integral.  The  general  method  of  the  Calculus 
of  Variations  may  be  applied  also  without  difficulty  to  the  case  of  a 
double  or  multiple  integral  in  which  the  limits  are  fixed  and  given, 
so  that  we  have  only  to  obtain  the  partial  difierential  equation  from 
which  the  unknown  fiinction  must  be  determined.  But  the  case  is 
different  when  the  limits  of  the  double  integral  are  variable  and 
unknown.  In  the  present  state  of  the  science  we  know  neither  the 
nature  nor  even  the  number  of  the  equations  relative  to  each  of  the 
limits,  by  which  these  limits  are  to  be  determined,  so  that  they 
may  render  the  integral  a  maximum  or  a  minimum.  Lagrange  has 
considered  the  question  of  the  variation  of  a  double  integral  in  three 
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places ;  namelj,  in  the  Miscellanea  Taurinenda^  Vol.  II.  p.  188,  in 
the  Lefona  sur  le  Calcvl  des  FoncttonSy  p.  471,  of  the  edition  of  1806, 
and  in  the  Micanique  Analytique^  second  edition,  Vol.  I.  pp.  97 
and  148.  He  has  however  neyer  investigated  in  a  complete  man- 
ner the  terms  of  the  yariation  which  correspond  to  the  two  limits, 
and  he  has  not  formed  anj  of  the  equations  which  relate  to  the 
limits.  This  defect  in  the  science  deserves  the  attention  of  mathe- 
maticians. It  has  been  already  pointed  out  bj  M.  Lacroix,  in  the 
articles  on  the  Calculus  of  Variations  contained  in  his  treatise  on  the 
Differential  and  Integral  Calculus.  Mj  object  has  been  to  remove 
this  defect,  and  I  believe  that  I  have  succeeded  in  doing  so  in  the 
memoir  which  I  now  submit  to  the  Academy.  This  memoir  con- 
tains also  some  new  remarks  on  the  conditions  of  integrabilitj  of 
differential  expressions  of  any  order,  and  also  an  expression  for  the 
integral  under  a  finite  form,  by  the  method  of  quadratures  when 
these  conditions  are  satisfied." 

84.    Three  remarks  may  be  made  on  Foisson's  statement. 

(1)  He  says  that  in  a  double  or  multiple  integral  when  the  limits 
are  fixed  and  given,  there  is  no  difficulty  in  applying  the  Calculus 
of  Variations.  If  by  the  limits  being  fixed  is  meant  that  the  limiting 
values  of  the  differential  coeffidenU  which  occur  are  given  as  well  as 
the  limiting  values  of  the  variables  the  remark  is  obviously  true ;  if 
however  it  is  meant  that  only  the  limiting  values  of  the  variables 
are  given  the  remark  seems  scarcely  correct,  for  veiy  little  appears 
to  have  been  effected  when  Foisson  wrote.  We  have  seen  in  Art. 
60,  that  Ohm  gives  an  expression  for  the  variation  of  a  double  inte- 
gral in  a  particular  case,  but  even  there  the  equations  are  not  given 
which  must  hold  at  the  limits. 

(2)  It  is  not  obvious  in  the  above  statement  to  what  part  of 
the  treatise  of  Lacroix  Foisson  alludes.  But  firom  an  article  by 
Foisson  in  the  Bulletin  de  la  SociStS  Phihmatique  for  1816,  it 
appears  that  the  allusion  is  to  the  part  of  which  we  have  given  an 
accoimt  in  Articles  39  and  40. 

(3)  It  is  curious  that  Foisson  makes  no  reference  to  the  me« 
moir  of  Gauss,  which  was  the  subject  of  the  preceding  chapter  of 
the  present  work ;  it  is  the  more  curious  because  Foisson  published 
a  work  on  Capillary  Attraction  in  1831,  and  in  the  preface  he  refers 
to  the  memoir  of  Gauss. 
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85.  The  memoir  of  Poisson  is  diyided  into  two  parts;  the 
first  is  entitled  Variations  of  integrals  rektive  to  a  single  inde* 
pendent  variable,  and  determination  of  their  maxima  and  minima. 
The  second  part  is  entitled  Variations  of  integrals  relatiye  to  two 
independent  variables,  and  determination  of  their  maxima  and 
minima.  The  first  part  extends  from  page  230  to  page  286,  and 
the  second  part  fi*om  page  286  to  the  end  of  the  memoir. 

In  the  first  part  Foisson  begins  bj  establishing  the  ordinary 
formula  for  the  variation  of  a  single  integral ;  nothing  new  is  ob- 
tained but  the  method  is  difierent  from  the  ordinary  method.  As 
it  may  enable  the  reader  more  easily  to  understand  Foisson's  mode 
of  finding  the  variation  of  a  double  integral,  to  which  we  shall 
hereafter  proceed,  we  will  give  at  full  his  treatment  of  the  single 
integraL 

86.  If  JT  is  a  function  of  the  variable  x  and  other  quantities 
dependent  upon  «,  we  shall  represent  by  K\  K*\  K"\  ...  the 
differential  coeflBcients  of  K  taken  with  respect  to  x  and  to  every- 
thing which  depends  upon  it ;  so  that  we  shall  have 

Let  the  two  limits  of  an  integral  with  respect  to  a;  be  denoted 
by  x^  and  x^^  then  the  values  of  any  quantity  H  with  respect  to 
these  limits  will  be  denoted  by  H^  for  the  limit  x^^  and  by  H^  for 
the  limit  x^. 

Let  y  be  a  function  of  the  variable  x^  and  according  to  the 
notation  above  adopted  we  shall  have 

^-^'      ^'-„"      ^-t,'" 

Suppose  V  to  denote  a  given  function  of  «,  y,  y\  y\  ...  up  to 
the  differential  coefficient  of  some  determinate  order ;  and  let  x^ 
and  x^  be  two  constant  quantities.    Consider  the  definite  integral 


J  *n 


Vdx. 

0 


If  we  regard  x  and  therefore  also  y  as  implicit  functions  of 
another  variable  u  we  can  suppose  that  y\y%y"\  •••  have  been 
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But  again  taking  the  unintegrated  part  of  the  variation 
«J^rf«-/|^(8«-g«u)+5(Sy-|s«)  +  C(&-^Su)|rf«. 

Now  by  supposition  ly^dx  =  I  -^  -y-  du  =  l^efw,  and  therefore 

the  variations  of  the  two  expressions  must  coincide.    But  Su  dis- 
appears from  hj^duj  because  by  supposition 

au         au  au 

Hence  Ste  must  disappear  from  BJy^dx;   and  thus  the  terms 

du     d*u  .  , 

'/    »  '/>  '  ••'  ^^^^*  occur  in  y. 

Th'iH  proves  Poisson^s  statement,  but  there  appears  an  exception 

l/>  it  which  he  has  not  noticed.    The  terms  -j- ,  -y-^  ,...  might  occur 

in  ^  provided  thoy  occurred  in  such  a  manner  that  /=  0 ;  for  then 
iu  would  disappear  from  Sfy^dx.] 

(iA.    In  his  ninth  section  Poisson  alludes  to  the  case  wheie  Fis 

a  function  of  it,  y,  t  and  the  differential  coefficients  of  y  and  z  with 

ftMimi'X  to  ir ;  these  functions  and  differential  coefficients  being  con- 

ntu'Mul  by  an  equation  Z  »>  0.     He  gives  the  ordinary  method  of 

iftiniuwui  hy  means  of  an  arbitrary  multiplier.   He  has  here  a  slight 

liiinUke,  for  he  Hays,  "  having  regard  to  the  equation  rf F=0,  &c." 

Now  tlit'm  iH  no  such  relation  as  JF=0;  thus  the  expressions  for 

dV 
hV  vf\\\v\\  follow  arc  incorrect  because  the  term-^  &  is  omitted, 

mU^'f^'    i    iiieunH  the  complete  differential  coefficient  of  Fwith  re- 

n\t^-4i  lo.if;  (h«m)  !V)iHHon*H  Mocond  section).     The  final  expression 
^/l  ^/// in  however  eorrt^ot. 

W\.  l'oiHHon*M  next,  thrtn^  sections  are  devoted  to  the  subject  of 
IV  K/fMlilioiiM  of  ihtr^riihility  of  functions;  it  will  be  sufficient 
U$f»^  \n  MtaUt  what  PoiMon  proves.  Let  F  be  a  frmction  of 
'^/  U,  u\  // 'f ' '   vvhii'h  NiitirilioM  identically  the  relation 
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and  generallj 

gyW^y+Dgaj  +  ^w (2). 

Hence 

SF=  (Jf  +  Ny'  +  i^"  +  Qy'"  + ...)  &r 

The  coefficient  of  &c  is  the  differential  coefficient  of  V  with 
respect  to  x  considering  y ,  y',  y" , ...  as  functions  of  a: ;  we  denote 
this  by  V\    And  we  have 

dV    jrtdx 
du  du ' 


Thus  equation  (1)  becomes 

;  M^,  \du  duj 


4-J"\iVai4-Pa>'4-(2a>"+...)  ^  Ju. 


«r  dV  ^  rrdSx        d  .VSx 

Now  -7-  &B  +  K-j-  =  — 3 — 

du  du         du 


> 


and  I  '— ^ — rfu=  P^Sajj  — Fg&r^. 

If  then  we  transform  to  the  variable  x  the  second  integral  con- 
tained in  8Z7,  we  shall  have 

By  the  process  ot  integration  by  parts  we  can  remove  the  dif- 
ferential coefficients  <o\  (o'\  ...  from  under  the  integral  sign.  For 
we  have 

and  so  on. 
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Thus  we  conclude  finallj  that 

SJ7=  r  +  (''Ha^dx (3), 

J  JtQ 

where 

+  (i?,-...X-(i2o-...X 

+ 

87.    It  only  remains  to  demonstrate  equation  (2). 
We  have 

dy 

du 

Put  x  +  ix  and  y  +  ^  in  place  of  x  and  y  in  this  fraction, 
subtract  the  original  value  y  and  neglect  indefinitely  small  quan- 
tities of  the  second  order ;  thus 

dSy     dy  d&c 
^  ,      du      du  du 

du       \duj 
But,  by  hypothesis, 

differentiate  with  respect  to  u ,  thus 


du      du  du     ^   du 

Hence  we  have 

dy' ^       d^     (  *^^ ^y\  ^^ 
^  ,     du        .  du  .   v  du     du)  du 

^=-^  +  5  + T^y 

du        du  \du) 
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\ 


*' 


du 

d<o 

du  ^    , 

du 

,^^±. 
^  du     du* 

fhus  the  value  of  Sy'  reduces  to 

Starting  from  this  result  and  from  the  equation 

,,     du 

du 
we  shall  obtain  in  like  manner 

oontinuing  thus  we  shall  establish  equation  (2)  for  any  index  n. 

In  equation  (3)  we  may  replace  o»  which  is  imder  the  integral 
sign  by  its  value 

tasszStf  —  y'Sxj 
and  in   the   terms  outside    the    integral  sign  we  may  replace 
\  a»^i  »^f  flo^'i  flo'j,  ••«  by  their  values 

Thus  the  variation  of  the  integral  U  will  be  expressed  ex- 
plicitly in  terms  of  the  variations  of  x  and  y,  and  of  the  variations 
of  the  extreme  values  of  x,  y,  y\  y'\  ...  up  to  the  differential  coeffi- 
cient of  the  order  next  below  the  highest  which  is  contained  in  V. 

88.  We  have  thus  given  Poisson's  method  of  establishing  the 
fundamental  formula  of  the  Calculus  of  Variations  in  the  case  of 
a  simple  integral. 
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Poisson  next  shews  how  this  fandamental  formula  may  also  be 
obtained  bj  decomposing  the  integral  {/"into  its  indefinitely  small 
elements.  This  is  in  fact  the  old  method  which  was  used  be- 
fore the  invention  of  the  Calculus  of  Variations,  and  it  is  ex- 
pounded in  Euler's  Methodm  inveniendi....  Poisson  however  extends 
the  old  investigation  so  as  to  include  the  terms  relative  to  the 
limits  of  the  integral;  this  according  to  Poisson  had  not  been 
done  before. 

89.  We  thus  arrive  at  the  end  of  the  fourth  section  of  the 
memoir.  In  his  fifth  section  Poisson  shews  how  his  results  are 
applied  to  find  the  maximum  or  minimum  value  of  the  integral  U. 
He  says  he  will  not  consider  in  this  memoir  the  question  of  the 
distinction  of  a  maximum  from  a  minimum  value.  He  then  makes 
some  remarks  on  the  number  of  constants  which  will  appear  in  the 
solution  of  the  difierential  equation  furnished  by  the  condition  of 
maximum  or  minimum,  and  the  manner  of  determining  these 
constants.  He  draws  attention  to  the  obvious  fact  that  the  differ- 
ential equation  may  be  immediately  integrated,  once  if -AT  =  0,  tunce 
i{  N=0  and  P=  0,  and  so  on.  He  states  that  a  first  integral  of  the 
equation  can  also  be  obtained  when  the  independent  variable  does 
not  occur  explicitly  in  V;  because  then  if  we  consider  a;  as  a 
function  ofy,  this  case  is  analogous  to  that  in  which  N=0»  He 
shews  however  that  this  integral  may  be  found  without  changing 
the  independent  variable  in  the  following  manner. 

We  have 

cZK=  Mdx  +  Ndy  +  Pdy'  +  Qdy"  +  My'"  + ... ; 

here  the  first  term  Mdx  by  hypothesis  vanishes ;  eliminate  Ndy  by 
means  of  the  equation 

thus 

'        rfF=  Pdy'  +  P'dy  +  Qdy" -  Q "dy  +  Rdy'"  +  R '"dy  +  ... 

But  the  following  are  identically  true : 

Pdy'^P'dy^d.Py', 

Qdy"^Q"dy^d[Qy"^Q'y'), 

Rdy'"  +  R"'dy  =  d  {Ry'"  ^R'y"  +  R  "y) 
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Thus 

and  therefore 

V=G  +  Py'+Qt/"^Qy  +  Bf'^Ry  +  By  +  ... 
where  C  is  an  arbitrary  constant. 

90.  In  his  sixth  section  Poisson  says  that  the  problem  of 
the  maximnm  or  minimum  of  an  integral  may  be  decomposed  into 
two  parts  which  may  be  considered  separately.  First  we  may  con- 
sider that  x^y  y^,  y^', ...  and  x^,  y^,  y/, ...  are  given,  and  proceed  to 
find  the  value  of  y  in  terms  of  x  and  the  given  quantities  which 
makes  Z7a  maximum  or  minimum.  The  value  of  y  is  then  to  be 
found  from  the  differential  equation 

and  the  arbitrary  constants  must  be  determined  by  means  of  the 
given  values  of  aj<„  y^,  y^', ...  a;^,  y^,  y/, ...  Substitute  this  value  of 
y  and  the  consequent  values  of  y',  y", ...  in  F;  then  integrate  Vdx 
from  x=:x^  to  a;  =  a?j ;  thus  we  shall  obtain  the  maximum  or  mini- 
mum value  of  Z7,  with  respect  to  the  form  of  the  function  y,  in 
terms  of  x^,  y^,  y^',  ...  0;^,  yj,  y/,  ....  We  may  then  seek  for  the 
values  of  these  latter  quantities  which  make  U  a  maximum  or 
minimum. 

If  we  are  able  to  integrate  the  differential  equation  and  also  to 

obtain  the  value  of  I     Vdx,  then  this  second  part  of  the  problem 

can  be  treated  by  the  ordinary  rules  of  the  Differential  Calculus. 
Poisson  then  shews  that  by  the  application  of  these  rules  we  obtain 
the  same  conditions  as  are  found  by  the  Calculus  of  Variations 
when  the  limits  of  integration  are  varied,  and  consequently  those 
terms  are  introduced  which  have  been  denoted  by  the  symbol  F  in 
Article  86. 

[91.  It  is  necessary  to  make  some  remarks  on  this  suggestion 
of  Poisson's  about  dividing  a  problem  in  the  Calculus  of  Variations 
into  two  parts.  Suppose  we  have  a  problem  in  the  Calculus  of 
Variations,  and  that  for  example  the  differential  equation 
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is  the  differential  equation  to  a  circle.  We  then  according  to 
Foisson's  method  take  the  equation  to  a  circle  which  involves  three 
arbitrary  constants,  and  substituting  the  value  of  y  in  terms  of  x 

in  F  we  integrate  f     Vdx ;  then  hj  ordinary  Differential  Calculus 

we  investigate  the  values  which  must  be  given  to  the  three  arbi- 
trary constants  in  order  to  make  the  last  integral  a  maximum  or 
minimum.  If  suitable  values  cannot  be  determined  we  conclude 
that  a  curve  having  the  proposed  maximum  or  minimum  property 
cannot  be  foimd.  But  even  if  suitable  values  can  be  found  we 
have  no  right  to  conclude  that  a  circle  does  possess  the  proposed 
maximum  or  minimum  property;  because  we  do  not  compare  a 
circle  with  any  adjacent  curve  in  the  latter  part  of  this  method, 
but  only  one  circle  with  another  circle.  To  determine  whether  a 
circle  does  possess  the  proposed  maximum  or  minimum  property 
we  must  proceed  as  in  Article  5,  or  in  some  similar  way.  In  fact 
Foisson's  method  will  be  imobjectionable  if  we  know  a  priori  that 
a  curve  having  the  required  maximum  or  minimum  property  must 
exist ;  but  it  will  not  be  valid  to  prove  that  we  have  found  such 
a  curve  when  we  do  not  know  a  priori  that  the  curve  must  exist.] 

92.  In  his  seventh  section  Poisson  gives  the  usual  extension 
of  his  preceding  results  to  the  case  in  which  V  contains  two  de- 
pendent variables  y  and  z  and  their  differential  coefficients  with 
respect  to  the  independent  variable  x. 

We  will  give  Poisson's  result,  because  it  explains  the  notation 
which  he  continues  to  use  in  the  next  section.  Let  F  denote  a 
function  of  x,  y,  z  and  the  differential  coefficients  of  y  and  z  with 
respect  to  x ;  also  let 


Z7=  f '*  Vdx, 


then      hU^T -{•{'"  in  {h/-y'hx)  +  K{hz^z'hx)\  dx, 

where  F  denotes  that  part  of  the  variation  of  {/which  is  free  from 
the  integral  sign. 

93.    We  now  proceed  to  Poisson's  eighth  section. 
In  a  certain  case  a  relation  exists  between  the  quantities  H  and 
K,  which  may  be  obtained  in  the  following  manner. 
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The  case  is  that  in  which  the  yariable  x  does  not  occur  ex- 
plidtlj  in  Vf  and  when  we  have  moreover 

TT  being  a  given  function  of  ^  and  z  which  contains  likewise 

dy  dz 

&'    "IT' 


that  is,  the  quantities 


z' '  «'» 


which  we  will  denote  by  ^',  ^", ....  We  shall  have  then 


U^  {'"  Wz'dx  =  f'  Wdz. 


Now  by  means  of  the  last  expression  for  17,  we  may  exhibit  the 
variation  of  U  by  the  formula  (3)  of  Art.  86,  putting  z  and  W  in 
place  otx  and  Vj  and  t',  t", ...  in  place  of  y,  y"j ...  The  second  term 
of  SU  will  therefore  be  of  the  form 


/ 


"a{hy'-t'hz)dz, 

*0 


or,  which  is  the  same  thing, 


/. 


'0{zhy-'y'hz)dx] 


G  being  a  factor  which  is  independent  of  hy  and  &.  In  order  that 
this  may  coincide  with  the  second  term  of  the  value  of  S  27  in  the 
preceding  article  we  must  have 

B{hy  -y&B)  +  K{hz  -  z'hx)  =  G  (z'Syy'Sz). 

This  equation  resolves  itself  into 

H^Gz',    K^^Gy\    Hy'-^-Kz'^O) 

these  results  we  obtain  by  equating  the  coefficients  of  &r,  Sy,  &. 
The  third  of  these  results  may  also  be  obtained  by  eliminating  G 
between  the  other  two,  and  it  expresses  the  relation  between  H 
and  K  which  was  to  be  obtained. 
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[94.  The  preceding  article  is  clear ;  in  what  follows  there  may 
be  some  difficulty.  Poisson  proceeds  thus.  In  the  general  case 
where  Via  any  function  of  a?,  y,  y',  y",  .,.z,  e'  z\  ...  let  us  suppose 
X  an  implicit  Amction  of  another  independent  variable  u,  and  let 
us  replace  therefore  y',  y", ...«',  «", ...  by 

a:"  a?"         ' a;"  a;'» 

and  F(t&  by  Vx'du.  Let  us  denote  relatively  to  a?,  a;',  a;", ...  by  X 
the  quantity  analogous  to  H  and  K,  then  we  shall  find  that  these 
quantities  are  connected  by  the  identity 

Keciprocally  when  a  given  function  of  a?,  x\  x\  ...y,  y',  y",  ... 
«,  «',  a", ...  satisfies  this  equation  it  will  be  reducible  to  the  form 
Fa;';  so  that  without  changing  its  value  we  can  put  a;'=l,  a;"=0, ... , 
and  regard  y  and  z  in  the  given  function  as  functions  of  x. 

It  may  be  remarked  here  in  the  first  place,  that  the  last 
sentence,  reciprocally  when  &c.  is  all  that  is  new.  Lagrange  had 
given  the  other  part  repeatedly ;  he  appears  to  have  thought  it  very 
important.  See  MtsceL  Taur.  Vol.  ii.  page  183,  and  Vol.  iv. 
page  177;  also  Legons  sur  le  Calcul  des  Fonctions,  page  412,  and 
page  456.  Lacroix  also  gave  the  theorem  Calc.  Dtff.  et  Int  Vol.  ir. 
page  763.  In  the  next  place,  there  is  a  little  difficulty  as  to 
Poisson's  notation,  so  that  it  is  necessary  to  examine  the  point 
in  detail.  Let  V  denote  a  fimction  of  a;,  y,  «,  and  the  difierential 
coefficients  of  y  and  z  with  respect  to  x.  Transform  these  differential 
coefficients  into  differential  coefficients  with  respect  to  a  new  inde- 
pendent variable  w,  so  that  Fmay  be  transformed  into  a  function  of 
a?,  y,  z  and  the  differential  coefficients  of  these  variables  with  respect 
to  w ;  we  will  denote  the  transformed  function  by  t?.     Then  put 


J  J      au         J     au 


We  have  now  two  modes  of  expressing  BU;  we  shall  confine  our- 
selves to  the  unintegrated  part.     This  may  be  written  thus 


/(r(Sy-|s.)  +  ^(s-|&.) 


dx, 


P0I8S0N.  65 

or  thus 

Here  Y  and  Z  are  obtained  in  the  ordinary  way  from  F;  and 
-4,  J?,  t7  are  obtained  in  a  similar  way  from  v  -j- . 

By  comparing  the  two  results,  remembering  that  the  integration 
in  the  first  is  with  respect  to  x,  and  in  the  second  with  respect  to  u, 
we  obtain 

\     ax        ax)  au 

A^  +  B^  +  C^^O. 
au         au        au 

The  last  result  will  also  follow  from  the  first  three  by  eliminat- 
ing Y  and  Z. 

The  last  result  must  be  what  Poisson  denotes  by 

Xx'  +  Hi/''\-Kz'^0; 

his  notation  is  objectionable  however,  because  he  had  previously 
used  H  and  K  for  what  we  denote  by  Y  and  Z. 

Next  let  us  consider  the  reciprocal  theorem  which  Poisson 
enunciates.  Let  ^  denote  any  function  of  ic,  x'y  x\  ...  y,  y',  y\  ... 
z^  z\  z*\  ...  which  satisfies  the  condition 

■ 

Ax'  +  By'  +  Cz  =  0. 

Transform  the  independent  variable  from  uio  x  and  let  >/r  -=-  be 

what  ^  becomes ;  the  assertion  then  is  that  -^  will  be  free  from  w, 

that  is,  '^  will  not  contain  -^  ,  -7-^  , ...  To  prove  this  we  observe 

that  if  -^  did  contain  such  terms  we  should  have,  considering  only 
the  unintegrated  part  of  the  variation,  a  result  of  this  form 


66  FOISSON. 

Bat  again  taking  the  unintegrated  part  of  the  variation 

Now  by  supposition  ly^dx  =  1  >/r  -^  dw  =  jil>du,  and  therefore 

the  variations  of  the  two  expressions  must  coincide.     But  Su  dis- 
appears from  hj^duy  because  bj  supposition 

au         au  au 

Hence  Ste  must  disappear  from  Sfy^dx;   and  thus  the  terms 

du    d^u  .  .     , 

T-  >  jIj  >  ••♦  cannot  occur  in  y. 
ox    cur 

This  proves  Poisson^s  statement,  but  there  appears  an  exception 

to  it  which  he  has  not  noticed.    The  terms  -^ ,  -73  ,...  might  occur 

in  '^  provided  they  occurred  in  such  a  manner  that  /=  0 ;  for  then 
hu  would  disappear  from  Sfyftdx.] 

95.  In  his  ninth  section  Poisson  alludes  to  the  case  where  Fis 
a  function  of  Xy  y,  z  and  the  differential  coefficients  of  y  and  z  with 
respect  to  x ;  these  frmctions  and  differential  coefficients  being  con- 
nected by  an  equation  i  =  0.  He  gives  the  ordinary  method  of 
treatment  by  means  of  an  arbitrary  midtiplier.  He  has  here  a  slight 
mistake,  for  he  says,  "  having  regard  to  the  equation  dV^O,  &c." 
Now  there  is  no  such  relation  as  dV^O;^  thus  the  expressions  for 

dV 
8  F  which  follow  are  incorrect  because  the  term-r-  Sx  is  omitted, 

dV 
where -J-  means  the  complete  differential  coefficient  of  Fwith  re- 
spect to  x;  (see  Poisson's  second  section).     The  final  expression 
for  SUis  however  correct. 

96.  Poisson's  next  three  sections  are  devoted  to  the  subject  of 
the  conditions  of  integrability  of  frmctions;  it  will  be  sufficient 
here  to  state  what  Poisson  proves.  Let  F  be  a  frmction  of 
X,  y,  y,  y'\  ...  which  satisfies  identically  the  relation 
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then  V  is  integrable  per  se.  This  Foisson  proves  bj  exhibiting 
the  integral  under  the  form 

jvdx^^  jF{xj  0,  0,  0, ...)  dx  +  j  x W  ^^  l 

here  F{Xy  0,  0,  0,  ...)  denotes  what  V  becomes  when  in  it  we 
put  y^  y\  y'\  ...  all  zero,  and  x  (^)  ^^  ^  complicated  fimction  of 

II,  Xf  y,  y',  y",  ...    The  integration  in  I  xW^^  is  to  be  made 

•'0 

on  the  supposition  that  every  thing  is  constant  except  u.  Next 
Foisson  supposes  Ka  function  of  a?,  y,  y',  y", ...  «,  «',  «", ...  Let  the 
equation 

be  denoted  by  H^  0,  and  let  a  similar  equation  with  respect  to  z 
be  denoted  by  K^0\  then  Foisson  proves  that  if  ^3=0  be  iden* 
tically  true,  and  Z'=  0  be  true  when  y  =  0  whatever  z  may  be,  then 
jVdx  can  be  expressed  in  a  form  analogous  to  that  just  given. 
Two  forms  can  be  given  to  the  result  according  to  the  order  in  which 
we  consider  y  and  z.  By  comparing  these  two  forms  Foisson 
obtains  an  equation  which  must  hold ;  also  he  infers  that  if  one 
of  the  two  equations  -5"=  0,  ir=0,  be  identically  true  and  the  other 
true  when  one  of  the  variables  is  zero  for  all  values  of  the  other 
variable,  then  both  equations  are  identically  true.  These  two  re- 
sults are  verified  in  an  example. 

97.  Foisson's  next  three  sections  contain  some  remarks  on 
the  questions  in  which  one  expression  is  to  have  a  maximum  or 
minimum  value  while  another  is  to  have  a  constant  value,  those 
questions  in  fact  from  which  the  name  of  tsoperimetrtcal  problems 
was  obtained  and  applied  to  the  problems  of  the  Calculus  of  Vari- 
ations ;  Foisson  compares  the  different  considerations  which  have 
been  used  in  the  solution  of  such  problems. 

98.  In  his  sixteenth  and  seventeenth  sections  Foisson  adverts 
to  the  problem  in  which  a  closed  curve  is  to  be  found  which 
possesses  some  maximum  or  minimum  property.  If  we  suppose 
that  the  function  V  does  not  contain  the  limiting  values  of  x,  y  or 
the  differential  coefficients  of  y,  then  the  term  F  of  the  fundamental 

5—2 
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fonmila  (Art.  86)  will  be  of  the  form  5i  -  (J,,  where  ^  and  ^  are 
the  values  which  a  certain  function  assumes  at  the  two  limits. 
Now  when  the  problem  refers  to  a  plane  curve  we  can  use  the 
polar  co-ordinates  r  and  0y  and  if  the  curve  is  closed  we  can  put 
the  origin  within  the  figure ;  then  the  limiting  values  of  0  may  be 
denoted  by  0  and  2ir.  Thus  if  the  angle  0  is  only  involved  through 
the  trigonometrical  functions,  as  these  functions  have  the  same  value 
for  the  values  0  and  27r  of  the  angle  we  obtain  ^  =  ^.  Therefore  F 
vanishes.  And  the  same  result  follows  for  a  curve  of  double  cur- 
vature. 

Thus  in  questions  relating  to  closed  curves  the  equations  which 
depend  on  the  limits  of  the  integral  disappear  and  the  arbitrary 
constants  introduced  by  the  integration  remain  indeterminate. 

99.  For  example ;  required  to  determine  a  plane  closed  curve 
of  given  perimeter  which  shall  include  a  maximum  area. 

Let  I  denote  the  given  perimeter ;  then  with  the  usual  notation 


r/^""-^ 


The  integral  which  is  to  be  a  relative  maximum,  is 
Let  a  denote  an  undetermined  constant ;  put 

then  U  is  the  integral  which  is  to  be  an  absolute  maximum. 

The  quantities  x,  y,  y'  of  the  fundamental  formulae  are  now 
replaced  by  0,  r,  r  resj^tively;  thus 

^^    dV  ar 


dr  \li^  ^  <f 

p_dV_      ar' 


^ 


dr      ^Ji^j^r'^' 
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The  other  qoantities  Q,  J?, . . .  (Art.  86)  are  zero,  and  the  funda- 
mental equation  becomes 

XT     dP     r. 

Thus  dV=Ndr-^Pdr' 

^-^dr-^-Pdr. 
Integrate  and  denote  the  arbitrary  constant  bj  c ;  thus 

Substitute  in  this  equation  the  values  of  Fand  P,  and  solve  it 
with  respect  to  -r- ;  thus 

de  7^ -2c 


dr     r  V4aV  -  (r*  -  2c)*  * 
This  may  be  integrated  as  follows 


r  (-7)-^     f  A 


,  2c 

where  «  =  r  +  — . 

r 


Therefore  ^  +  .4  =  sin"' 


V4a*  +  8c ' 
where  ^  is  a  constant.     Hence 

r  +  —  =  V4a*  +  8c  sin  (^  +  ^) . 

We  may  write  the  equation 

r"-  2r  Va"  +  2c  sin  (^  +  -4)  +  2c  =  0.     -• 

This  is  the  equation  to  a  circle  of  which  the  radius  is  a ;  thus 
a  is  determined  since  the  perimeter  of  the  curve  is  given.  The  con- 
stants A  and  c  are  indeterminate ;  it  is  obvious  that  they  depend 
on  the  position  of  the  circle  and  have  no  influence  on  its  area  or 
perimeter. 

If  the  curve  instead  of  being  chaed  were  required  to  pass' 
through  two  fixed  points  and  the  arc  between  those  points  were 
of  a  given  length,  then  the  three  constants  would  all  be  determined. 
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For  we  should  have  two  equations  arising  from  the  fact  of  the  circle 
passing  through  the  two  given  points  and  one  arising  {torn  the 
given  length. 

[The  mode  of  integration  in  the  above  solution  is  more  simple 
than  that  used  bj  Poisson.] 

100.  We  now  arrive  at  the  second  part  of  Poisson's  memoir 
which  is  entitled  Variations  of  integrals  relative  to  two  independent 
variables,  and  determination  of  their  maxima  and  minima.  This 
forms  by  far  the  most  important  portion  of  the  memoir ;  it  extends 
from  page  286  to  the  end. 

101.  In  the  eighteenth  section  Poisson  explains  the  notation  to 
be  used.  The  variables  are  denoted  by  x  and  y.  Suppose  K  any 
function  of  x  and  y  and  of  other  quantities  which  depend  on  them ; 
then  K'  denotes  the  differential  coefficient  of  K  with  respect  to  x 
and  to  every  thing  which  depends  on  x ;  and  K^  denotes  the  differ- 
ential coefficient  of  K  with  respect  to  y  and  to  every  thing  which 
depends  on  y.  And  so  generally  accents  above  indicate  differen- 
tiation with  respect  to  x,  and  accents  below  indicate  differentiation 
with  respect  to  y.     Thus 

dK ^  jT'     dK ^  j^      d}K ^  j^„      d^K  ^  ^,      d^K _  ^ 
^^^'     dy^     ''     da?^^  '    dxdy^^''      rfy*""    "' 

and  so  on. 

The  limits  known  or  unknown  of  a  double  integral, 

ffKdxdy, 

will  not  be  indicated.  If  this  double  integral  extends  over  a  zone 
of  a  surface  comprised  between  two  closed  curves  wliich  will  gene- 
rally be  curves  of  double  curvature,  then  a?,  y,  z  may  denote  the 
co-ordinates  of  any  point  of  the  surface,  and  the  limits  of  the  inte- 
gration will  depend  upon  the  projections  on  the  plane  of  (a;,  y)  of 
these  curves.  In  order  to  indicate  what  a  quantity  becomes  at  the 
first  limit  we  shall  enclose  it  in  parentheses,  and  to  indicate  what  it 
becomes  at  the  second  we  shall  enclose  it  in  square  brackets.  Thus 
of  the  following  simple  integrals, 

{JKdo^j,   (JKdy),   ^JKdx^,   [JiTrfy], 
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the  first  two  belong  to  the  interior  cnrve  and  are  to  be  taken 
throughout  its  entire  length,  and  the  last  two  belong  to  the  exterior 
curve  and  are  to  be  taken  throughout  its  entire  length.  The 
equations  to  these  curves  we  will  denote  for  the  present  bj  ^  =  0, 
and  ji?=sO. 

pPoisson  however  does  not  keep  to  the  meaning  of  the  symbols 
which  he  gives  here ;  hereafter  he  really  uses  the  square  brackets 
for  points  on  the  upper  portion  of  a  curve  and  the  parentheses  for 
points  on  the  lower  portion  of  that  curve.] 

If  we  replace  x  and  y  by  functions  of  two  other  independent 
variables  u  and  v,  then  z  will  also  become  a  function  of  u  and  t;. 
Substitute  these  values  of  x  and  y  in  the  equations  to  the  limiting 
curves  -4  =  0  and  -8=0;  we  thus  obtain  two  equations  C=0  and 
2)  s=  0,  which  determine  the  limits  of  the  integration  relative  to  u 
and  V.  Conversely  the  equation  to  the  surface  will  be  obtained  by 
eliminating  u  and  t?  between  the  values  of  x,  y,  z;  and  the 
equations  -4  =  0,  5  =  0,  of  the  limiting  curves  in  terms  of  x  and  y 
will  be  found  by  eliminating  u  and  t?  between  the  values  of  x 
and  y,  and  the  equations  (7=0  and  i>  =  0. 

Now  let  us  denote  by  &c,  Sy,  Sz  arbitrary  indefinitely  small 
functions  of  w  and  v ;  and  suppose  that  x,  y,  z  become  respectively 
0?  -f  &c,  y  +  Sy,  «  +  Sz.  Then  the  equation  to  the  new  surface  will 
be  found  by  eliminating  u  and  v  between  the  values  of  a?  +  &r, 
y  +  ^9  is  +  Sjs  ;  so  that  its  form  will  differ  in  an  infinitesimal  but 
perfectly  arbitrary  manner  from  the  form  of  the  original  surface. 
At  the  same  time  if  the  equations  (7=0  and  i>  =  0  have  not  been 
changed,  the  equations  to  the  new  limiting  curves  will  result  from 
the  elimination  of  u  and  v  between  the  values  of  a?  +  &c  and  y  +  Sy, 
and  these  equations  C=0  and  D  =  0.  Hence  these  curves  will 
differ  in  an  infinitesimal  but  perfectly  arbitrary  manner  from  the 
primitive  limiting  curves  which  were  given  by -4  =  0  and  5  =  0. 
Thus  by  varying  x,  y,  z  without  varying  the  limits  relative  to  u 
and  V,  the  zone  of  surface  over  which  the  double  integral  extends 
undergoes  an  arbitrary  variation  both  in  its  form  and  its  boundaries. 

102.  In  his  nineteenth  section  Poisson  gives  some  important 
formulsB  in  variations.     Suppose  »  a  function  of  x  and  y,  and  let 
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Fbe  a  given  fiinction  of  a;,  y,  «,  «',  «,,  «",  «/,  «,,,  ...  Denote  the 
complete  differential  of  V  thus 

dV=Ldx  +  Mdtf  +  N(h  +  Pdz'+Qdz^ 

+  Bdz"  +  8dz;+  Tdz^,^ 

80  that  i,  M,  N,  P,...  are  the  partial  differential  coefficients  of  V 
with  respect  to  Xj  y,  «,  «',...  The  complete  variation  SFof  Fmay 
be  obtained  from  dV  hj  changing  d  into  S;  and  if  we  regard 
&c,  Sy,  S«  as  fmictions  of  x  and  y  which  are  arbitrary  and  indepen- 
dent of  each  other,  we  shall  have  to  form  the  corresponding  ex- 
pressions for  &',  Sz^y  Bz",  Bz^\  ... 

Consider  x  and  y  and  consequently  z  as  implicit  functions  of 
two  other  independent  variables  u  and  v.  Differentiate  z  with  re- 
spect to  u  and  v ;  thus 

dz  ^   ,dx         dy 
du         du       '  du^ 

dz       ,  dx         dy 
dv        dv        '  dv' 

From  these  we  obtain 

f  Wm  dv     dv  du)  ' 

_  1  fdz  dx  ^  dz  dx\ 
'  ~  f  Wv  du     du  dv)  ' 

T  ^     dx  dy     dx  dy 

where  ?  =  3-  :r^  -  :y-  -j^  • 

aw  dv     dv  du 

Now  if  we  represent  by  &c,  Sy,  iz  three  arbitrary  and  indefinitely 
small  functions  of  u  and  r,  we  may  suppose  without  varying  u  and  v 
that  a,  y,  «  become  simultaneously  a?  +  &r,  y  4-  Sy,  ar  +  &.  If  we 
differentiate  relatively  to  the  characteristic  S  the  preceding  value 
of  z'  and  make  use  of  the  value  of  z^  we  obtain 

k  *  ^^  i^y  §^     ^  dZz\ 
""  \  \dv   du      du    dv ) 

—  ^'  /^^  ^^   ^y  ^^\ 

f  Wv   rftt      du    dv ) 

_  «^  /dy  dSy^c^  dSy\ 
f  \^    du      du    dv  )  * 
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Bat  we  may  also  consider  u  and  t;  and  consequently  Sx,  By,  Sz 
as  fhnctions  of  x  and  y ;  then  we  have 

dSx     dBx  dx     dBx  dy 
du  "  dx  du      dy  du* 

dZx  _  dZx  dx     dix  dy 
dv        dx  dv      dy  dv ' 

dSy  __  dSy  dx     dSy  dy 
du       dx  du      dy  du^ 

dSy  __  dSy  dx     dSy  dy 
dv       dx  dv      dy  dv  ' 

dSz  _  dSz  dx     dSz  dy 
du       dx  du      dy  du^ 

dSz  _  dSz  dx     dBz  dy 
dv       dx  dv      dy  dv' 

From  these  we  obtain 

dy  dix     dy  dSx  ^  ydBx 
dv  du      du  dv  dx  ^ 

dy  dSy  ^  dy  dhy  __  ^dhy 
dv  du      du  dv         dx  ' 

dy  dBz     dy  dBz  _  ^dBz 
dv  du      du  dv         dx  ' 

By  means  of  these  values  that  of  Bz'  becomes 

^  ,  ^  dBz       ,  dBx        dBy 
dx  dx       *  dx' 

For  shortness  put 

Bz  —  zBx  —  zBy  =  o), 
thus 

Bz  =  z'Bx  +  z^By  +  o)'. 

In  the  same  manner  it  may  be  shewn  that 

Bz^  =  z*Bx  +  si,^y  +  ®,  • 

These  simple  expressions  for  Bz  and  Bz^  are,  as  we  see,  inde- 
pendent of  any  particular  relation  which  may  be  established  between 
X  and  y  and  the  auxiliary  variables  u  and  v. 
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We  can  easily  deduce  expressions  for  Sz'y  Bz'y  &,,,... 

For  since  -r-  =  <»'  and  ^  «=  <»,,  we  have  hj  putting  its  value 
ax  ay 

for  c» 


(1) 


These  equations  hold  for  any  function  z  o{x  and  y,  so  that  we 
may  substitute  successively  «',  «^,  «", ...  in  place  of  z.  Put  «'  in 
place  of  2;  in  the  first  of  equations  (1),  thus 

'    ^  da? 

But  by  differentiating  the  same  equation  with  respect  to  Xj  we 
obtain 

d (&'  —  z'Sx  —  g/8y)  __ e^« ^ 
da?  ""  c£i? ' 

thus 

Similarly  if  we  put  z^  in  place  of ;:;  in  the  second  of  equations 
(1),  we  shall  obtain 

Again,  put  z'  in  place  of  «  in  the  second  of  equations  (1) ;  thus 
Sz;  -  <'&r  -  z,:By  =  ^i^''-''"^^-^^ . 

By  differentiating  the  first  of  equations  (1)  with  respect  to  y, 
we  obtain 

d{Sz''-z"Sx'-z;S!f)^  ePtt)  , 
dy  dxdy^ 

therefore 

S«/  —  z"hx  —  «^/Sy  =s  00/. 

It  is  easy  to  see  that  by  continuing  this  process  we  shall  obtain 
for  all  values  of  the  indices  m  and  n 
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This  result  Poisson  says  he  had  arrived  at  on  a  former  occasion 
and  had  used  in  explaining  a  difficulty  in  the  MScamque  Analytique. 
See  Bulletin  de  la  BocUU  Phtlomattque  ann^e  1816,  page  82. 

[These  formulae  supply  the  corrections  of  the  errors  indicated  in 
Arts.  39—41.] 

By  means  of  the  general  formula  proved  above  the  variation 
of  F  takes  the  form 

S  7=  (i  +  Nz'  +  Pz"  +  Qz;  +  Rz"  +  8z;'  +  TzJ  +  . . .)  &b 

+  {M+  Nz^  +  Pz;  +  Qz,,  +  Rz;'  +  Sz,;  +  Tz,„  + . . .)  Sy 

+  iV©  +  Pa>'  +  Q(o,  +  Rto'*  +  8(o;  +  T(o„  +  ... 
or,  which  is  the  same  thing, 

SF=  F'&c  +  F;Sy  +  iVi) -f  A)' +  G«. 

+  Rw"  +  8^;  +  T<^„  + (2). 

103.  The  twentieth  section  contains  some  reductions  of  the 
variation  of  a  double  integral.     Consider  the  definite  integral 

U^  ffVdxdy. 

By  the  known  rules  for  the  transformation  of  double  integrals, 
if  we  consider  x  and  y  as  functions  of  two  other  variables  u  and  v, 

we  must  put 

,    ,       /dx  dy     dx  dy\  ,    , 

etoay=   -7-  -r-  — -j-  ^]audv: 
^      \du  av     dv  duj 

so  that  we  have 

rr—  [(vf—  ^^—  ^y\ii  // 

"  j]     \du  dv     dv  du) 

Now  put  x  +  Sx,  y-^-Sy,  z  +  Sz  in  place  o(  x,  y,  z  under  the  in- 
tegral sign.  From  what  was  said  above  It  will  be  sufficient  that 
Sxj  Sy,  8z  should  be  arbitrary  functions  of  u  and  v,  and  it  will  not 
be  necessary  to  vary  the  limits  relative  to  u  and  v  in  order  that  the 
integral  Z7may  vary  in  the  most  general  maimer  both  with  re- 
spect to  the  limits  relative  to  x  and  y,  and  with  respect  to  the  form 
of  the  function  z.    The  complete  variation  of  [/will  then  be 

J  J  \du  dv     dv  du) 

ft/dx  d^_dx  d^^^  ^_^  ^)  Vdudv. 
J  J  \du  dv      dv   du      dv   du      du  dv  J 
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But  by  the  fonnulae  of  the  preceding  article  we  have 

dx  dhy     dx  dZy  __  fdx  d^^dx  dy\  dZy 
du  dv      dv   du  "  \3u  dv     dv  du)  dy  ' 

dy  dSx     dg  dSx  __  fdx  dy     ^  ^\  dSx 
dv   du      du   dv      \du  dv     dv  du)  dx 

Hence 
that  is,  bj  restoring  the  variables  x  and  y 

In  this  formula  the  limits«are  the  same  as  those  of  Z7.    Now 
substitute  the  value  of  ST  given  by  equation  (2),  and  observe  that 

dx         ax 
thus  SU=  UvSxdy']  -  (jvSxdy] 


+ 


[jj^dx^--(Jnydx) 


+  [[(iVb)  +  P©  +  $©,  +  5©"  +  Scj;  +  T©,,  +  ...)  dxdy (3). 

By  the  method  of  integration  by  parts  we  may  remove  the 
differential  coefficients  of  a>  from  under  the  double  integral  sign. 
For 

jjPw  dx  dy  =  IjPw  rfJ  -  (JP(o  dy\  -  {{p'to  dx  dy, 
II  QoD^  dxdy=    I  Qaadx    -  (\  Qmdx\  -  UQ^oadxdy. 
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By  two  snccesaive  integrations  we  have 
jJBco^dxdy  =  rj 5ft)Wyl  -  (JBwdt/^ 

-  rj^  ©eZyl  +  (jlt'(odt/)  +  jjlt"a)dxdy, 

jJT(o,,dxdy=  [JTa>^dx'\  -  (JTa),dx'^ 

-  iJ  i;a)daj  I  +  (JT^(Ddx\  +jJT^^o)dxdy. 

By  integrating  first  with  prespect  to  y  and  then  with  respect  to  x 
we  obtain 

jJ8(o;dxdy^  [j8a>'dx^  ^(jSw'dx) 

-\jS,cody]+(j8^a>dt/^+jJ8;a>dxdt,; 
by  performing  the  integrations  in  the  reverse  order,  we  obtain 
jjSw.'dxdy  =  Usw,  dy\  -  (J  8a,,  dy) 

-  Us'wdiA  +  (Js'a>dx)  +jJ8;wdxdif. 

For  the  sake  of  STmmetry  we  may  use  the  half  sum  of  these 
equivalent  expressions,  that  is 

jjSa^.'dxdy^^l  ^jSa>'dx^+l[jS<,,dy^  -i(jSa,'dx)-l{jSa>,dy) 
- 1  [fs.i.di,'^  - 1  [/^f'o.^]  + 1  (Js,a>dii)  + 1  (j8-a>dx) 


+ 


l\s:^dxdy. 


The  subsequent  terms  in  the  last  part  of  the  formula  (3)  may 
be  transformed  in  a  similar  manner.  Thus  the  expression  for  hU 
will  become  finally 


hU 


r=:T+jJH(odxdy (4), 
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where  for  shortness, 

-  (jP<o dy  +  {Q(0dx  -  js'wdy-  ^fs^cody--  i  {8'(cdx-(T,aidx-\' . .\ 

^i^Rfady  +  ^{S(0'dx+[Tw,dx  +  ^{Soi>^dy-  ..}j 

+ 

The  two  expressions  which  have  been  found  for  jjSoD'dxdy 
must  be  identically  equal ;  hence  we  have 

[J8a>'  dx'l  -  (J So/  dx)  -  [f  iS; ft)rfy1  +  (Js,m  dy^ 

=  [J8(o,  dy\  -  (f/Sft),  dy\  -  rj/ffwcfol  +  (js'wdx^  . 
This  may  be  written 

UfSco'  +  /S'ft))  cirl  -  ([(SdJ  +  iS'fl))  (&) 

=  [1(^0,,  +  ^,a,)rfy]  -  ([(5a,,  +  5,0,)  rfy) (5). 

This  will  be  verified  presently  (see  Art.  106).  We  may  ob- 
serve here  that  8(0  +  5'a,  is  the  partial  differential  coefficient  of  8(0 
with  respect  to  x  before  substituting  the  value  of  y  obtained  from 
one  of  the  limiting  equations.  But  the  value  of  {8(o'  +8'(o)dx 
(ifier  we  substitute  for  y  its  value  is  no  longer  a  complete  differential 
with  respect  to  x  and  thus  cannot  be  integrated  immediately. 
Similar  remarks  apply  to  the  term  {800,  +  8^(o)  dy. 

[This  remark  guards  against  the  error  indicated  in  Art  27.] 
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104.  The  twenty-first  section.  For  27  to  be  a  maximum  or 
minimnm  we  must  have  S[7=0.  The  double  integral  included  in 
equation  (4)  cannot  be  reduced  to  simple  integrals  because  o)  is  an 
arbitrary  function  of  x  and  y ;  it  will  therefore  be  necessary  that 
the  two  parts  of  this  formula  should  separately  vanish.  Thus  we 
obtain 

r  =  o,  ^=0, 

for  the  equations  which  must  be  satisfied  in  order  that  the  double 
integral  which  we  are  considering  should  have  a  maximum  or 
minimum  value.  The  second  equation  will  serve  to  find  z  in  terms 
of  X  and  y ;  this  equation  will  be  in  general  a  partial  differential 
equation  of  the  order  2n  if  F  be  of  the  order  n.  The  first  equation 
will  decompose  into  others  the  number  and  nature  of  which  in  the 
different  cases  which  may  occur  we  will  investigate  in  the  sub- 
sequent articles.     This  is  the  most  delicate  part  of  the  question. 

The  preceding  analysis  may  be  extended  without  difficulty  to 
triple  and  quadruple  integrals,  &c.  In  the  case  of  a  triple  integral, 
for  example,  we  shall  obtain  for  the  variation  an  expression 
analogous  to  that  in  equation  (4) ;  this  expression  will  consist  of  a 
triple  integral,  and  of  another  part  containing  only  double  integrals 
which  relate  to  the  limits  of  the  triple  integral  we  are  considering. 
We  might  also  suppose  that  the  quantity  under  the  triple  integral 
sign  involves  unknown  functions  of  the  independent  variables,  and 
that  these  functions  are  independent,  or  that  they  are  connected  by 
given  partial  differential  equations.  We  shall  not  stop  to  consider 
these  questions,  since  they  present  no  new  difficulties  and  no  useful 
applications. 

The  determination  of  the  relative  maxima  or  minima  of  mid- 
tiple  integrals  can  be  reduced  to  the  determination  of  absolute 
maxima  or  minima  by  the  method  of  the  thirteenth  section,  which 
is  obviously  applicable  whatever  may  be  the  number  of  the  inde- 
pendent variables.  Thus,  for  example,  if  the  first  of  the  double 
integrals 

jjvdxdy,    jJTdxdy,    jjwdxdy,... 
is  to  be  a  maximum  or  minimum,  and  at  the  same  time  the  othera 
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are  to  have  given  values,  the  problem  amounts  to  investigating  the 
absolute  maximum  or  minimum  value  of 


ll{V+aT+bW+&c.)dxdy; 


where  a,  J, ...  are  unknown  constants  which  must  be  determined 
by  means  of  the  given  values  of  the  integrals.  We  suppose  here 
that  these  integrals  and  the  first  integral  are  all  taken  between 
the  same  limits. 

105.  The  twenty-second  section.  [The  results  from  this 
point  to  the  end  of  the  memoir  were  not  known  before  the 
publication  of  the  memoir.]  Let  us  now  examine  the  equations 
relative  to  the  limits  of  U  which  are  necessary  for  the  maximum  or 
minimum  of  this  double  integral,  and  which  must  be  deduced  fi:om 
the  condition  F  =  0. 

In  order  to  render  the  reasoning  easier  to  follow,  we  will  sup- 
pose that  X,  y,  z  are  the  rectangular  co-ordinates  of  any  point  of  the 
surface  determined  by  -ff=0,  and  that  the  integral  U  corresponds 
to  a  zone  of  this  surface  comprised  between  two  closed  curves 
which  will  be  given  or  which  will  have  to  be  determined.  Let 
ABC  be  the  projection  of  the  exterior  curve  upon  the  plane  of 
{Xy  y),  and  DEF  that  of  the  interior  curve  upon  the  same  plane 
(see  fig.  2).  The  integral  relative  to  x  and  y  which  B  ?7 represents  will 
extend  to  all  the  elements  dx  dy  of  the  plane  area  intercepted  be- 
tween these  two  curves.  It  may  however  also  be  considered  to 
represent  the  excess  of  a  double  integral  extended  to  all  the  ele- 
ments of  area  enclosed  by  the  curve  ABC  over  the  same  double 
integral  extended  to  all  the  elements  of  area  enclosed  by  the  curve 
DEF.  Now  hU  reduces  to  V  since  by  supposition  fi'=0;  and 
r  =  r"»-r*'^»  where  r**»  denotes  that  part  oi  hU  which  arises 
from  the  area  bounded  by  ABC  and  V^^  that  which  arises  from 
the  area  bounded  by  DEF.  Since  these  two  limits  ABC  and 
DEF  are  in  general  independent  of  each  other,  the  equation  F  =  0 
will  decompose  into  two  others,  namely, 

r<»=o,   F<^*=o. 

It  will  be  sufficient  to  consider  one  of  these ;  the  other  will  be 
of  the  same  form  and  susceptible  of  the  same  transformations. 
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We  had  in  the  twentieth  section  the  equation 

jjil^dxdy  =  [/FSy<fa]  -  {jvhydx)  . 

]JX  has  been  already  intimated  in  a  remark  on  Art.  101,  that 
Poisson  does  not  use  his  symbols  in  the  sense  which  he  assigned  to 
them ;  the  terms  in  square  brackets  refer  to  the  upper  portions  of 
a  curve,  and  those  in  parentheses  refer  to  the  lower  portions  of  the 
same  curve.] 

If  this  double  integral  relates  to  the  area  ABC,  the  integration 
relative  to  y  which  has  been  effected,  is  to  be  extended  from  one  to 
the  other  of  the  two  ordinates  PM  and  PM\  which  correspond  to 
the  same  abscissa  x.  We  will  suppose  that  it  is  extended  from 
the  smaller  ordinate  PM'  to  the  greater  PM\  that  is,  we  consider 
the  variable  y  to  increase  and  so  dy  to  be  positive.  As  the  element 
of  area  dxdy  \a  essentially  positive,  it  follows  that  dx  must  be 
regarded  as  positive  in  the  two  simple  integrals  which  are  indicated. 
The  first  will  correspond  to  the  part  AMB  of  the  curve  ABC  and 
the  second  to  the  part  AATB  supposing  that  A  and  B  are  the  two 
points  of  the  curve  where  the  tangents  are  parallel  to  the  axis  of  y. 
Let  8  denote  the  length  of  an  arc  of  the  curve  ABC  measured  from 
any  fixed  point  of  the  curve  up  to  the  point  My  and  let  I  be  the  com- 
plete perimeter  of  the  curve.  Then  we  shall  consider  s  to  increase 
from  « =  0  to  8=^1,  and  thus  the  differential  d8  to  be  positive. 
Let  fi  be  the  angle  comprised  between  the  exterior  normal  MN  and 
the  produced  part  of  the  ordinate  PM,  Since  dx  is  the  projection 
of  d8  on  the  axis  of  Xy  we  shall  have 

dx  =  ±  COB  fids; 

the  upper  or  lower  sign  must  be  taken  according  as  cos  /3  is  positive 
or  negative.  But  the  angle  /3  is  acute  in  all  the  part  AMB  of  the 
curve  ABC  and  obtuse  in  all  the  part  AM'B;  hence  we  shall  have 

dx  =  co3fid8  throughout  the  extent  of  the  integral     I  VSydx    ,  and 

dx^  — COB  fid8  throughout  the  extent  of  the  integral  (IVBydx) . 

Hence  we  conclude  that  their  difference  will  reduce  to  a  single 
integral  relative  to  8  which  will  extend  throughout  the  whole 
curve ;  that  is,  we  shall  have 

6 
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[ j VSy dx\ -- (J VSydx\:=fv cos fiStfds. 

Similarly  we  shall  have 

rjrSajiyl  -  (jvSxdyj  =  J  VcosaSxds, 

where  a  denotes  the  angle  which  the  exterior  normal  MN  makes 
with  the  produced  part  of  the  abscissa  of  the  point  M.  By  similar 
reasoning  we  may  reduce  to  a  single  integral  each  of  the  differences 
of  two  homologous  integrals  of  which  the  expression  T  is  composed. 
Thus  the  equation  F  *'*  =  0  will  be  transformed  into  the  following : 

I    F[  cos  a  Sa;  +  cos /8Sy  J  e& 
+  r [fP-i?'- 1 8,  +  ...)  cos  a  +  (q-  T,  -  i  iS'  +  ...^cosysl  tods 
+  1  (Rcosa+ -8cos/3—...j(o'ds 

+  1  (Tcosfi  +  -T 8 cosa--  ..A(o^ds 

+  ...  =0 (6). 

The  figure  supposes  that  each  line  parallel  to  the  axis  of  y 
meets  the  closed  curve  ABG  in  only  two  points ;  but  this  trans- 
formation of  the  equation  F  *'^  =  0  would  still  hold  if  the  number 
of  intersections,  which  must  be  even,  were  greater  than  two ;  we 
should  then  take  successively  for  the  two  ordinates  PAI  and  PM' 
which  correspond  to  the  same  abscissa,  those  of  the  first  and  second 
intersection,  those  of  the  third  and  fourth,  and  so  on. 

106.  In  his  twenty-third  section  Poisson  verifies  equation  (5) 
of  the  twentieth  section. 

In  fact,  as  we  have  just  seen,  the  part  of  this  equation  which 
belongs  to  the  exterior  curve  is  the  same  thing  as 
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where  the  parentheses  denote  that  each  partial  differential  coefficient 
is  taken  with  respect  to  one  of  the  variables  x  ox  y  before  we  sub- 
stitute in  8fo  the  value  of  the  other  variable  deduced  from  the 
equation  to  the  curve  ABG.  If  we  differentiate  with  respect  to  x 
after  substituting  the  value  of  y,  we  have 

d.  8m  _  fd.  8(o\      fd.  8fo\  dy^ 
dx        \   dx  )      \  dy   )  dx^ 

;,    .  d.Scn     d.Stodx     d.8(o        ^ 

and  since  "T/— =  "77:7"  TtT  =  "Tt:^"  ^^^ '^^ 

cts  dx     as        ax 

it  follows  that 

C(d.8m\       ^j       nd.8<Oj       nfd.8(o\dy       ^, 


Now  I    '       ds—  8m  +  constant ; 


and  since  8(d  has  the  same  value  at  the  two  limits  « » 0  and  s^l 
which  belong  to  the  same  point  of  the  closed  curve  ABC^  it  follows 
that 

^d.Sm 


: 


ds^O. 


ds 
Hence  the  equation  reduces  to 

By  help  of  this  result  we  see  that  the  equation  which  we  are 
to  verify  may  be  written  thus, 

But  if  a  and  b  denote  the  angles  which  the  tangent  at  any 
point  Jlf  of  the  curve  ABG  makes  with  the  axes  of  x  and  y,  we  can 
take  in  this  equation  where  the  differentials  dx  and  dy  may  be 
positive  or  negative, 

dx  =B  cos  a  ds,     dy  =«  cos  h  ds, 

6-2 
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Thus  the  equation  is  transformed  into  the  following :  « 

ihia  result  is  obviously  true  since  the  factor  cos  a  cos  a  +  cos  j8  cos  h 
is  the  cosine  of  the  angle  comprised  between  the  tangent  and  the 
normal  at  the  same  point  M  of  the  curve  ABC^  and  is  therefore 
equal  to  zero.  It  is  evident  this  verification  applies  in  the  same 
way  to  the  part  of  equation  (5)  which  belongs  to  the  interior 
curve. 

107.  In  his  twenty-fourth  section  Poisson  effects  some  trans- 
formations of  the  equation  (6)  of  Art.  105.  The  applications  of  the 
preceding  formulas  to  geometry  and  mechanics  relate  to  problems 
where  the  function  V  depends  on  the  inclination  of  tangent  planes 
and  on  the  magnitude  of  radii  of  curvature.  In  order  then  to  avoid 
useless  complication,  we  will  suppose  that  the  highest  differential 
coefficient  contained  in  Fis  of  the  second  order.  In  this  case  the 
equation  H^  0  involves  partial  differential  coefficients  of  the  fourth 
order,  and  the  first  member  of  equation  (6)  is  reduced  to  its  first 
four  terms.  But  in  order  to  be  able  to  deduce  from  this  equation 
(6)  the  conditions  relative  to  the  second  limit  of  Z7,  it  is  necessary 
to  transform  its  third  and  fourth  terms,  and  to  reduce  the  three 
variations  o),  o)',  and  m^  to  two  only. 

All  the  terms  of  equation  (6)  are  integrals  relative  to  the  arc  s 
of  the  curve  ABGy  where  s  is  the  independent  variable  and  da  is 
constant  and  positive.  Under  the  integral  sign  z  is  regarded  as  a 
function  of  x  and  y,  which  is  obtained  from  the  equation  to  the  re- 
quired STu&ce,  that  is,  firom  the  complete  integral  of  the  equation 
if  =  0.  The  variables  x  and  y  are  implicitly  supposed  to  be  fanctions 
of  B  determined  by  the  equation,  known  or  unknown,  of  the  curve 
ABC.    Thus  by  differentiating  on  with  respect  to  «,  we  have 

d<o  ^    ,  dx  dy  ^ 

da  "      da        *  ds^ 

hence  since  dof  +  dy^  =  A*,  we  may  write 

'  _  ^  ^  _  /3  ^y  ^dy  da>     ^dx 

"  da  da         da  ^       '"  da  da         da^ 

where  0  is  an  indeterminate  variation. 
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The  differentials  dx  and  efy  are  as  in  the  preceding  article 
capable  of  changing  sign  in  the  course  of  the  integration,  that  is, 
as  we  proceed  from  point  to  point  of  the  curve  ABG.  Since  the 
angles  a  and  fi  relate  to  the  exterior  part  of  the  normal  MN  it  is 
easy  to  see  that  we  shall  have  at  any  point  M^ 


dy  ^     dx 

cosa  =  — ^,    cosj8=--T-. 


Substitute  these  values  and  those  of  oi'  and  co,  in  equation  (6), 
and  it  becomes 

4/>[(S)"-®]S"--»- 

[Bj  some  accident  Foisson  himself  omits  the  last  line;  the 
error  is  noticed  by  Bjorling.  In  consequence  of  this  omission  two 
of  Poisson's  subsequent  formulsd  in  this  section  are  incorrect ;  the 

necessary  alterations  have  accordingly  been  made.] 

• 

By  integration  by  parts  we  have 

for  the  terms  outside  the  integral  sign  vanish  since  they  are  the 
difference  of  two  values  of  the  same  quantity,  one  relating  to  the 
limit  «  s  0,  and  the  other  to  the  limit  8=^1^  that  is  to  the  same  point 


86  poissoN. 

of  the  closed  carve  ABC,    [Similar  treatment  may  be  applied  to 
the  term  which  Poisson  omits.]     Moreover 

dB     p'^.p^     dT_^,dx      ^dy     d8_  ^,dx      ^dy 
ds"^  di'^^^ds'    ds"^   H^^'di'    di"^  d^'^^'di' 

Let  us  suppose  for  shortness  that 

,f  da?        frr\       7i\  ^'^ 


\„,dxSy     1  «  ^  _  o^  _  Y 
2       d^  da      2    •  ds*     °  da'~     ' 


«-!«•- ^,(.^^.i>,^.(i>-7-)g 


1  ^,  da?     l^dxdy      ^  d^  _  y. 
""2^  d?'^2^*dm^^W     ' 

dU?         da  ds         da*        ' 

[The  value  of  Z  agrees  with  Poisson's ;  those  of  X  and  Y  differ 
since  Poisson  omits  the  last  three  terms  of  each.] 

Thus  equation  (6)  finally  becomes 

/V(g^-|^)*^/'(r5-x|).* 

^^f  Z0d8  =  O (7); 

Jo 

and  this  is  the  simplest  form  it  can  take. 

108.  The  twentj-fifth  section  relates  to  the  case  in  which 
some  condition  is  given.  In  the  problems  to  which  this  equation 
can  be  applied,  it  will  sometimes  happen  that  the  length'  of  the 
exterior  curve  to  which  it  relates  is  to  have  a  given  value ;  or  more 
generally  that  one  or  more  integrals  taken  throughout  this  length 
are  to  have  given  values.  It  will  be  sufficient  to  consider  one  of 
these  integrals ;  for  similar  remarks  would  apply  to  the  others.  For 
greater  simplicity  we  will  suppose  that  the  differential  function 
which  occurs  imder  the  sign  of  integration  is  only  of  the  first  order. 

At  any  point  of  the  exterior  curve  then,  let 

dx       ,     dy       f 

as''"'  ^=y' 
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let  W  denote  a  given  fiinction  of  x^  y,  0,  x\  y\  and  suppose  that 

fWdz^a\ 

a  being  a  given  constant,  and  the  integral  extending  thronghout 

.  f^     dz 

this  curve,  so  that  it  is  the  same  thing  as  1  W-j-  ds.    In  order  to 

introduce  this  condition  it  will  be  sufficient  according  to  the  remark 
in  the  thirteenth  section  to  add  to  ?7the  integral /TFc/js  multiplied 
by  an  undetermined  constant  which  we  will  denote  by  c.  Thus 
the  first  member  of  equation  (7)  is  augmented  by  the  term  cZjWdz. 
Now  if  we  put 

dW  dW  dW     '      dW 

■^  =  ^'     -^^^^     ^==^'     W^""^ 

this  term  has  for  its  value 

considering  x  and  y  as  functions  of  2;  in  the  formula  of  the  seventh 
section  (Art.  92)  and  observing  that  the  part  outside  the  integral 
sign  vanishes  because  the  curve  which  we  are  considering  is  a 
closed  curve. 

Suppose  that  this  curve  is  to  lie  on  a  surface  which  we  will 
denote  by  the  differential  equation 

dz  =  pdx  +  qdy^ 

where  p  and  q  are  given  functions  of  a?,  y  and  0,  We  shall  see 
presently  (Art.  114)  how  the  case  of  a  curve  unrestricted  is  com- 
prised in  the  present.  The  co-ordinates  a?,  y,  z  of  any  point  in 
this  curve,  and  also  the  varied  co-ordinates  a;  +  &c,  y-\-tyy  z-\-iz 
must  satisfy  the  equation  to  the  given  surface ;  we  may  therefore 
differentiate  that  equation  relatively  to  the  characteristic  S;  thus 

we  shall  have 

hz  =pBx  +  qSy 
as  well  as 

dz  =ipdx  +  qdy. 

Hence  &.-.'S.  =  2(|&r-g%) . 


ay-y'&=^^g8y-|&^). 
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If  then,  for  abbreviation,  we  put 

dm     J.  an      -, 

the  term  which  is  to  be  added  to  equation  (7)  becomes 


iJ^(^-Ay)^^Sy--^&i;j&. 


Thus  it  has  the  same  form  as  the  first  term  of  this  equation ; 
consequently  in  order  to  introduce  the  condition  that  the  integral 
/  Wdz  is  to  have  a  constant  value,  we  have  only  to  change  in 
equation  (7)  Finto  F+c  (Ay^— Ay).  The  constant  o  will  have  to 
be  determined  in  eveiy  case  from  the  value  a  of  the  integral 
fWdz. 

109.  The  twenty-sixth  section.  Let  us  now  observe  the  re- 
sults which  may  be  deduced  from  equation  (7)  thus  modified  if 
necessaiy.    Let  us  put 

^  Sy  —  ^  &»  =  cosa&c  +  cosjSSy  =  €, 

<g)  =  Sz  —  z'Sx  —  zfy  =  ^Vl  +z*  +  z^. 

The  point  Jlf  of  the  curve  ABC  whose  co-ordinates  are  x  and  y 
being  transferred  to  the  position  indicated  by  the  co-ordinates  x  +  Sx 
and  y  +  Sy,  we  see  by  the  value  of  e  that  this  variation  denotes  the 
displacement  of  M  projected  on  the  normal  MN.  The  cosines  of 
the  angles  which  the  normal  to  the  required  surface  at  the 
point  {xy  y,  z)  makes  with  the  co-ordinate  axes  are  respectively 

z'  z.  1 


^i+z'^^z^     Vi+av«;'  vr+7*T^*" 

Thus  the  variation  ^  is  the  projection  on  this  normal  of  the 
displacement  of  this  point  {x,  y,  z)  when  its  co-ordinates  become 
x-^-Sxy  jf  +  Sy  and  z  +  Sz;  and  in  equation  (7)  this  displacement 
belongs  to  any  point  of  the  exterior  curve.  As  to  the  third  arbi- 
trary variation  contained  in  equation  (7),  namely  0,  this  depends 
on  the  change  of  inclination  experienced  by  the  tangent  plane  to 
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the  required  surface  at  any  point  of  the  exterior  curve.     [In  fact 
we  have  from  the  equations  in  which  0  first  occurred 

and  if  we  insert  the  values  of  a>,  and  ©'  from  Art.  102  we  have 
<?=(S.,-.>-.„Sy)J-(8.'-."&c-.,%)|. 

Thus  0  involves  Sz^  and  Sz'  and  is  thus  connected  with  the 
change  of  inclination  of  the  tangent  plane.] 

Now  if  the  second  limit  of  U  is  not  restrained  by  any  given 
condition,  the  three  variations  6,  <f>y  0  will  be  completely  arbitrary 
and  independent ;  hence  in  order  that  equation  (7)  may  subsist  it 
will  be  necessary  that  the  coefficients  of  these  variations  under  the 
integral  sign  should  be  separately  zero.  Thus  we  shall  obtain 
three  equations, 

^=«'  ^'£-^1=^'  ^=« («)• 

When  the  second  limit  of  U  has  to  satisfy  some  given  con- 
ditions the  three  variations  e,  ^,  0  are  no  longer  independent ;  then 
the  eq^tions  (8)  or  at  least  one  or  two  of  them  will  not  hold  and 
must  be  replaced  by  others.  The  following  are  the  principal  cases 
which  may  arise.  [Five  cases  are  considered  which  will  occupy  the 
following  five  articles,  extending  to  the  end  of  Poisson's  twenty- 
sixth  section.] 

110.  Suppose  that  the  exterior  curve  is  fixed  and  given,  and 
let  us  represent  its  two  equations  by 

fix,  y,  z)^0,    F{x,  y,  z)=0 (9). 

Erom  the  signification  of  €  and  <f>  it  follows  that  these  quantities 
now  vanish;  thus  the  first  two  terms  of  equation  (7)  disappear. 
The  first  two  equations  of  (8)  will  now  no  longer  be  necessary  and 
they  will  be  replaced  by  the  equations  (9). 

Let  us  frirther  suppose  that  the  required  surface  is  to  touch 
throughout  the  perimeter  of  the  exterior  curve  a  fixed  and  given 
surface,  as  for  example  the  surface  which  has  for  its  equation 


* 


,y 
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F{Xi  y,  z)  =  0,  and  the  differential  equation  of  which  we  will  repre- 
sent by 

It  will  be  necessary  on  account  of  this  contact  that 

for  every  point  of  the  exterior  curve.  These  however  are  not 
two  new  independent  equations ;  for  since  the  curve  is  already  the 
intersection  of  the  required  surface  and  the  given  surface,  the  dif- 
ferential dz  taken  along  its  direction  has  the  same  value  whether 
it  be  obtained  from  the  equation  to  the  first  surface  or  from  the 
equation  to  the  second  surface;  thus  we  have  already  the  rela- 
tion 

pdx  +  qdy  =  z'dx  +  z<dy ; 

and  by  means  of  this  relation  one  of  the  equations  ^  =  i5'  and  y  =  «, 
is  a  consequence  of  the  other. 

On  the  other  hand  the  variation  ^  and  consequently  co  will 
be  zero,  not  only  for  all  the  points  of  the  exterior  curve,  but  also 
for  all  those  of  an  indefinitely  narrow  zone  of  which  this  curve  forms 
part ;  we  may  therefore  differentiate  the  equation  ©  =  0  along  the 
direction  of  this  curve  and  along  any  other  direction  ;  thus  we  shall 
have  throughout  the  whole  perimeter  of  the  curve 

d(o     ^       ,     ^ 

^  =  0,    ©'  =  0,    ©,  =  0; 

thus  the  quantity  0  which  occurs  in  the  twenty-fourth  section 
vanishes,  and  the  third  term  of  equation  (7)  vanishes. 

Thus  in  this  first  case  the  three  variations  6,  ^,  0  being  zero, 
the  equation  (7)  vanishes ;  the  equations  (8)  which  were  deduced 
from  (7)  do  not  hold,  and  they  must  be  replaced  by  the  equations 
(9)  which  will  be  given  in  each  particular  problem,  and  by  one  of 
the  equations /?  =  «',  J  =  «,. 

111.  Suppose  that  the  exterior  curve  is  fixed  and  given,  so  that 
€  =  0  and  ©  =  0,  and  suppose  that  the  second  limit  of  Z7  is  not 
restrained  by  any  other  condition.  The  equation  oi  =  0  can  now  be 
differentiated  only  along  the  direction  of  the  given  curve;  we 
have  then 
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the  factor  0  remains  indeterminate,  and  we  must  have  Z=  0  in  order 
to  satisfy  equation  (7)  which  now  consists  of  only  its  third  term. 

In  this  second  case  the  third  of  the  equations  (8)  holds,  and  the 
other  two  are  replaced,  as  in  the  first  case,  by  the  two  given  equa- 
tions of  the  exterior  curve. 

112.  If  this  curve  is  not  fixed  but  only  constrained  to  lie  on  a 
given  surface  which  is  determined  by  the  equation 

F{x,y,z)=^0 (10), 

then  the  co-ordinates  x,  y,  z  and  also  x  +  Sxy  y  +  Bt/^  z  +Sz  must 

satisfy  this  equation.     We  may  therefore  differentiate  with  respect 

to  the  characteristic  S ;  thus  if  we  represent  the  ordinary  differential 

equation  by 

dz  =  pdx  +  qdyy 

we  shall  also  have  simultaneously 

Sz  =pSx  +  qSy. 

Hence  the  variation  ©  will  be  given  by  the  equation 

a}^{p-z)Sx+{q'- z)  iy. 

Suppose  moreover  that  the  required  surface  is  to  touch  the  given 
surface  throughout  the  perimeter  of  the  exterior  curve.  We  shall 
have  the  two  relations  p  =  z  and  j  =  «, ,  one  of  which  is  a  conse- 
quence of  the  other,  as  we  have  shewn  in  the  first  case.  These 
relations  will  make  ©  vanish  for  all  points  in  an  indefinitely  nar- 
row zone  comprising  the  exterior  curve ;  hence  as  in  the  first  case 
we  conclude  that  0  —  0.  Since  the  variations  w  and  0  are  zero  the 
equation  (7)  is  reduced  to  its  first  term ;  and  in  order  that  it  may 
hold  whatever  may  be  the  value  of  the  indeterminate  variation  €  we 
must  have  F=  0 ;  or  rather 

F+c(^-Ay)=0 (11), 

if  we  suppose,  as  before,  that  the  value  of  a  certain  integral  jWdz 
is  given. 

Thus  in  this  third  case  the  equations  (8)  are  replaced  by  the  equa- 
tions (10)  and  (11)  together  with  one  of  the  two  relations  p^z* 
and  J  as  jT^. 
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113.  Suppose  that  the  exterior  curve  is  still  constrained  to  lie 
on  the  surface  determined  bj  equation  (10),  but  that  the  tangent 
plane  to  the  required  surface  is  not  subject  to  any  restriction 
throughout  the  perimeter  of  the  exterior  curve ;  the  expression  for 
Q>  given  in  the  preceding  case  will  still  hold,  but  there  will  be  no 
resulting  limitation  for  the  quantity  0,  which  will  remain  altogether 
arbitrary  and  independent  of  Bx  and  Sy ;  the  coefficient  of  5  in 
equation  (7),  that  is  Z,  must  therefore  be  zero.  Substitute  the 
expression  for  <o  in  this  equation  and  it  will  become 

/;[(^s-4)0'-')->'g]8.* 

But  as  the  two  variations  Sx  and  Sy  are  arbitrary  and  inde- 
pendent their  coefficients  must  be  separately  zero ;  if  we  add  then 
to  V  the  part  which  arises  from  supposing  the  integral  JWdz  to 
have  a  given  value  we  shall  obtain 

But  one  of  these  equations  is  a  consequence  of  the  other ;  for  if 
we  multiply  them  crosswise  and  suppress  the  factor  common  to  the 
two  products  we  obtain 

and  this  equation,  as  we  have  seen  in  the  first  case,  follows  from 
the  fact  that  the  required  surface  and  the  given  surface  intersect  in 
the  exterior  curve  which  we  are  considering.  These  equations  may 
be  written  in  the  following  manner 

X{q-z)dy=[Y{q-'Z,)  +  V+c{kj>-'qh)]dx; 
multiply  these  equations  and  reduce,  thus  we  obtain 

V+c{Jq>-qh)  +  X(p-z')+Y{q-z,)='0 (12). 
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Thus  in  this  fourth  case  the  third  of  equations  (8)  holds,  and 
the  two  others  will  be  replaced  by  equation  (12)  together  with  that 
of  the  given  surface  of  which  the  differential  equation  is  represented 
by  dz  =:pdx  +  qdy. 

114.  Lastly,  suppose  that  the  tangent  plane  to  the  required 
surface  may  vary  arbitrarily  throughout  the  perimeter  of  the  ex- 
terior curve,  and  that  this  curve  is  not  constrained  to  remain  upon 
a  given  surface.  The  equation  Z=  0  will  still  hold.  We  may  write 
equation  (12)  in  the  form 

F+c  (fe5'^  Ai5j  +(X+(*)  (p-i5')  +  (r-cA)  (y-0  =0; 

multiply    by  dx,    and  put   («,  —  ?)  rfy  for   (p  — «')&;;   thus   we 
have 

[F+c  (fcj'  -  Uy^  dx  +  [Ydx -  Xdy  -c  {hdx+Jcdy)]  (q-z)  =0. 

But  the  quantity  q  is  altogether  arbitrary,  since  now  the  surface 
which  had  for  its  differential  equation  dz  ^pdx  +  qdy  is  not  given ; 
the  preceding  equation  must  therefore  separate  into  two,  and  con- 
necting them  with  Z=  0  we  shall  have  for  the  three  equations  be- 
longing to  this  fifth  and  last  case 

F+ c  (fes' -  Aj5j  =  0,  \ 

Ydx  -  Xdy  -  c  {hdx-{'  kdy)  =0,  I (13). 

Z=  0.  J 

These  equations  coincide,  as  they  should  do,  with  the  equations 
(8),  when  we  put  c  =  0;  this  amounts  to  suppressing  the  condition 
relative  to  a  given  value  of  the  integral  fWdz ;  so  that  now  there  is 
no  longer  any  given  condition  by  which  the  second  limit  of  Z7  is 
restricted. 

115.  The  twenty-seventh  section.  The  reasoning  already 
given  applies  equally  to  the  first  limit  of  U;  and  by  the  details 
which  have  just  been  given  we  see  that  the  conditions  of  a  maxi- 
mum or  minimum  of  this  double  integral  consist  in  this,  that  for 
each  limit  the  required  surface  must  satisfy  simultaneously  three 
known  equations  which  will  either  be  directly  given,  or  which  may 
be  formed  for  the  different  cases  which  can  occur  in  the  manner  we 
have  explained.     These  two  systems  of  three  equations  will  serve 
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for  the  determination  of  the  four  arbitrary  functions  involved  in  the 
complete  integral  of  the  equation  H=^  0. 

When  the  differential  function  V  is  only  of  the  first  order  we 

shall  also  have 

5  =  0,    S=0,    r=0; 

the  partial  differential  equation  H=0  will  not  he  of  a  higher  order 
than  the  second ;  we  shall  have 

X=P,    r=(2,   Z=0; 
and  the  equations  of  the  preceding  article  will  simplify  and  will 
reduce  to  two  for  each  limit  of  U, 

If  we  wish  to  apply  the  formulas  of  the  preceding  article  to  the 
case  of  a  single  integral,  we  must  suppose  that  the  quantity  F  is  a 
function  only  of  a;,  «,  z\  z*' ;  hence  we  shall  have 

g=0,    /S=0,    T=0. 

It  will  be  necessary  at  the  same  time  that  the  zone  of  the 
required  surface  to  which  the  integral  U  will  belong,  should  be 
comprised  between  two  planes  parallel  to  that  of  (y,  z).  The 
cxure  ABC  will  then  reduce  to  two  straight  lines  parallel  to  the 
axis  of  y,  the  limits  of  two  oval  curves  of  which  one  dimension  is 
indefinitely  increased ;  and  as  in  the  equations  with  which  we  are 
concerned  the  differentials  of  x  and  y  relate  to  this  curve  and  the 
differential  da  is  supposed  constant,  we  must  put 

da;  =  0,    rf"a;  =  0,   dy^da^   d*y  =  0. 

The  condition  relative  to  the  length  will  no  longer  hold,  so 
that  we  also  must  suppress  the  terms  which  thence  arise,  that  is, 
put  c  =  0.  Under  these  circumstances  the  equations  of  the  twenty- 
sixth  section  will  coincide  in  all  cases  with  those  which  would 
be  derived  from  the  fifth  case  (Art.  114),  observing  that  the  quan- 
tities which  were  represented  by  y  and  Q  in  that  section  are  now 
represented  by  z  and  -B,  and  that  the  ftmction  V  being  supposed  of 
the  second  order,  the  quantities  JS,  8,  &c.  of  that  section  are  zero. 
This  coincidence  would  supply,  if  that  were  needful,  a  confirmation 
of  our  analysis  with  respect  to  double  integrals. 

116.  In  his  twenty-eighth  section  Poisson  makes  some  remarks 
on  the  mode  in  which  the  arbitrary  functions  are  to  be  determined 
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in  som^  problems.  There  are  particular  problems  in  which  the 
curve  which  forms  the  inner  boundary  of  the  required  surface  accord- 
ing to  the  hypothesis  of  the  twenty-second  section  (Art.  105)  does 
not  exist,  and  in  which  consequently  the  conditions  relative  to  this 
curve  must  be  replaced  by  others,  in  order  that  the  arbitrary  func- 
tions which  are  involved  in  the  general  integral  of  the  equation 
JB^=  0  may  not  remain  undetermined,  and  that  these  problems  may 
be  completely  solved. 

This  circumstance  might  occur,  for  example,  in  the  question 
where  we  have  to  find  a  surface  of  which  the  area  should  be  a 
minimum  between  -certain  limits.  The  equation  H=  0  is  then  a 
partial  differential  equation  of  the  second  order,  and  its  integral 
involving  two  arbitrary  functions  is  known  in  a  finite  form.  Now 
if  the  minimum  area  is  to  be  a  zone  included  between  two  given 
curves,  we  see  that  these  two  curves  through  which  the  required 
surface  is  to  pass  will  theoretically  serve  to  determine  the  two 
arbitrary  functions  which  occur  in  the  equation  to  the  surface,  that 
is,  in  the  integral  of  the  equation  H^  0,  the  only  difficulty  being 
that  which  arises  from  the  complicated  form  of  this  integraL  We 
see  too  that  these  two  curves  might  be  exchanged  for  other  pairs 
of  conditions.  But  if  we  require  that  the  minimum  area  should  be 
all  that  portion  of  the  surface  which  is  bounded  by  the  exterior 
curve,  it  seems  then  that  the  integral  of  the  equation  11=0  will 
have  a  greater  degree  of  generality  than  the  problem,  and  that  the 
given  curve  will  not  be  sufficient  for  the  determination  of  the  two 
arbitraiy  functions. 

117.  In  order  to  remove  this  apparent  indeterminateness,  sup- 
pose we  exchange  the  rectangular  co-ordinates  x  and  y  for  polar  co- 
ordinates r  and  ^,  where  r  is  the  radius  vector  and  0  the  angle  wliich 
r  makes  with  a  fixed  line  drawn  through  the  origin  in  the  plane  of 
(a?,  y).  Put  the  origin  within  the  boundary  formed  by  the  projec- 
tion DEFoi  the  interior  curve  (Art.  105)  when  such  curve  exists. 

Let  r=f{0),     z  =  <f>{0), 

be  the  two  equations  of  this  curve ;  and 

r^F{0),    z  =  ^{0)y 

those  of  the  exterior  curve  of  which  ABC  is  the  projection. 
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For  the  zone  of  minimum  area  the  values  of  r  will  extend  from 
r  ^f{0)  to  r  =  F(0),  and  those  of  0  from  5  =  0  to  5  =  27r,  and  the 
arbitrary  functions  which  occur  in  the  integral  of  -Br=0  must  be 
determined  so  that  z  should  become  if>{0)  and  ^{B)  for  r=f{6) 
and  r  =  F{0)  respectively.  Outside  the  zone,  that  is,  for  values 
of  r  less  than/(tf)  or  greater  than  F{0)  whatever  0  may  be,  the 
ordinate  e  will  be  subject  to  no  limitation  and  can  become  infinite. 
But  if  the  minimum  area  is  to  be  all  that  portion  of  the  surface 
the  projection  of  which  is  bounded  by  the  curve  ABC,  the  values 
ofr  will  extend  fromr  =  0  to  r  =  F{0)  for  every  value  of  0,  and 
throughout  this  extent  the  ordinate  z  must  be  finite.  We  shall 
therefore  suppress  in  this  case  that  portion  of  the  integral  of  11=0 
which  would  become  infinite  when  r«=0;  and  the  integral  thus 
modified  will  be  reduced  to  the  degree  of  generality  which  the 
problem  has ;  so  that  the  single  condition  that  z  should  be  equal 
to  ^{0)  when  r  is  equal  to  F{0)  will  suffice  for  completing  the 
solution  of  the  problem. 

Thus  the  solution  of  the  question  of  the  minimum  area  and  of 
similar  questions,  separates  into  two  problems  which  are  quite  dis- 
tinct so  far  as  relates  to  the  determination  of  the  arbitrary  functions. 
I  only  here  indicate  this  distinction  which  I  mil  take  up  on 
another  occasion. 

If  the  required  surface  is  closed  on  all  sides,  so  that  for  example 
we  have  to  find  the  surface  of  greatest  area  which  incloses  a  given 
volume,  the  conditions  for  this  relative  maximum  will  not  furnish 
any  equation  suitable  for  determining  the  two  arbitrary  functions 
which  the  complete  integral  of  the  equation  H=  0  when  applied 
to  this  problem  will  involve.  It  is  by  means  of  other  considerations 
that  this  integral  must  be  reduced  so  as  to  contain  only  three 
arbitrary  constants,  namely  the  three  co-ordinates  of  the  centre  of 
the  sphere  which  solves  the  problem ;  the  radius  of  the  sphere  will 
be  determined  by  means  of  the  given  volume.  I  propose  to  con- 
sider this  particular  question  in  another  memoir. 

[It  does  not  appear  that  Poisson  ever  returned  to  the  two 
problems  which  he  proposed  in  the  above  section  to  consider  at  a 
future  period.] 


poissoK.  97 

118.    In  the  remaining  three  sections  of  the  memoir  Poisson 

discnsses  an  example.      In   an  addition    to    the  work   entitled 

Meihodua  inveniendi   linecLs,...  Euler  determines  the  figore  of  the 

elastic  lamina,  properly  so  called,  bj  means  of  a  principle  comma- 

(da 
nicated  to  him  bj  Daniel  Bemouilli,  namely,  that  the  integral  1 1 

taken  throughout  the  length  of  the  curve  should  be  less  than  for 
any  other  curve  of  the  same  lepgth ;  ds  being  the  differential 
element  of  the  sought  curve  and  p  its  radius  of  curvature.  In  order 
to  give  an  example  of  the  employment  of  the  preceding  formulas, 
we  will  extend  this  principle  by  induction  to  the  figure  of  equi- 
librium of  an  elastic  lamina  which  is  curved  in  every  direction  and 
the  points  of  which  are  not  acted  on  by  any  given  force.  ThuH 
denoting  by  p  and  f  the  two  principal  radii  of  curvature  at  any 
point  of  this  surface,  or  more  generally  the  radii  of  curvature  of 
two  normal  sections  at  right  angles,  and  by  da  the  differential 
element  of  the  surface,  we  shall  suppose  that  among  all  surfaces  of 
the  same  area  the  elastic  surface  is  that  which  gives  a  minimum 

value  to  the  integral  f)(-  + t)  da.     [This  is  what  Poisson  says, 

but  he  really  takes  the  integral  l|(-  +  x)  dajrfy ;  the  two  however 

coincide  to  the  order  of  approximation  which  he  finally  preserves.] 

By  the  theory  of  the  curvature  of  surfaces  we  know  that  the 

sum  -  +  X  has   the  same  value  for  every  pair  of  normal  sections 

at  right  angles  passing  through  the  same  point.    With  the  notation 
already  adopted,  we  have 

or,  which  is  the  same  thing, 

1      1 

-  +  ^  =  u+r, 

where  u  =  == ,      v  = 


Vl +«'"+«,*'  Vl +«'"  +  «,** 
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We  Iiave  also 


d<r  a=  Vl  +  «"  +  «/  dxdy. 

Let  c  denote  an  undetermined  constant,  and  put 

F=  (u'  +  V,)*  +  2c  Vl  +  ^'  +  O 

then  the  question  amounts  to  making  the  integral  fJVdxdy  an 
a1»olute  minimum.    (See  Art.  104.) 

The  quantity  -N"  of  the  nineteenth  section  (Art  102)  will  l)e  zero, 
and  P,  Q,  jB,  5,  T,  will  have  for  values 

'du'   .  dv. 


^-^(•■^•.>($,+g)- 


It  will  be  sufficient  to  substitute  these  values  and  their  first 
and  second  differential  coefficients  with  respect  to  x  and  y  in  the 
equation  H^O  oi  the  twenty-first  section  (Art.  104),  in  order  to 
obtain  the  indefinite  equation  to  the  elastic  surface ;  this  equation 
will  be  a  partial  differential  equation  of  the  fourth  order.  We  must 
*also  substitute  these  same  quantities  in  the  equations  of  the  twenty- 
sixth  section,  in  order  to  obtain  the  equations  relative  to  the  peri- 
meter of  the  elastic  surface  in  all  the  cases  which  can  occur. 

We  will  confine  ourselves  to  writing  these  equations  for  the 
case  where  the  elastic  surface  differs  but  little  firom  a  plane  figure 
parallel  to  the  plane  of  x  and  y ;  and  we  shall  neglect  consequently 
the  terms  in  Fof  the  fourth  degree  with  respect  to  partial  differ- 
ential coefficients  of  z.  Thus  the  values  of  P,  Q, ...  and  therefore 
the  equations  in  question  will  be  exact  as  fu  as  quantities  of  the 
third  order. 
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Thus  we  have,  simply 

from  which  we  obtain 

thus  the  equation  ^  =  0  will  become 

«""+25;'+«„„-c(ir'+0=o. 

If  we  denote  by  (^  a  new  variable,  we  may  replace  this  equation 
by  the  following  system  of  two  equations  of  the  second  order : 

«"+«.= r,  r+?.=c? (a). 

In  consequence  of  these  values  of  -B,  8^  Ty  the  quantity  Z  of  the 
twenty-fourth  section  (Art.  107)  will  be  equal  to  2(f.  In  order  to 
fix  our  ideas,  I  will  suppose  that  the  limits  of  the  elastic  surface 
in  equilibrium  are  curves  fixed  and  given,  but  that  the  tangent 
plane  to  this  surface  is  not  restricted  by  any  condition  throughout 
the  perimeters  of  these  curves;  hence  it  will  follow  frt)m  the 
second  case  of  the  twenty-sixth  section  (Art.  111)^  that  we  must 
combine  with  the  two  equations  of  each  limiting  ctirve  the  equation 
Z=0  or  ^=0,  in  order  to  form  the  two  systems  of  simultaneous 
equations,  which  with  the  given  area  of  the  elastic  lamina  will 
serve  to  determine  the  constant  c  and  the  arbitrary  functions  con- 
tained in  the  integrals  of  equations  (a).  The  area  of  the  lamina 
cannot  difier  much  from  that  of  its  projection  on  the  plane  of 
X  and  y ;  denote  the  area  of  the  projection  by  X,  tfnd  that  of  the 
lamina  by  X  (1  +  g)  so  that  y  is  a  very  small  positive  fraction ;  we 
shall  have 

^  (1  +5r)  =||vi+«^  +  «;  dx  dy, 

or  to  that  order  of  approximation  which  we  have  adopted 

V  =  |//(^''+0^rfy ^*^' 

119.  We  may  give  another  form  to  the  equations  (a)  and  (i) 
by  changing  the  rectangular  co-ordinates  into  polar  co-ordinates. 
Let  r  be  the  radius  vector  of  the  projection  of  any  point  of  the 

7—2 
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surface  upon  the  plane  of  x  and  y,  and  0  the  angle  which  this 
radius  makes  with  the  axis  of  a;,  so  that 

x=^rcoQ0f    y  =  rsinA 

The  ordinate  «  will  become  a  function  of  r  and  0,  and  we  shall 
have 

-7-  =«  cos&  +  «^  smff, 


"52  =  «,^  COS  5  —  «V  sin  tf ; 


hence 


,     dz        a     dz  sinO 


9 


eb    .    >«     dz  COB  0 

and  as  the  element  dx  dy  will  be  replaced  by  rdr  d0j  the  equation 
(&)  will  become 

v-i//{(l)'-MS)}'*^ <«'• 

If  we  put «  in  the  place  of  «  in  the  value  of  z\  we  shall  have 

n     dil        ^     dsl  fsai0 

by  differentiating  the  value  olz'  in  succession  with  respect  to  r  and  0^ 
we  obtain 

ds!  _  rf^       p       rf*«     sin^     dz  sin^ 
^-^cos</-^r^ -^+2^    r»    ' 

dz_  _  d*z         p     rf"«  sing     dz   .    ^     dz  cob0 
d0^dFd0^^'"d^  T"""A^®"^^"c»"T"' 

hence 
"     ^«       1/1     «  ^*«    sintfcostf     d*z  sin*^ 

€&  sin* 0  ,a^  sin g  cos g 
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We  shall  find  in  the  same  way  that 

dz  cos'g        dz  sin  g  COB  g 

The  same  transformations  will  apply  to  the  differential  coeffi- 
cients i"  and  ^„ ',  thus  the  equations  (a)  will  be  changed  into  the 
following : 

df*'^'?W^r  dr~^ 


dr*^'?  de^^r  dr~^^ 


id). 


From  the  hypothesis  of  the  preceding  article  and  the  supposition 
that  the  exterior  and  interior  curves  which  bound  the  required  sur- 
face are  determined  by  the  same  equations  as  those  in  the  twenty* 
eighth  section  (Art.  117),  it  follows  that  the  value  of  e  which 
we  shall  obtain  by  the  integration  of  equations  {d)  must  satisfy 
simultaneously  the  three  equations 

r  =  F{0),    z^<b{e),     f=0 (e) 

relative  to  the  exterior  limit  of  the  surface,  and  must  satisfy  simul- 
taneously the  three  equations 

r=m,  *=^w,  r=o if) 

relative  to  the  interior  limit.  In  the  most  usual  case  this  second 
limit  will  not  exist ;  according  to  what  has  been  explained  above 
we  shall  then  replace  the  equations  (/)  by  the  condition  that  the 
value  of  0,  which  corresponds  to  r  =  0,  shall  not  become  infinite ; 
and  the  same  must  hold  with  respect  to  t^^  since  we  have  supposed 
in  the  preceding  article  that  the  partial  differential  coefficients  of  «| 
and  therefore  f,  are  very  small  quantities  through  the  whole*  extent 
of  surface  which  we  are  considering.  In  order  that  there  may  not 
remain  any  doubt  on  this  last  case  I  will  complete  the  investigation 
on  the  simplest  hypothesis,  namely,  supposing  that  the  elastic 
lamina  is  circular  and  that  its  figure  of  equilibrium  is  that  of  a 
surface  of  revolution. 
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120.  If  we  take  the  axis  of  the  snirfaoe  for  that  of  «,  the 
quantities  ^  and  z  will  be  independent  of  0^  and  the  equations  {d) 
will  reduce  to 

Let  a  denote  the  given  radius  of  the  projection  of  the  lamina 
on  the  plane  of  the  co-ordinates  r  and  0 ;  we  shall  have  X  =  wo?. 
[Tt  does  not  appear  why  a  is  said  to  be  fftven.]  The  double  in- 
tegral contained  in  equation  (c)  will  extend  from  ^  =  0  and  r  ==  0 
to  0  ~  27r  and  r  =  a,  and  this  equation  will  become 

dz 
where  13  denotes  the  value  of  -^  when  r  =  a,  or  in  other  words  the 

inclination  of  the  tangent  plane  of  the  lamina  to  the  plane  of  pro- 
jection at  any  point  of  the  perimeter.  When  this  inclination  is 
^ven  we  can  immediately  deduce  the  value  of  1  +^,  which  is  the 
ratio  of  the  area  of  the  lamina  to  the  area  of  its  projection;  and 
reciprocally.  [It  is  difficult  to  comprehend  this  equation  g  =  ^/S* ; 
the  equation  (c)  is 

x,.i/X(j)'^^.»../;(|)-^. 

Poisson  seems  to  put  this  =  tt  [ -^  j  I   rdr,  which  is  not  justifiable. 

However  he  only  refers  to  this  equation  once  again,  see  page  104. 
Moreover  if  he  takes  13  as  given  he  has  no  right  to  the  equation 
^^0  at  the  limit;  see  the  first  case  of  the  twenty-sixthr  section, 
Art  110.]  We  may  suppose  that  the  plane  of  the  co-ordinates 
r  and  0  is  that  of  the  boundary  of  the  lamina ;  the  equations  (e) 
wiU  then  be 

r:=a,    «  =  0,     C=0 (*). 

According  to  what  I  have  found  in  another  memoir  {Journal 
de  VEcoU  Polytechnique  19*  coAtbr,  page  475)  the  complete  integral 
of  the  second  equation  {g)  is 

f  =  a  rV*"^"-  dfo  +  b  re-»^~*-  log  (r  sin* »)  d<» ; 
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where  a  and  b  aie  two  arbitraiy  constants,  and  e  the  base  of  the 
Napierian  logarithms.  It  is  indeed  easy  to  verify  that  this  value 
of  f  satisfies  the  second  equation  (j) ;  for  we  deduce  immediatelj 

^^+  ?f  =  -C'/ V-^-  COS'  «dW  -  ^/ V-^-  COS  .xic 


+  bcl  6"*^***  cos*  CD  log  (r  sin* «)  da 


bVc 


1  e"*"^"**  cos  a>  log  (r  sin*  «>)  d<o 

j  e"'^f"-costt>da). 


^        -0 


By  integration  by  parts  we  have 


—  [ V'^**  -  cos  a>(2c»  =  -  c  r%-«->^<«-  sin*  okJio  ; 


—  cl  e"**^*** sin* oi log (r sin* «)  cfa». 
Thus  the  preceding  equation  is  reduced  to 

0+ 1  g  «  ac  f  V'^*-- d«  +  fo  f  V^«*- log  (r  ^^ 

and  this  coincides  with  the  second  equation  (c)  by  reason  of  the 
value  of  ^ 

I  put  5  =  0  and  suppress  the  second  term  of  the  value  of  ^; 
otherwise  (T  would  become  very  large  near  the  centre  of  the  lamina 
and  infinite  at  the  centre  itself.    We  have  then  simply 

•'0 

or,  which  is  the  same  thing, 

w  w 

?=  a  r«-'^—  dt»  +  a  f  *«^«»-  dot. 
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By  reason  of  the  third  equation  {h)  we  shall  have 

and  if  we  replace  cof  by  another  constant  —  7^,  we  shall  have  for 
determining  7  the  equation 

1    C0S(7C0S(»)  rf(»=:0 (1). 

The  value  of  ^  will  become 

w 
^  P        TTCOSO)   , 

f=a|  cos-^ ao), 

Jo  a 

where  -  is  put  instead  of  a.  I  substitute  this  value  in  the  first 
equation  (g) ;  then  integrating  we  have 

dz     aa  [^  .    yr  COS  (o   d<o       aa*  f«/,  7rcoso)\     d©        O 

j-= — I  sm-i^ -3-      (i-cos-t — g-  +  -; 

dr      y  J^  a       cob<o     YrJ^\  a      /  cos'co      r' 

C  being  the  arbitrary  constant.  In  order  that  -j-  should  not  be- 
come very  large  for  very  small  values  of  r,  and  infinite  for  r  =  0, 
we  must  have  (7=0.    For  r  =  a  we  shall  therefore  have 

^     oa  r»  .    ,            .    dw       aa  f^,,  ,  x,    da) 

p  =  — I  sm(7C0S(») yi   {1 —  cos  (7 cos 0)) J — J—; 

7  Jo  'cOSft)       7   Jo  ''cos* ft)' 

lihiB  equation  will  serve  to  determine  the  constant  a,  from  the  known 
value  of  fi  or  V2^.  Integrate  again,  and  denote  the  arbitrary  con- 
stant by  /;  thus  we  shall  have  for  the  equation  to  the  required 
surface 


w 

J. ,  ao?  f'^f^  yr  cos  (o\    da 


-7/.'[/('-"''^)*]^-- 


If  we  suppose  that  the  integral  with  respect  to  r  which  is  in- 
dicated in  the  last  term  of  this  formula  begins  with  r,  the  constant 
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/will  be  tbe  sagitta  of  this  snrfaoe,  that  Is  to  say,  the  value  of  the 
ordinate  e  corresponding  to  its  centre,  that  is,  to  r  =  0.  From  the 
second  equation  (A)  the  value  of/ will  be 

w 

J-         [1  —  cos  (7  cos  CD)]   — 5—  . 

T    Jo  C08"« 

We  can  replace  by  convergent  series  the  definite  integrals  which 
occur  in  these  different  formulae.  In  this  manner  the  equation  (t) 
will  become 

where  2y  has  been  put  for  7.  The  values  of  7"  which  can  be  de- 
duced &om  this  equation  are  known  to  be  infinite  in  number,  and 
all  real  and  positive ;  the  least  of  them  is,  very  nearly, 

7^=  1-46796491. 

This  number,  which  occurs  in  several  problems,  has  been  cal- 
culated by  M.  Largeteau,  secretary  of  the  Bureau  des  longitudes. 
[Poisson  gives  no  reference  with  respect  to  the  roots  of  the  equation 
just  considered;  the  statements  are  proved  in  the  memoir  by 
Fourier  entitled  ThSorie  du  Mouvement  de  la  Chaleur.  Mim.  de 
VAcad.    Tome  iv.  1819,  1820,  page  432.] 

We  shall  have  at  the  same  time 

^~  2  X~  a'   ■^(1.2)»a«     (1 .2  .3)*a''^  •")  ' 

dz  _  irar  (       ffi^  7V* 7'r'  ) 

dr~    4    1        2a»'''3(1.2)*a*     4  (1 .2.3)'a«"^  •'•)' 

*  ~J^  "T  r  "  4'?" "^9  (1 .2)»a*"  16(1 .2.8)'a*'^  *••)  * 
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The  equations  on  which  the  yalnes  of  a  and  /depend  will  be 
"     •'^     8     t^       4^9(1.2)»      16(1.2.3)«^-r 


Traa* 


[thatis,/+-g;^  =  Oby(i)]; 

this  shews  that  ccBterts  paribus  the  sagitta  /  will  be  proportional 

to  the  radius  of  the  lamina  a ;  if  we  ti^e  the  smallest  value  of  7* 

we  shall  have 

f^-afi  (1-60197). 

For  this  value  of  7*  the  ordinate  z  will  have  the  same  sign  as  / 
throughout   the  lamina;   and   there  will  be  no  sinuosity  in  the 
lamina;  hence,  disregarding  the  sign,  z  will  decrease  continually 
from  the  centre  to  the  perimeter ;   and  thus  it  is  that  /  has  the 
contrary  sign  to  fi. 

dz 

[We  have  to  shew  here  that  ^  cannot  be  zero  for  the  smallest 

value  of  r/  except  when  r*©.     Let  F{y)  denote  the  left-hand 
member  of  equation  {k),  so  that 

then  F'iy)=-2y[l-'^  +  ^....}. 

dz 
Hence  if  -j-  could  vanish  for  a  value  of  r  between  0  and  a,  we 

should  have  F'{y)  =  0  for  a  value  of  7*  less  than  1*46796491.    But 
this  is  impossible  for 

V 

2  f ' 
F(y)=^'-  I    cos  (27  cos  »)  diw, 

''''Jo 

w 
A    [1 

jF"(7)=s I    sin(27cosa»}cosa>c7o; 

**  •'0 

and  ^'(7)  is  certainly  negative  so  long  as  27 coso  is  less  than  tt, 
and  is  tlierefore  negative  if  7*  lies  between  0  and  1*4679649. 
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We  may  add  that  the  equation  F'  (7) «  0  will  have  real  roots, 
namely,  a  root  between  each  couflecative  pair  of  roots  of  F{^)  w  0  j 
this  will  be  useful  to  remember  in  reading  Poisson's  next 
paragraph.] 

If  we  substitute  successiyely  in  the  expression  for  z  different 
values  of  7*  derived  from  equation  {k)  we  shall  obtain  as  many 
different  figures  of  equilibrium  of  the  circular  lamina.  Their 
number  will  be  infinite  like  that  of  the  figures  of  the  ordinary 
lamina  which  is  curved  in  only  one  direction ;  and  the  number  of 
their  sinuosities  will  augment  more  and  more  with  the  value  of  y 
which  is  used.  This  number  will  be  zero,  as  just  stated,  and  there 
will  be  no  inflexion  of  the  lamina,  for  the  smallest  value  of  7*.  In 
all  cases  the  inclination  of  the  tangent  plane  will  be  zero  at  the 

centre  of  the  lamina;   for  &om  the  value  of  z  we  have  7  ""O 
when  r  =  0. 

121.  Here  Poisson's  memoir  closes.  The  last  eleven  pages  of 
the  memoir  have  been  spent  on  a  problem  which  is  only  a  case  of 
a  single  integral.  It  may  be  useful  then  to  give  a  solution  of  the 
problem  in  a  simpler  form  than  Poisson's. 

Let  Ozj  Or  be  two  axes  at  right  angles  and  suppose  a  surface 
formed  by  the  revolution  of  a  curve  round  the  axis  of  z.  (See 
figure  3.)  The  principal  radii  of  curvature  at  any  point  of  a  suiv 
face  of  revolution  are  the  radius  of  curvature  of  the  generating 
curve  and  the  length  of  the  normal  at  the  point  between  the  point 
and  the  axis  of  revolution.    Denote  these  by  p^  and  p, ;  then 

JPz  dz 

1  ^  1  dr 

The  expression  which  we  have  to  make  a  mininjum  is 
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If  we  adopt  the  approximation  of  Poisson,  that  is,  if  we  reject 
terms  of  the  fourth  degree,  we  get 

Thus  we  may  put 


r= 


dz  f 

where p^^l  Mid  we  have  to  make  /  Vdr  a  minimnm.    By  ordi- 
nary roles  then  we  have 

therefore  cz^-f-  --2  =-  a  constant  =  C\ 

dr     r  ' 

d^z     \  dt  ^, 

or  ;73+i  ;^:==^"'^- 

(7' 
Now  pnt  z =  v ;  thus    . 

d^v  ,  1  ^*>  _ 
rfr*     r  S" 

Hence  assuming  Poisson's  integral  of  this  differential  equation 
we  get  the  value  of  v ;  and  thus  finally 

z=^A  [  V'^~*-  rf«  +  j5  f  %-'>^«—  log  (r  sin* «)  cfo)  +  Gy 
where  ^,  J?>  (7  are  arbitrary  constants. 
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The  integrated  part  of  B  |  Vdr  is 


i*+«(4+')(*-i»')- 


We  have  now  to  determine  the  constants  A^  Bj  C  and  c. 

We  may  obviously  give  C  any  value  we  Kke,  for  this  amounts 
to  pushing  the  surface  along  the  axis  of  z  without  making  any 
chimge  in  the  value  of  any  element  of  JVdr.     Suppose  then 

C  =  0. 

Now  by  hypothesis  the  area  is  given,  that  is,  to  our  order 
of  approximation  the  value  of  the  integral 

2ir  fil  + 


iHm}-^' 


extended  over  all  admissible  values  of  r  is  given.  Let  us 
suppose  with  Poisson,  that  the  boundary  of  the  surface  is  a  circle 
of  radius  a ;  then 

27r  I    ]l  +  o  [-J-)  \  ^dr  =  a  given  finite  quantity. 

Now  unless  J?  =  0  this  integral  will  be  infinite  and  therefore 
cannot  be  equal  to  a  given  finite  quantity.  We  must  therefore 
have  B=:Oy  and  then  the  buct  of  the  area  being  given  supplies 
a  condition  for  determining  A  in  terms  of  o.  We  must  examine 
the  integrated  part  of  the  variation.  Since  the  limits  of  r  are 
fixed,  namely  0  and  a,  the  variation  Sr  is  zero  at  both  limits; 

Also  r  —  +p  =  0  when  r=0;  thus  to  make  the  integrated  part 

vanish  all  that  is  necessary  is  that  r-i--+p  should  vanish  when 
r  =  a.     This,  by  reduction  as  in  Poisson,  leads  to 


rc-*^**-cfo)  =  0, 


and  shews  that  c  must  really  be  a  negative  quantity ;  from  this 
equation  c  must  be  found  in  terms  of  a. 
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The  results  of  this  solution  are  thus  the  same  as  those  of 

Poisson's  if  we  omit  that  statement  of  his  that  -7-  is  given  at 

dz 
the  limit    If  -^  were  given  at  the  limit  the  integrated  part  of 

hjVdr  would  all  vanish ;  and  instead  of  the  equation 


/: 


for  determining  c  we  should  have 


""     j    ^  *  *'^*' ijccostodta^fi, 


dz 

where  ^8  is  the  given  value  of  ^  when  r=:a.    The  constant  a 

in  Poisson's  solution  ought  to  be  found  &om  the  circumstance 
of  the  area  being  given. 

It  should  be  observed  that  some  of  Poisson's  expressions  might 
be  put  in  a  simpler  form  than  he  has  adopted.  For  from  the  values 
of  ^  and  z  at  the  bottom  of  page  105  we  see  that 

This  might  also  be  obtained  from  equations  (y);   for  they  will 
give 

d\i--cz)  ^  1  dji^cz)^^ 
dr^  r        ^  ' 

and  bj  integrating  and  determining  the  constants  we  shall  obtain 
the  above  value  of  z.   And  with  that  value  of  z  we  can  give  simpler 

dz 
forms  for  -7-  9  A  ^9  and^  in  terms  of  a  definite  integral,  than  those 

on  pages  104  and  105. 
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CHAPTER   V. 


OSTROGRADSKY. 


122.  On  the  24th  of  January  1834,  a  memoir  was  communi- 
cated by  M.  Ostrogradskj  to  the  Academy  of  Sciences  of  St  Peters- 
burg, entitled  Mtmoire  mr  le  Calcul  des  Variations  des  InUgraha 
multiples.  This  memoir  is  published  in  the  sixth  series  of  the 
memoirs  of  the  Academy  of  St  Petersburg ;  the  volume  is  dated 
1838,  and  is  called  the  third  volume  of  the  section  comprising  the 
mathematical,  physical,  and  natural  sciences ;  it  is  also  called  the 
first  volume  of  a  section  including  only  the  mathematical  and 
physical  sciences.  The  memoir  occupies  twenty-four  pages.  The 
memoir  is  also  published  in  Crelle^s  Journal^  Vol.  xv. 

'  We  shall  give  here  the  whole  of  Ostrogradsky's  memoir ;  its 
object  will  be  seen  ftom  (he  introductory  paragraphs.  Ostrogradsky 
confirms  some  of  the  results  obtained  by  Poisson  which  have 
been  given  in  the  preceding  chapter  of  the  present  work ;  and  he 
points  out  the  error  of  Euler  and  Lacroix  which  has  been  alluded 
to  in  Articles  39  and  40.    We  now  proceed  to  the  memoir. 

123.  The  application  of  the  method  of  variations  to  functions 
which  comprise  integrals  with  respect  to  only  one  variable  may 
be  considered  perfect  with  respect  both  to  simplicity  and  to  gene- 
rality. But  this  is  far  firom  being  the  case  when  we  have  to  obtain 
the  variation  of  a  multiple  integral  which  involves  different  vari- 
ables. Certain  questions  relating  to  this  case  seem  to  require  more 
generality  than  is  possessed  by  the  Calculus  of  Variations  as  La- 
grange has  exhibited  it.  This  might  lead  us  to  believe  that  the 
principles  of  that  great  mathematician  have  not  been  Suitably 
applied,  or  that  the  principles  themselves  are  not  always  sufficient. 
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It  is  donbtless  for  this  reason  that  M.  Poisson,  in  a  memoir 
which  he  read  to  the  Academy  of  Sciences  at  Paris,  on  Noyember 
10th,  1831,  thought  it  necessary  to  add  to  the  principles  of  the 
Calculus  of  Variations  which  were  established  by  Lagrange,  a  sort  of 
new  principle,  which  consists  in  regarding  the  independent  variables 
of  the  question  as  functions  of  other  auxiliary  variables.  The  latter 
disappear  of  themselves  in  the  course  of  the  investigation ;  but  by 
making  use  of  them  in  the  case  of  two  independent  variables  x  and 
y,  M.  Poisson  has  not  been  compelled  to  consider  the  variation  Bx 
as  a  function  of  x  only,  and  the  variation  Sy  as  a  function  of  y  only; 
a  limitation  which  all  mathematicians  who  have  investigated  the 
variation  of  the  partial  differential  coefficients  of  a  function  of  two 
variables  have  been  in  some  way  forced  to  make  by  the  nature  of 
their  process. 

Nevertheless  the  supposition  that  Sx  is  independent  of  y,  and  that 
Sjf  is  independent  of  Xy  seems  to  follow  from  the  most  simple  and 
elementary  principles  of  the  differential  calculus ;  and  so  long  as  it 
remains  unproved  that  these  principles  are  insufficient  or  that  an  in- 
accurate application  has  been  made  of  them,  it  would  be  a  question 
whether  the  formulae  given  by  M.  Poisson  for  the  variation  of  the 
partial  differential  coefficients  of  a  function  of  two*  variables  ought 
to  be  preferred  to  those  of  Euler  and  other  mathematicians  which 
have  the  same  object  It  is  true  that  the  latter  are  a  particular  case 
of  the  former ;  but  perhaps  this  particular  case  is  that  which  must 
always  exist. 

We  now  decide  this  question  in  favour  of  the  formulae  of  M. 
Poisson.  We  shall  shew  that  the  mathematicians  who  have 
treated  of  the  variation  of  double  integrals,  including  Euler  himself, 
have  not  differentiated  the  partial  differential  coefficients  of  the  prin- 
cipal variable  with  regard  to  the  sjnmbol  8  correctly.  But  at  the 
same  time  it  will  be  seen  that  the  introduction  of  auxiliary  variables 
into  this  kind  of  question  is  not  necessary.  The  memoir  of  M. 
Poisson  on  the  Calculus  of  Variations  will  always  be  cited  in  the 
history  of  differential  analysis.  There  for  the  first  time  was  given 
the  complete  variation  of  a  double  integral ;  it  is  deduced  from  the 
consideration  of  auxiliary  variables.  But  it  is  quite  possible  to 
restrict  ourselves  to  the  principles  of  the  immortal  author  of  the 
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MSoanifpie  Analytique;  for  those  principles  combine  extreme  sinir 
plicity  with  all  llie  necessary  generality. 

We  will  first  point  out  the  inaccuracy  which  has  escaped  the 
notice  of  mathematicians  who  have  investigated  the  yariatiou  of  the 
partial  differential  coefficients  of  a  Amotion  of  two  variables ;  and 
we  will  then  indicate  a  method  for  finding  the  variation  of  any  mul- 
tiple integral. 

124.  Let  us  denote  by  z  any  function  of  the  two  independent 
variables  «  and  y;  and  put  ^  =  ^',    ^  =  z„   ^  =  z",    ^=<, 

cPz 

-j-i^z^^j  and  so  on.  Then  let  us  give  to  the  quantities  x^y^  z^ 
ay 

respectively,  the  simultaneous  increments  Sa?,  Sy,  S«,  which  we  will 
regard  as  indefinitely  small  arbitrary  functions  of  x  and  y ;  in  con- 
sequence of  these  increments  the  quantities  z\  z^^  z*\  ...  will  become 
respectively  z*  +  &',  z^  +  hz, ,  z"  +  &", . . . ;  we  propose  then  to  de- 
termine the  variations  tz\Zz^y  tz"j ... 

dz 
Consider  first  hz\    Since  «'  =  7-  it  was  supposed  that  in  order 

to  obtain  Zz'  it  was  necessary  to  differentiate  in  the  common  way 
the  quantity  -r-  with  respect  to  S ;  and  this  gave  the  inaccurate  re- 
sult &'  =  ^  -  «'  ^ .     [See  Art.  39.]     In  order  to  discover  the 
dx  ax 

source  of  this  error  we  have  only  to  ascend  to  the  origin  of  the 
quantity  hz  ;  let  us  denote  for  an  instant  a?  +  &»,  y  +  Sy,  « +  &, 
respectively  by  X,  F,  Z\  we  shall  then  have  obviously 

«,  ,      aZ        t 
and  oz  =  -r^  —  ^  • 

The  partial  differential  coefficient  z  is  taken  on  the  supposition 

that  y  is  invariable ;  and  the  partial  differential  coefficient  ^  on 

the  supposition  that  Y  is  invariable,  that  is,  on  the  supposition 

8 
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that  y  +  fiy  is  invariable.    But  it  was  supposed  that  the  differential 

coefficients  z*  and  -^y  were  both  obtained  on  the  same  supposition, 

namely,  that  dy^^\  and  this  is  the  inaccuracy  to  which  we  have 
referred* 

Restore  for  X,  F,  Z  their  values  X'\-hx^  y  +  %>  «  +  &.     We 
shall  obtain 

-,  r  _  <?(g-f-&g)  ^  ,  _  rf  (g  4-  &g)  —z'djx  +  &c) 

the  differentials  <2  (is  +  S2;)  and  d{x'\'hx)  are  to  be  taken  on  the  sup- 
position that  rf  (y  +  Sy)  =  0. 

But       «?(«  +  8«)  =  («'  +  ^)db+(«.  +  ^^)rfy, 

substitute  these  values  of  c2  («  +  tz)  and  c7  (a;  +  &r)  in  the  last  value 
of  hz' ;  we  shall  obtain 

and  at  the  same  time 

dhy 

die  '^^  '  V*  '   «?y 


0  =  ^&:+(l  +  ^)rfy. 


Eliminating  dx  and  (fy,  we  have 


t     \dx  dx       *  dx)\        dy )      \dy         dy       *  dy )  dx 

V        dx/  \         dy  I       dy    dx 
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And  from  this  hj  including  only  amall  terms  of  the  first 
order  we  have 

"  dx         dx       * 

If  we  compare  this  yalue  Sz'  with  the  former,  namely, 

•^  , __ dSz       ,dSx 
~'  dx         cLd  * 

we  see   that  by  assuming  dy  =  0  instead  o{  d(if  +  Sff)  —  Oj  we 

suppress  in  iz'  the  term  s,  --7^  which  is  of  the  same  order  of 

magnitude  as  Sz\  and  which  by  the  principles  of  the  Differential 
Calculus  ought  to  be  retained. 

Suppose  that  the  quantity  8y  is  independent  of  a;;  we  shall 


have  ^9^  =  0,and8»'  =  -5 «'-j— >  which  is  the  result  obtained 

ax  ox  dx 

da 

by  differentiating  in  the  ordinary  way  the  quantity  ^  with 
respect  to  S.  And  it  is  easy  to  see  that  on  the  hypothesis 
^^  =  0  the  common  differentiation  is  allowable;   for  since  then 

^  (y  +  %)  =  ( 1  +  ^^)  ^^9  if  we  put  e?  (y  +  Sy)  =  0,  we  have  ob- 
viously rfy  =  0;   then  in  the   expression  ^'^  j)  iuiJ\'^^'*  *^® 

partial  differential  coefficients  z'  and  ,\  .  g^\  «uf©  ^tt  formed 
on  the  same  supposition,  namely,  that  dy  =  0. 

It  is  evident  that 

.,     dSz      ,dSx       %      >^^.  .  .>nn  I  djSz'-z'Sx^zfy) 

We  shall  obtain  in  the  same  manner 

8—2 
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For  tbe  differential  coeffidents  of  the  second  order  we  have 

^_„  _  rf  (g'  +  8g')      ,, 

Then  we  shall  obtain  the  variations  Bz'\  S«/,  S^^^  bj  changing 
z  into  0'  or  is^  in  the  values  of  Bz'  and  Sz^.    Thus  we  shall  have 

5  '        "^     .  ^  ^     .  dlSz.-^z'Sx  —  z^Sv) 
Sz^  =«,  Sa.  +  <,Sy  +  -^-^^ — ^ 2^-^, 

Therefore 

And  similarly  we  can  find  the  variations  of  the  differential 
coeflScients  of  the  higher  orders. 

[These  results  agree  with  Poisson's;  see  Art.  102.] 

125.  The  preceding  method  shews  sufficiently  how  by  direct 
application  of  the  characteristic  S  to  the  partial  differential  coeffi- 
cients z\  z^y  z'\  ...  we  can  find  the  variations  of  these  differential 
coefficients.  But  it  is  better  to  seek  the  variations  Sz\  8z^^  Bz\  ... 
by  the  use  of  total  differentials. 
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In  order  to  consider  the  subject  with  due  generalily,  let  us 
designate  bj  u  a  function  of  as  manj  quantities  a;,  y,  «,  •••  as.we 
please,  and  suppose  that  the  variable  u  and  the  independent 
quantities  x^y^z^  ...  receive  simultaneously  the  increments  Su, 
SXf  Sy,  8zy ...  which  we  shall  consider  as  arbitrary  functions  of 
all  the  independent  variables. 

In  order  to  find  the  variations 

^du     ^du     ^du 

due  to  the  increments  Su,  &r,  Stfj  Sz^ ...  let  us  take  the  fundap 
mental  equation 

Sdu^dSu; 
put  for  dSu  its  value 

dBu  y      dSu  y      dSu  y 
and  for  du  its  value 


du  J    ,  du  J    ,  du  J    , 


develop  Mu^  that  is, 


\dx  dy 

in  the  following  manner ; 


c  fdu  ,        du  1        du  T  \ 


\.   ^  /^ du     du dZx     du dSy  du  dSz  \  , 

^\  dx     dxl^     dy  dx  dz  dx  "  / 

/^  du     du  dBx     du  dSy  du  dSz  \  , 

\  dy     dx  ISy      dy  dy  dz  dy  **  /    ^ 

4.  ^S  —  4-  —  ^^  4.  ^  ^M  -I.  —  ^  4-      \tJ 

\  dz     dx  dz      dy  dz  dz  dz  *'  / 

•  •••  5 
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Now  equate  the  coefficients  of  the  arbitraiy  quantities  dx^  dy^ 
cfo,  ...  and  we  hate 

t^du  _ diu  du  dSx     du  diy  dudSe 

dx"  dx  dx  dx      dy  dx  dz  dx      *"' 

^du     dhu  dudSx     dudSy  dudiz 

dy      dy  ^  dy      dy  dy  dz  dy      **'' 

^du ^ dBu  du  dSx     du  dhy  du  dtz 

dz'^  dz  ^  dz      dy  dz  Ik  dz      *"' 


It  is  easy  to  give  to  these  expressions  the  following  fbnn ; 

du       d}u   ^    .    d^u   ^    .    d^u 

dxdy 


ctx       aar  axav  dxaz 


dx 


^du      ^u  Si     ,   d'u  ^    ^    d^u   ^    . 


^fc-^^"l^"^^~-) 


^du_   d\i  ^       dSi  g        d^  &:  +  ,,, 
dz     dxdz  dydz^      d^ 


^(^-£^-|»-S«--) 


For  abbreviation  pat 
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dy     dxdy  dj^  ^     dyd$s  "'       dy   ' 

^du_^   d^u  ^       d^u   ^        cPu  ^  dPu 

^   "^ dxdz  dydz^      S?  ***       dz    ' 


We  may  remark  that  the  terms  which  do  not  involve  Du  in  the 
preceding  formula  are  the  ordinary  differentials  of  the  quantities 

du    du    du  -J      J 

**'  ^ '  A/ '  S  *  '*'  considered  as  functions  of  a:,  y,  «, ...  and  sup- 
posing that  the  differentials  of  a?,  y,  «, ...  are  &»,  Sy,  S0, ...  If  thea 
we  denote  by  the  symbol  A  the  differential  of  a  function  of  a:,  y,  0,  ••• 
due  to  the  increments  tx^  Sy,  &, ...  we  shall  have 

Sti  =  Ate  +  Duf 

;$^  —  A  du     dDu 
dx"     dx      dx   ' 

X  ^  —  A  ^^1  ^-^ 
dy"      dy       dy   * 

;5^  —  A  ^"    <?.Pu 
c£s  dz       dz 


It  is  not  difficult  to  find  the  variations  of  the  higher  differential 

^-5  .        d^u      d^u  •  1  •! 

coefficients ^j  ,    ,    ,  , ... ;   it  may  be  easily  seen  that  we  shall 

have  generally, 

d^u  .  c?M  d^Du 

=  A 


da^cfy*d«*...  daid'jf^dz^..,     dsidjf^dz'^../ 

[The  method  of  this  Article  appears  less  dear  than  that  in 
Art.  124 ;  there  is  a  want  of  definition  of  what  is  meant  by  such 

a  symbol  as  S  -^  •     In  the  first  method  definition  is  given  and 

consequences  deduced  firom  it;  the  formuks  given  in  the  present 
Article  may  be  obtained  by  the  first  method.  An  additional 
advantage  in  the  first  method  is,  that  we  can  see  more  easily  to 
what  order  of  approximation  the  results  are  true.] 
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126.  What  has  now  been  given  will  suffice  for  finding  the 
variation  of  a  fdnction  Z7  which  involves  u,  Xy  tf,  z,...  and  the 
di£ferential  coefficients  of  u  with  respect  to  the  variables.  We  have 
only  to  take  the  difierential  of  i7  supposing  that  all  the  quantities 

Xyj/yZy...  ^"JZ**'*  receive    their    variations    denoted    by    the 

symbol  S.     But  since  the   variations  of  each  of  the  quantities 

ti,  -7-  9  •••  is  composed  of  two  indefinitely  small  quantities,  we  may 

by  the  principles  of  the  Differential  Calculus  augment  Xy  y^  z, ... 

by  Sxj  Sjfy  Sz,  •••   and  give  to  ti,  -7- » •••  at  first  only  the  former 

parts  of  their  variations,  namely  Ati,  A  ^  , ...  Thus  we  shall  ob- 
tain an  increment  for  U  which  will  form  the  first  part  of  the 
variation  SU.  Then  without  changing  a;,  y,  0, ...  we  can  augment 
u  and  its  differential  coefficients  by  the  second  part  of  their 

variations  Du,  —^ — , ... ;   the  increment  which  the  function  U  will 

in  consequence  receive  will  form  the  second  part  of  the  variation 
of  K 

The  first  part  of  the  variation  SZJwill  evidently  be 

where  -j—  means  the  complete  differential  coefficient  of  U  with  re- 
spect to  X,  and  -7-  the  complete  differential  coefficient  with  respect 

to  y,  and  so  on.  Let  us  denote  hj  DU  the  second  part  of  the 
variation  SU;  this  part  is  due  to  the  increment  Du  of  the  quantity  u, 
this  increment  being  ascribed  to  u  wherever  it  occurs  in  U.  We 
shall  then  have 

SU=^Bx  +  ^Sj,  +  ^Bz  +  ...+DU. 
ax  ay   ^      dz 

We  abstain  isova  writing  the  development  of  the  differential 
DV. 
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127.  Let  118  now  proceed  to  find  the  variation  of  the  definite 
integral 

V^jUdxdydz.,. 

taken  for  all  the  values  of  Xj  y^z  ...  which  satisfy  the  inequalify 

i<0, 
L  being  a  function  of  x,  y^  z^.,. 

The  variation  of  the  integral  fUdxdy  dz  ...  is  obviously  equal 
to  the  sum  of  the  variations  of  all  its  differential  elements ;  thus  in 
order  to  obtain  S  F  we  have  only  to  take  the  integral  of  the  variation 
S{Udxdydz...);  this  will  give 

BV=jS{Udxdydz...). 

But  by  the  principle  of  the  Differential  Calculus 

S{Udxdydz  ...)  ^hUdxdydz  ...  +  Uh{dxdydz  ...); 
thus  by  the  preceding  article 

S{Udxdydz  ...)  =  (^^+  T/"^"*"  ^^^  "*"  •••  j  ^^y^--- 

+  UB{dxdydz  ...)+I)Udxdydz... 
Therefore 

•^  jDUdxdydz ... 
We  shall  presently  prove  that 

hence  it  will  follow  that 

+  JDUdxdydz ... 

The  differential  coefficient  -^ — -  is  total  with  respect  to  x, 
and    ^y  ^'  is  total  with  respect  to  y,  and  so  on. 


122  OSTROORADBKT. 

128.  We  will  now  investigate  the  variation  S{dxdtf€k ...). 
Suppose  x  +  Sx^Xy  y  +  Sy  =  F,  «  +  8«  =  Z, ... ;  we  shall  have 

h{dxdydz  ...)  =^dXdYdZ ...  ^dxdydz  ... 

The  quantities  Xj  Y,  Z ...  are  functions  of  a;,  y,  2;,...;  to  obtain 
dX  we  have  only  to  differentiate  X  in  the  ordinary  way  and  sup- 
pose F,^,...   constant.     Thus 

^     dYj      dY,    .  dY,   . 


From  these  we  shall  derive 

afdX  dY  dZ    \  , 
,xr         \dx    dy    dz      J 

— 8(ilil  \    ' 

\dy  *  da  "7 

We  have  followed  the  notation  of  M.  Cauchy,  and  denoted  by 

/9(a,  by  c  ... ) 

the  result  of  eliminating  the  quantities  p,  ;»  r, ...  which  satisfy  the 
equations 

0  =  op  +  Ojj  +  ajr  +  ..., 

0=  cp+  Cjg'+  ©/•+  ..., 


We  suppose  that  the  term  ahjC^...  in  the  result  is  taken  with 
the  positive  sign. 

To  obtain  rfFwe  must  differentiate  Fand  suppose 

dX=:Oj  dZ^O,...; 
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that  IB,  dxjBsO,  cZZsO, ...;  thus 


^    dZ  ,      dZ  , 


whence  JF=        ^    ■; 


We  shall  obtain  in  the  same  manner 

az  !l> 

^'     Si...)     • 

and  so  on.    The  denominator  of  the  last  differential  will  be  unity ; 
for  ify  for  example,  ^Twere  the  last  variable,  we  should  have  had 

az 
Now  form  the  product  dX.  dY.  dZ... ;  we  have 

dX.*dYmdZ •••  =  ^(t/^'Tt — •"TT"***  J  dxdydz  •••  j 
therefore 

h {dxdydz...)  =  ]^(-j~'  t— .-^  ...J  — Ifcforfydi... 

The  principles  of  Differential  Analysis  require  that  in  calcu- 
lating the  coefficient 


gfdX  dY  dZ    \     ^ 
\dx  *  dy  *  dz  "  / 


we  should  take  account  only  of  infinitely  small  quantities  of  the 
first  order,  because     j^j^j^  "    ^  ^  indefinitely  small  quantity  of 

the  first  order.    But  except  the  term  "^  •  ~^  •  -^  *••  ^  ^^  terms 
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-7-.-^. -J-...)  are  of  the  second  order  at  least;  thus  the 
ax     ay    dz     J 

following  is  true  as  far  as  quantities  of  the  first  order : 

/dX  dY  dZ    \dXdYdZ 
\dx  *  dy  '  dz  "/      dx*  dy  '  dz  '" 

Hence      S{dxdydz ...)  =  [■-r-'-T-  '-f  ••• ""  l)  dxdydz  ... 

Restore  for  X,  F,  Z, ...  their  values  x  +  hcj  y  +  Sy,  «  +  S«, ... ; 
we  shall  then  have 

S(d»4,&...).{(i+*')(i+f)(i+f)...-i}&**... 

Therefore  retaining  only  small  quantities  of  the  first  order 
S  {dxdydz...)  =  (-7-  +^  +  77"+  •••  )dxdydz... 

[This  result  may  be  simply  found  as  follows;   suppose  for 
elample  three  variables,  and  take  the  equations 

CKC  CKf  Cms 

^     dY,      dY,      dY, 
^-l^^  +  -^^y+-d^'^' 

The  second  and  third  equations  shew  that  dy  and  dz  are  of 
the  second  order  compared  with  dx\  for  -j-  and  -j-*?^^  indefinitely 

dY  dZ 

small  while  -^  and  -^  are  finite.    Hence  if  we  reject  terms  of 
the  third  order 

dX^  -j-dx. 
ax 

Similar  equations  hold  for  c^Fand  dZ\  therefore 

dXdYdZ^—j-  •~T^,^r' dxdydz 

ax    ay    dz        ^ 
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where  terms  of  the  second  order  are  rejected.    Thus 

With  respect  to  some  of  the  points  suggested  by  this  article 
the  student  is  referred  to  Chapter  xi.  of  the  Treatise  on  the  Integral 
Calculus.] 

129.  Before  proceeding  further  we  will  determine  the  limits 
of  the  variables  x,  y^  z  ,..  in  the  integral 


[Uda^dydz ... 


when  extended  to  all  the  values  o{  x,  y^  z ...  which  satisfy  the 
inequality  £  <  0  so  that  at  the  limits  of  the  integral  we  have  L^O. 
We  propose  to  integrate  first  with  respect  to  x^  then  with  respect 
to  y,  then  with  respect  to  Zj  and  so  on. 

Assume  that  the  equation  L^O  when  solved  with  respect  to  x 
gives  only  two  values  for  this  variable  x^  and  a;^.  These  values 
are  the  limits  of  the  variable  x,  and  supposing  that  the  function  L 
continues  negative  for  values  of  x  comprised  between  x^  and  x^^ 
we  must  integrate  the  expression 


lUdxdydz  ... 


from  x  =  x^  to  x  =  x^y  supposing  x^  less  than  x^.  As  to  the  quan- 
tities y,  «, ...  we  must  ascribe  to  them  all  values  which  allow  x^ 
and  o;^  to  be  real,  and  we  must  exclude  all  values  which  make  x^ 
and  X,  imaginary;  but  in  passing  from  real  to  imaginary  values 
the  roots  x^  and  x^  become  equal,  as  we  know  from  the  theory  of 
equations;  therefore  at  the  limits  of  y,  js,  ...  we  shall  have  simul- 
taneously 

i  =  0,    ^  =  0. 

If  we  eliminate  x  between  these  two  equations  we  shall  obtain 
an  equation  in  y,  £?,... ;  this  equation  we  will  suppose  gives  two 
values  of  y,  say  y^  and  y^,  which  will  be  the  limits  between  which 
we  must  integrate  jUdxdydz ...  with  respect  to  y;  we  take  the 
integral  from  the  leas  of  the  two  values  y^  and  y^  to  the  greater. 
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We  shall  arrive  at  the  same  result  in  the  following  manner ; 
after  having  integrated  with  respect  to  a;  we  ought  to  integrate 
with  respect  to  y  obviously  from  the  least  to  the  greatest  value  of 
this  variable,  supposing  x  and  y  connected  by  the  equation  Zr  =  0, 
and  considering  «, ...  as  constant;  differentiating  on  this  hypo- 
thesis we  have 

A  —  ^    ^^  ^y , 

"  dx      dy  dx' 
in  order  that  y  may  be  a  maximum  we  must  have  ;^  =  0,  and  this 

gives  to  determine  the  limit  of  y  the  equation  -7— =  0;  this  coin- 
cides with  the  result  already  found. 

To  obtain  the  limits  with  respect  to  0  we  must  treat  the  equar 
tion  which  results  by  eliminating  x  between  L^O  and  -3    ^0 

precisely  as  we  have  already  treated  the  equation  L^O.    But  we 
may  suppose  that  this  result  of  the  elimination  of  the  variable  x 

between  Zr  =  0  and  -r-  =  0  is  the  equation  Zr  =  0,  in  which  we  put 

for  X  its  value  found  from  -^  =  0.    In  order  then  to  find  the 

ax 

limits  of  z  we  must  differentiate  the  equation  £  =  0  with  respect 

to  y^  considering  a;  as  a  function  of  ^ ;  this  will  give 

dL     dL  dx  ^ 
dy      dx  dy       ' 

dT  dT 

and  therefore  ;t-  =  0  since  ;7-  =  0.    By  eliminating  y  between 

dT 

Z  =  0  and  -=-  =  0  we  shall  obtain  an  equation  which  will  iumish 

the  limits  for  z.    By  proceeding  in  this  way  we  shall  find  the 
limits  for  all  the  variables  which  occur  in  the  integral 


\udxdydz... 


Thus  we  have  the  following  conclusion ;  the  limits  of  x  are 
given  immediately  by  the  solution  of  the  equation  £  =  0  with 
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respect  to  x;  the  limits  of  y  are  determined  bj  solving  with 
respect  to  y  the  equation  which  results  from  the  elimination  of 

X  between  1/  =  0  and  ;^  ==  0 ;  flie  limits  of  «  are  determined  by 

solving  with  respect  to  z  the  equation  which  results  from  the 
elimination  of  x  and  y  between 


and  so  on. 


We  have  supposed  that  the  equations  relative  to  the  limits 

of  Hie  integral 

jUdxdydz  ... 

give  only  two  values  for  each  of  the  quantities  a;,  y,  0, ...  but  it 
would  be  easy,  from  what  has  been  given,  to  treat  the  case 
where  the  equations  have  more  than  two  roots.  The  number 
of  limiting  values  for  each  variable  a;,  y,  0, ...  including  if  ne- 
cessary infinite  valueS|  must  be  an  even  number. 

130.    We  now  return  to  the  variation 

+  JDUdxdydz  ...; 

for  shortness  put  Uix^Py  Uhy—  Qy  Uiz  =  B, ... ;  we  shall  have 
then 

Sr=f(^+^+^+...Wrfy&...  +  JDUdxdydz.... 
CSonsider  first  the  part 

of  the  preceding  variation ;  suppose  that  x^  is  the  greater  of  the 
two  values  x^  and  x^  which  are  obtained  by  solving  the  equation 
i  =  0  with  respect  to  x.    We  have 

/as  ^^y*  —    =J(^i-^o)  ^y^  ••• 
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By  Pj  we  denote  the  value  of  P  when  x^  is  put  in  it  for  a?, 
and  by  P^  the  value  of  P  when  x^  is  put  in  it  for  x. 

Since  the  function  L  has  a  positive  value  before  it  vanishes 
when  x^x^j   and   a  negative   value   before   it   vanishes  when 

x^x^j  it  follows  that  the  differential  coefficient  -r-  is  negative 

for  x^x^j  and  is  positive  for  x^^x^;  therefore  if  we  take  the 

radical  \/(jZ^)  positively  we  shall  have 

dL 

-      when  x  =  Xf., 


when  a?  =  a?j. 


Substitute  these  values  in  the  equation 

tfJP  f 

j-^dxdydz  ...       ^j{Pt-P^dydz..., 


and  we  shall  have 


j^dxdydz...       =  I     i^j^dydz..., 

the  integral  on  the  right-hand  side  includes  only  those  values 
of  x^y^  Zj  ...  which  satisfy  the  equation  i  =  0. 

In  the  same  way  we  shall  obtain 

-JT^dxdz..., 

—^dxdy... 
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Thus, 


J  a/{x») 


dL 

dxdz  ••• 


•  •  • 


T"  •  •  •  • 


The  integrals  on  the  right-hand  side  must  be  taken  for 
those  values  of  Xy  y,  «, ...  which  satisfy  the  equation  L^O. 
Consider  two  of  these  integrals,  for  example, 

from  the  preceding  article  we  may  easily  see  that  their  limits 
with  respect  to  z^ ...  are  the  same;  further  we  have 

cLL   t        dL  « 

for  all  the  elements  of  these  integrals  in  which  the  variables  Zj ... 

remain  the  same ;  so  that  the  differentials  -?-  dx  and  -?-  dy  are 

equal,  neglecting  the  sign.    Thus  if  we  take  the  increments  dx 
and  dy  positively  and  also  the  radicals,  we  have 

dy  dx 

and  therefore  multiplying  by  dz  ... , 

dy  dz  ...      d^dz  ... 
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It  is  easy  to  deduce  that  in  general  we  shall  have 
dydz,..       dxdz...       dxdy ... 

Hence,  if  for  shortness  we  pnt 

ds :=  i/{d^ d^.. .+ da? dsf  ...'{' da? d^. ..+  ...) J 

dydz  ...       dxdz  ...      dxdy  ...  ^ 


ds 


7( 


AV    ^    ^* 


,da?^  di^^  d^ 
"Bj  means  of  these  equalities,  eqtiation  (A)  will  become 


•••) 


•(i'S-^f+^S^-)'^ 


V  V^    "^    ^       / 

We  may,  in  order  to  facilitate  the  integration  of  the  differ- 
ential 


y\da?^dj^^dz^^  ••7 


instead  of  the  yariables  x,  y,  0,  ...  connected  by   the  equation 
L  =  0  introduce  other  yariables  a,b,c,  ...  which  are  independent. 

We  must  transform  by  the  usual  method  all  the  elements 
dydz,..^  dxdz.., J  dxdy...,  into  elements  proportional  to  the 
product  da  db  ...;  we  shall  have  such  results  as  dydz  ... 
s=  A  da  db  ...,  dxdz  ...  =Bdadb  ..,,  dxdy ...  =  Cdadb ...,  where 
AfB,  C, ... ,  are  finite  functions  of  a,  b,  ...;  thus 

da^dadb  ...  V(-4*  + £•+  C"  +  ...). 
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If  for  example  we  wish  to  integrate  with  respect  to  the 
variables  y^  z^  ...  we  must  observe  with  respect  to  the  elements 
dxdz  ...f  dxdy ..., ...  that  we  must  take  the  differential  of  the 
variable  x  in  the  first  considering  y  alone  as  variable,  in  the 
second  considering  a  alone  as  variable,  and  so  on ;  hence 

/Tjj  dec 

dxdz  ...^-T-dydz  •••,      dxdy  ...^-^  dy  dz  ...^  ...\  thus 


A  =  rfy^...y(l  +  ^  +  ^  + 


so  that 


ro-KS+f+S^--)*"**- 


v  fe) 

In  the  formula  (B)  restore  for  P,  Q,  J?, ...  their  values  ZT&c, 
Uhfy  UBz, ...;  we  shall  then  have 

that  is, 

UBLds 


(dU    dUdL*        y 


9—2 
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and  therefore 

*^==  f    nm    lu^dL^ ^  +  JDUdxdydz.... 

131.  We  now  proceed  to  indicate  the  reductions  to  be  made 
in  the  term  jDUdxdydz  ...  of  flie  variation  hV\  these  reductions 
consist  in  making  as  many  as  possible  of  the  partial  differential 
coefficients  of  the  quantity  Du  disappear  under  the  integral  sign. 

By  means  of  the  formula  (B)  of  the  preceding  article  it  will  be 
easy  to  replace  the  integral  jDUdxdydz ...  by  the  sum  of  the  two 
integrals  jWDudxdydz ...  and  /6c&,  the  first  of  which  like 
jDUdxdydz  ...  relates  to  all  the  values  of  a;,  y^  z,...  which  satisfy 
the  inequality  £  <  0,  and  the  second  of  which  comprises  only  those 
values  of  the  variables  which  satisfy  the  equation  L  =  0.  The 
function  W  does  not  include  the  variation  Dw;  on  the  other  hand, 
the  function  6  does  include  it  as  well  as  its  partial  differential 
coefficients  with  respect  to  a;,  y,  £;,... ;  the  differential  ds  is  the 
same  as  in  the  preceding  section ;  that  is, 

d8=si/(flt^dz^  ...'\'da?dz* ...  +  dafdy* ...  +  ...). 
Thus  we  shall  have 

JDUdxdydz...=jwi)udxdydz...+jSds; 
and  therefore 

SV^jWBudxdydz  ...  +  [     ,.^li   ^dlr'dP \  +/®*- 

W\d!>?'^'dy''^d?'^'") 

The  integrals       IWDudxdydz ... 
,  .  r  UBLds 

^y\da>^dif'^dz*^'-J 

are  not  susceptible  of  any  redaction,  but  the  integral  J&da  may  be 
still  reduced. 
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To  effect  the  reductiou  of /6c&,  w^  mast  first  of  Ml  replace  the 
variables  x^  y^  Zy ...  which  are  connected  by  the  equation  i/aO 
by  other  quantities  a,  &, ...  which  are  independent.  The  number 
of  these  quantities  a,bf...  must  be  one  less  than  the  number  of  the 
original  variables  x^y^z^... 

Now  considering  a;,  y,  ;s, ...  as  functions  of  a,  &, ...  let  us  trans* 
form  the  element  da  into  an  element  proportional  to  the  product 
dadb  ... ;  we  shall  thus  obtain 

ds  =  Kda  db ,,. 

where  ^  is  a  finite  function  of  a,  &, ...    Let  us  also  transfbrm  the 

3'j^       ^  ^        ic  •    X     dDu     dDu     dDu  d^Du     d^Du 

ainerential  coemcients  -^^ — ,   —^ — ,      ,    , ....     y^  ,    ,    j  , ,«.» 

.  ,     dDu     dDu  d^Du     d^Du  1.111.         *.      xi  • 

""^^  w  -W"--d^'  d^ '  ^^  '^  ^''*  ^"^  ^ 

end 

dDu  __  rf7>M  dx     dDu  dy     dDu  & 
<2a~~(£i;(2a       dy   da       dz   da, 

dDu  _  (?Z>u  ic     cf  2)tt  c?y     c?i>u  dz 
db  "  dx  db       dy   db       dz    db 


d'Dud^Dudx?  d'Dudxdy 

dcf  ""  da:^  da*  dxdydada 

d^Du ^d^Du dx  dx  d^Du  fd^  dy^^dx^ dy\ 

dadb"  da?   dadb  dxdy\dadb     db  da) 


But  since  the  preceding  equations  are  not  enough  to  obtain  the 

,        ^    11  xi  x'x'      dDu    dDu    dDu        d^Du    d^Du 

value  of  all  the  quantities-^,  -^,  -^,  ...-^,  ^^, ... 

some  of  these  differential  coefficients  will  remain  indeterminate; 

the  others  can  be  expressed  in  terms  of  these  and  of  the  quantities 

dDu     dDu         d^Du     cPDu  t    .    3     r  -^    • 

-T — 9      »   9  ....   J,   9    y    ii9  ...•    Insteaa  01  considermg  some 

^r   x-L      j-ir       X.-  1         m  '    J.     dDu      dDu      dDu  d*Du 

Of  the    differential   coemcients    -j-^>    "3— »    "3~> -  ,  .  ■, 
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,    .,  , ...»  as  indetenninate,  it  is  convenient,  for  the  sake  of  sym- 
asoay 

metry,  to  introduce  as  many  linear  functions  p,  j,  r, ...  of  —7— i 

dDu     dDu         d^Du     d^Du  .,,  •  .         , 

—^ — ,   —1 — , ....     ,  «  ,    ,    ,  , ....  as  will  DC  necessary  in  order 

11    xi.             X.-X-       <?^      ^^w      ^^^  ^^ 

to    express   aU  the   quantities    -^-,    ^,    -^, -^-, 

s;^' "^  *^"^  ^^^'  ^'  ^' '  "^'  -ST' ■■^^' 

,  ^, ,  and  it  will  be  the  quantities  p^  j,  r, ....  which  will 

remain  aibitraiy. 

But  the  introduction  of  the  quantities  py  q,  r, ...  amounts  to 
imagining  among  the  variables  a,  &, ...  one  variable  more  a> ;  thus 
the  number  of  quantities  co,  a,  i, ...  is  equal  to  that  of  the  variables 
X,  y,  Zf.,..  Considering  then  ;r,  y,  0, ..»  as  functions  of  a>,  a,  i, ... 
we  have  the  equations 

dDu  __  dDu  dx     dDu  dy     dDu  dz 
dm  "^  dx  dtn}      dy  d(o       dz   dm     '**' 

dDu  _  dDu  dx     dDu  dy     dDudz 
da  "  dx  da       dy  da       dz   "Sa     '**' 

dDu     dDu  dx     dDu  d^     dDu  dz 
'W^'WdS^lfdb^lim'^'^'' 


d'Du  _  d^Du  da?        d^Du  dx  dy 
dm*  ""   da?  dm*       dxdydmdm      *'*' 

d^Du __ d*Du  dx  dx     d*Du /dx  dy     ^dy\ 
dadm      da?   dm  da     dxdy\dmda     da  dm) 


There  will  be  as  many  of  these  equations  as  are  necessary  in 
order  to  express  ^^,  ^,  _.,....  -g^,  ^_, ...  xn  terms 


OSTBOQBADBKT.  135 

^-  dDu    dDu    dDu         cPDu    cPDu  ,    ^       ,,  .  , , 

""^"ST*  "ST'  "rfT'--  "ST'  S^S;^'-'  ^^*  ^  *^®  ^"^*^^^  "^ 
leallj  does  not  exist  we  mast  look  upon  the  differential  coefficients 

dx     dy     dz 

^,  ^f  ^, as  quantities  whicn  we  may  assume  at  our 

1  i.      •      TXL  XT.  '        !>  dDu    dDu    dDu 

pleasure  so  as  to  simplify  the  expression  of  -5 — ,  -3 — ,  -r— , ... 

d^Du     d^Du  m,      ,.^       , .  ,        us  .    X    dDu     d^Du 

J  m  .    ,    ,  , ....      ine  oiiierential  coemcients  —^ — ,      -.  >  , .... 
dar  '   d^r^y'  dta  '     rf©*  ' 

remain  entirely  indeterminate. 

Having  expressed  the  differential  coefficients 

dDu     dDu     dDu         d'Du     d^Du 
dx  '    dy  '     dz   ''''    da?  '  dxdy'"' 
in  terms  of 

dDu     dDu     dDu         d^Du     d?Du 
dfo  '     da'     dh   ''''    do)"  '   da)da'"' 

we  must  put  these  values  in  the  integral 

Then  by  making  use  of  the  formula  (B)  and  putting  for  short- 
ness 

ds*  =  *J{db* ...  -^dcf ...  +  ...) 

we  can  replace  the  integral  fSKdadb  ...  by  the  sum 

j{jPDu+Q^-\'B^+...)dadb...+j^d8'. 

The  first  of  these  integrals  is  not  susceptible  of  reduction ; 
the  second  may  be  reduced  in  the  same  way  as  JSds. 

Thus  we  shall  have 

BV^jWI>udxdydz...  +  [     .    »|     jl^jy r 


136  OSntOGRADSKT. 

We  may  treat  the  integral  /4>(fe'  as  we  treated  fSds;  we  may 
decompose  it  into  two  integrals,  the  first  of  which  is  completely 
reduced,  and  the  second  is  susceptible  of  reduction;  proceeding 
in  this  way  we  shall  exhaust  the  reductions  which  can  be  effected 
in  the  integrals,  and  thus  the  variation  B  V  will  be  in  the  proper 
shape  for  applications. 

132.  Since  the  integral  fSda  of  the' preceding  article  relates 
to  the  values  of  a;,y,i!;, ...  which  satisfy  the  equation  i  =  0,  we 
may  consider  one  of  these  quantities  as  a  Amotion  of  all  the  others, 
and  the  latter  as  independent.  Suppose,  for  example,  that  we 
consider  a?  to  be  a  Amotion  of  y,  z^  ... ;  we  shall  have  (by 
Article  130) 


put  for  shortness 


^     tfdV    dU    dU         \ 


we  shall  have 

We  shall  obtain  the  equation  relative  to  the  limits  of  y,0, ... 
by  eliminating  x  between  i  =  0  and  -7-  =  0. 

The  function  ^  contains  the  partial  differential  coefficients 

dihk     dPu     dJDu         d^Du     d'Du 
dx  '     dy  ^     dz  ^  *'*     daf  '  dxdy*  *'* 

taken  relatively  to  a;,  y,  2;,  ...  on  the  hypothesis  that  these 
variables  are  all  independent;  but  after  the  differentiation  we 
must  put  for  x  its  value  famished  by  the  equation  Z  =  0.  It 
is  advisable  to  eliminate  these  partial  differential  coefficients  as  £bu- 
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as  possible;  to  this  end  considering  a;  as  a  function  of  y, «,  ... 
we  shall  have 

dPu  ^  (dDu\      fdDu\  dx 
dy  "Kdy  J      \dx  J  dtf* 

dPu  _  fdDu\      (dDu\  dx 
dz  ""V  dz)^\dx)  dz' 

[dx  )  _  fd'IhA      fd^Du\  dx 
^  \dxdy)  '^[daf  Jdy' 

^  fdDu\ 
\  dx  )  _  fd}Du\      (d^Du\  ^ 
Tz  \dxdz)  '^\da?)dz' 

gZ>u  _  (d*Du\        fd^Du\  dx     (d*Du\  da?     (dDu\  d*x 
df       \dj^  )^^\dxdy)dy^\dsf  )dy''^\dx)d^' 

d^Du  ^  /d^Du\      /d*Du\  dx     fd^I>u\  dx 
dydz     \dydz)      \dxdy)  dz      \dxdz)  dy 

fd'DuX  dxdx     fdDu\   d^x 
\§^  Jdydz      \dx)dydz^ 

d'Du  _  fd*I)u\        (d'Du\  dx     fd*Du\  d^     (dDu\  d^x 
cfe»   '\dsf  )^    \dxdz)  dz^\da?  )  d8?^\dx)  ds?' 


the  brackets  indicate  partial  differential  coefficients  of  Du  taken 
on  the  supposition  that  a;,  y,  0,  •••  are  independent. 

From  the  preceding  equations  we  deduce  the  following,  putting 

for  abbreviation  v  for  (-^1  and  f^j  for  f-^r) 


/dDu\  _  dDu  ^    dx 
KW/"  dy      ^dy' 

/dDu\  _  dDu       ^ 
\  dz  J"  dz         dz  ^ 


* 
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\dxdy)  "~  dy     \dx)  dy  ' 

/d^Du\  _dv^_  fdv\  dx 
\dxdz)  "  dz      \dx)  dz  ' 

(d^Du\  _ d^Du        do  dM     (dv\  d^_     d^ 
[dy")       dy"       ^  dydy^\dx)  df      ""  df  ' 

fd*Du\  __ d^Du ^dvdx^dv^     /dv\  dx dx  d^x 

XdydzJ^dydz     dy^     dzdy      \dx)  dydz'^^  dzdy^ 

\ds^  J"   d2^  dzdz^  \dx)  dz""      ^ 


d^ 
d^' 


\  -j^  .  tf  dx     dx         d^x      d^x       d^x 

\  Put  for      x:j  :7rj  ••• 


dy'  dz'"'  djt'   dydz'    cfe" ' - 
their  values  found  from  the  equation  i  =  0;  thus 

dL  fdl>u\     dL  dDu        dL 

+  V 


/dJJu\  _  dJj 
dx  \dy  J"  dx   dy   ^  ""  dy  ' 

dL  /dDu\  _  dL  dDu        dL 
dx\dzj''dxdz  dz' 


dL  fd^Du\  ^dLdv^  dL  /^\ 

dx  \dxdyj      dx  dy  dy  \dxj  ' 

dL  fd^Du\  _dLdo^  dL  /dv\ 

dx  \dxdz)  "  dx  dz  dz  \dxJ  ' 


dU  (d*Du\_dL\dUd'Du        dLdLdv     dU  (dv\\ 
d^Kdy"  )^dx\dx^    df   ^     dx  dy  dy^  d%^\dx)) 

idUd^L     ^dLdL  d^L      dUd^L) 
\dof  dj^         3£  dy  dxdy     d%^  daf)  ' 

dU  fdWu\     dL  (dUd^Du     dLdLdv^     dLdLdv     dLdL/dv\l 
dx^ \dy dz)  ~~ dx  \da?  dydz"    dx  dzdy     ^  dy  dz      dy  dz  \dxJ) 

(dUd^^dLdLd^^dLdL  dLdLd'L) 

\da?  dydz^  dx  dz  dxdy     dx  dy  dxdz      dy  dz  da?y 
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dU  (d^Du\  _ dL  (dp d^        dL^dLdv     dT  /dv\  1 
cfo»  \  dz*  /"dx  {djf    dz"    ^^dx  dz  dz^dz'  [dxj) 

{dU^  _^dLdL^L_     dU  d}L\ 
[dof  dz*  dx  dz  dxdz      dz^  da^y 


Substitute  these  values  in 


j&ds^l'irdydz... 


and  use  the  formula  (C)  of  Art.  130;  thus  we  replace  the  integral 
f9di/dz.,,  by  the  sum  of  two  integrals,  namely, 

the  first  of  these  integrals  is  completely  reduced,  the  second  is  still 
susceptible  of  reduction.  The  second  integral  is  with  respect  to  the 
variables  «,...;  its  limits  depend  on  the  equation  which  will  be 
obtained  by  eliminating  x  and  y  between 

T      ^    dJj      -      dL     ^ 

In  fact  this  integral  resembles  the  integral  j^dydz ...  and  may 
be  treated  in  the  same  way. 

We  have  merely  indicated  the  transformations  which  must 
be  applied  to  the  portion  fDUdxdydz  ...  of  the  variation  SF; 
because  since  these  transformations  reduce  to  integration  by  parts 
they  belong  to  the  Integral  Calculus  rather  than  to  the  method 
of  variations.  It  is  true  that  one  of  the  fundamental  principles  of 
this  method  consists  in  removing  as  much  as  possible  the  dif- 
ferential coefficients  of  the  variations  which  occur  under  the  in- 
tegral sign;  but  the  calculus  of  variations  only  indicates  this 
operation  and  refers  the  execution  of  it  to  the  Integral  Calculus. 


CHAPTER  VI. 

DELAUNAY. 

r 

133.  The  Academy  of  Sciences  at  Paris  proposed  the  follow- 
ing as  the  subject  of  competition  for  their  great  mathematical  prize 
in  1842 ;  To  find  the  limiting  equations  which  must  be  combined 
with  the  indefinite  equations  in  order  to  determine  completely  the 
maxima  and  minima  of  multiple  integrals,  the  formulae  to  be  applied 
to  triple  integrals. 

Four  memoirs  were  sent  in  which  were  examined  by  MM. 
Liouville,  Sturm,  Poinsot,  Duhamel,  and  Cauchy.  The  prize  was 
awarded  to  M.  Sarrus,  and  honourable  mention  was  made  of  M. 
Delaunay. 

With  respect  to  M.  Sarrus  the  judges  said  that,  by  the  aid  of  a 
new  symbol,  which  he  caUs  a  sign  of  substitution,  he  has  esta- 
blished elegant  and  general  formulae  which  furnish,  imder  a  conve- 
nient form,  the  variations  of  multiple  integrals  and  enable  us  to 
apply  in  all  cases  the  process  of  integration  by  parts ;  he  has  thus 
contributed  in  a  remarkable  manner  to  the  improvement  of  analysis, 
and  deserves  the  great  prize  for  mathematics. 

With  respect  to  M.  Delaunay  the  judges  said  that,  although  he 
has  not  given  to  his  processes  all  the  generality  which  could  be 
desired,  yet  he  deserves  honourable  mention  on  accoimt  of  the 
elegance  of  his  formulae,  especially  by  reason  of  the  applications 
which  he  has  made  of  them,  and  his  researches  upon  the  distinction 
of  maxima  and  minima. 

{Comptes  Rendusj  Vol.  xviil.  page  315.) 

We  shall  give  an  account  of  the  memoir  of  Delaunay  in  the 
present  chapter,  and  of  the  memoir  of  Sarrus  in  the  next  chapter. 
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134.  The  memoir  on  the  Calculus  of  Variations,  by  M.  Charles 
Delaimaj,  was  published  in  the  29th  Cahier  of  the  Journal  de 
TEcole  Polytechntquey  which  is  dated  1843.  The  memoir  extends 
over  pages  37 — 120.  Some  introductory  observations  are  given  in 
the  first  seven  pages.  Delaunay  refers  to  the  method  which  was 
used  in  the  solution  of  problems  in  the  Calculus  of  Variations  by 
those  who  first  studied  the  subject;  these  writers  considered  any 
proposed  integral  as  the  siun  of  an  indefinitely  large  number  of 
terms  depending  on  the  values  of  the  ordinates  of  the  different 
points  of  a  curve,  and  they  investigated  the  change  produced  in  the 
sum  by  varying  one  or  more  of  the  ordinates.  By  this  method  they 
obtained  the  differential  equation  of  the  required  curve,  but  they  did 
not  obtain  the  equations  which  must  hold  at  the  limits.  It 
was  first  shewn  by  Poisson  in  his  memoir,  which  was  presented 
to  the  Academy  of  Sciences  in  1831,  that  the  old  method  could  be 
made  to  furnish  the  equations  which  must  hold  at  the  limits  as  well 
as  the  general  differential  equation. 

The  method  of  Lagrange  gives  the  terms  which  exist  at  the 
limits  in  the  case  of  a  double  or  multiple  integral,  but  not  in  a  con- 
venient form ;  they  require  transforming  so  as  to  shew  how  many 
arbitrary  variations  they  involve,  and  to  put  them  in  a  convenient 
shape  for  application.  Poisson  led  the  way  in  these  researclies,  by 
giving  in  the  memoir  already  cited  the  terms  at  the  limits  in  the 
case  of  a  double  integral.  Delaunay  concludes  his  introductory 
observations  with  the  following  sentences.  The  Academy  having 
proposed  for  competition  the  question  of  determining  the  terms  at 
the  limits  for  multiple  integrals,  I  have  investigated  the  subject,  and 
I  present  this  memoir  as  the  result  of  my  researches,  which  I  hope 
leaves  nothing  to  be  desired.  After  my  task  was  completely 
finished,  I  became  acquainted  with  a  memoir  by  M.  Ostrogradsky, 
in  which  he  overcomes  the  principal  difficulties  of  the  question  pro- 
posed by  the  Academy;  and  his  method  is  nearly  the  same  as 
mine.  But  he  stops  there,  and  does  not  deduce  from  his  method 
the  formulae  which  may  be  used  in  applications.  M.  Ostrogradsky 
and  myself  have  taken  for  a  guide  in  our  researches  the  memoir  of 
M.  Poisson ;  the  coincidence  of  our  results  proves  then  only  one 
thing,  and  that  is  that  the  course  had  been  so  well  traced  out  by  the 
illustrious  French  mathematician,  that  it  was  impossible  to  wander 
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from  it,  and  thus  to  him  must  belong  the  merit  of  the  subsequent 
discoveries.  [The  memoir  by  M.  Ostrogradskj,  to  which  aUusion 
is  made,  is  that  which  we  have  given  in  Chapter  V.] 

135.  The  first  part  of  the  memoir  is  called  variation  of  a  defn 
niie  integral;  it  extends  over  pages  43 — 79.  Delaunay's  investiga- 
tions apply  to  multiple  integrals;  his  method  will  be  sufficiently 
illustrated  by  the  case  of  a  triple  integral,  to  which  we  shall  confine 
ourselves,  and  we  shall  not  use  exactly  the  same  notation  as 
Delaunay. 

Let  there  be  a  definite  triple  integral 

JJJdxdydzKj 

t  •  t    zr  •  J]       />      x^         r  du     du     du 

m  which  A  IS  supposed  a  function  of  ar,  y,  «,  ?/,  ^ ,  — ,  -^ , 

d^u       d^u 

do? '   dxdy^ 

The  integration  is  supposed  to  extend  over  all  the  values  of  a;,  y, 
and  z  which  render  a  certain  function  /(a;,  y,  «)  negative.  We 
shall  denote  the  triple  integral  by  Z7. 

If  we  put  a  given  function  of  rr,  y,  z  in  the  place  of  t^,  and  if 
/(a?,  y,  «;)  be  a  known  function,  then  JJcan  be  calculated.  It  will  be 
necessary  to  effect  successive  integrations,  and  to  take  each  integral 
between  appropriate  limits,  and  these  can  be  determined  in  the  fol- 
lowing manner. 

The  order  of  the  successive  integrations  being  arbitrary,  we  can 
suppose  that  we  integrate  first  with  respect  to  «,  then  with  respect 
to  y,  and  then  with  respect  to  x.  In  the  first  integration  y  and  x 
are  regarded  as  constants,  and  the  integration  with  respect  to  z 
extends  over  all  the  values  of  z  which  render  /(a?,  y,  z)  negative ; 
so  that  we  must  take  for  limits  the  values  of  z  which  satisfy 

f{x,y,z)=0 (1). 

The  result  of  the  first  integration  will  be  a  known  function  of  x 
and  y  and  will  form  the  element  of  a  new  integral  with  respect  to 
these  variables,  and  this  integral  must  extend  over  all  the  values  of 
x  and  y  which  make  the  values  of  z  found  from  (1)  real.    These 
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limitmg  values  of  x  and  y  then  are  such  that  if  we  give  one  of 
them  a  snltahle  indefinitely  small  change  the  roots  of  (1)  pass  from 
real  values  to  imaginary  values.  The  limiting  values  of  x  and  y 
must  therefore  be  such  as  to  introduce  eqiuil  roots  into  (1),  so  that 
(1)  must  have  some  roots  in  common  with  the  derived  equation 
relative  to  z. 

The  limiting  values  of  x  and  y  must  therefore  satisij  the 
equation 

/(^,y)  =  o (2), 

which  is  obtained  by  eliminating  z  between 

/(x,  y, ;.)  =  0  and  ^^^^^  =  0. 

If  the  sign  of  the  left-hand  member  of  (2)  has  been  properly 
chosen  we  may  say  that  the  new  definite  integral  must  extend  over 
all  the  values  of  x  and  y  which  render y^  (a;,  y)  negative. 

There  is  no  difficulty  in  determining  the  limits  of  the  integra- 
tions which  remain  to  be  effected.  .For  by  proceeding  as  before 
we  find  that  we  must  integrate  with  respect  to  y  considering  x 
constant,  and  then  the  limits  of  y  are  given  by  (2).  Lastly  the 
limits  of  a;  are  given  by  the  equation 

A{^)  =  0 (3), 

which  is  obtained  by  eliminating  y  between 

/  (a.,  y)  =  0  and  ^^1^  =  0. 

Suppose  that  the  equation  (1)  gives  only  two  values  of  z^  and 
denote  them  by  z^  and  z^;  suppose  that  equation  (2)  gives  only 
two  values  of  y,  and  denote  them  by  y^  and  y^;  suppose  that  equa- 
tion (3)  gives  only  two  values  of  a;,  and  denote  them  by  x^  and  x^. 
Then  the  definite  triple  integral  may  be  thus  written  with  the 
limits  expressed, 


U=  \''dx  f^'dy  f'dzK. 

J  JPo         Jffo        J  'o 


Here  z^  a-nd  z^  are  functions  of  x  and  y ;  y^  and  yj  are  functions 
of  ar ;  x^  and  x^  are  constants. 


144  DELAUNAT. 

If  any  of  the  equations  (1),  (2),  (3)  give  more  than  two  yalnea 
of  the  unknown  quantity  with  respect  to  which  it  is  to  he  solved, 
then  in  order  to  express  the  limits  of  the  integrations  it  will  he 
necessary  to  decompose  U  into  several  definite  integrals,  and  the 
limits  for  these  integrals  will  be  determined  by  the  equations  (l), 
(2),  (3).  This  decomposition  of  U  presents  no  difficulty,  and  we 
will  not  delay  upon  it ;  we  shall  reason  hereafter  on  the  supposition 
that  each  equation  (1),  (2),  (3)  has  two  roots,  and  it  will  be  easy  if 
necessary  to  modify  this  supposition. 

136.  Suppose  that  after  having  given  to  u  a  particular  value 
in  terms  of  a;,  y^  Zf  we  augment  the  value  of  u  corresponding  to 
each  system  of  values  of  a;,  y,  z  by  an  indefinitely  small  quantity ; 
or,  which  comes  to  the  same  thing,  suppose  that  we  augment  the 
general  expression  for  u  in  terms  of  x,  y,  z  by  an  arbitrary  inde- 
finitely small  function  Su  of  the  quantities  x,  y,  z.  Suppose  more- 
over that  we  give  an  indefinitely  small  variation  to  the  function 

/(^»  y>  «)•  By  these  changes  the  triple  integral  Z/will  assume  a 
new  value  which  differs  by  an  indefinitely  small  quantity  firom  its 
original  value;  this  indefinitely  small  difference  we  shall  now 
calculate. 

The  part  depending  upon  the  variation  of  ^  is  easily  expressed 
by  well-known  methods,  lip  denote  any  of  the  quantities  u,  -r- , 
•3- then  the  corresponding  term  in  the  variation  oi  K  ia 

137.  The  only  part  of  SZ7  to  which  we  need  give  special 
attention  is  that  which  arises  firom  the  variation  of  the  limits  of 
the  integrations.  The  part  of  S^  which  arises  from  the  variation 
of  the  limits  of  2;  is  obviously 

I   'dx  I  'dyK^Bz^-l  'dxl  'dyK^Bz^, 

where  K^  and  K^  represent  what  K  becomes  when  we  put  z^  and  z^ 
respectively  for  z. 
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To  obtain  the  terms  arising  from  the  variation  of  the  limits  y^ 

and  y^  we  must  in  the  integral  /   ^dzK  replace  y  hy  y^  and  y^ 

respectivelj,  then  multiply  the  first  resnlt  bj  iy^  and  the  second 
bj  hy^  and  subtract  the  second  product  from  the  first,  and  finally 
integrate  with  respect  to  x  between  the  limits  x^  and  x^. 

But  when  y^y^  and  also  when  y^y^  the  limits  z^  and  z^ 
become  equal,  so  that  the  integral  I    dzK  vanishes;   thus  the 

terms  in  S  {7  which  arise  from  the  variation  of  y^  and  y^  are  zero. 
Similarly  S  {7  will  not  contain  any  term  arising  from  the  variation 
ofa^panda;^.     Thus 


•  SU^I^dxjyyj'^dzt^Sp 


I  ^dx\   ^dyK^Zz^—  \   ^dx\   ^dyKSz^. 


138.    A  remark  may  be  made  with  respect  to  the  result  just 

obtained,  namely,  that  it  is  only  the  variation  of  the  limits  of  the 

first  integration  which  gives  rise  to  a  term  in  S  Z7.    The  student 

may  easily  provide  himself  with  a  geometrical  illustration ;  sup- 

a?     fJ^     if 
pose  that  /(a?,  y,  «)  is  -i  +  pj  +  -3  —  1,  so  that  the  triple  integral 

extends  throughout  the  interior  of  a  certain  ellipsoid.    Let  the 
value  of /(aj,  y,  z)  be  changed  by  variation  into 


g+^+'^_(i+^)., 


where  /bt  may  be  supposed  indefinitely  small,  so  that  the  varied  triple 
integral  extends  throughout  the  interior  of  a  new  ellipsoid  which 
is  similar  to  the  former  and  similarly  situated  and  concentric  with 
it.  Then  the  part  of  SCT  which  arises  from  the  variation  of  y^  and 
y^  will  be  easily  seen  to  be,  not  absolutely  zero,  but,  an  indefinitely 
small  quantity,  which  may  be  called  of  the  second  order  if  that 
part  which  arises  from  the  variation  of  z^  and  z^  be  called  of  the 
first  order.    Also  that  part  of  £27  which  arises  from  the  variation 

10 
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of  x^  and  x^  will  be  an  indefinitely  small  quantity  which  may  be 
ealled  of  the  third  order. 

Thus  it  wiU  be  observed  that  by  supposing  the  triple  integral  U 
to  be  extended  over  all  the  values  of  x,  y,  z  which  render/(a;y  y,  z) 
negative,  the  variation  8^  is  free  from  any  terms  arising  from  the 
variation  of  the  limits  of  the  integrals  except  those  which  arise 
from  the  variation  of  the  limits  of  the  first  integration.  This  sim- 
plicity however  is  obtained  by  a  corresponding  loss  of  generality 
in  the  results.  The  most  general  supposition  would  be  that  the 
limits  »jj  and  z^  are  any  arbitrary  functions  of  x  and  y,  that  y^  and 
y^  are  any  arbitrary  fanctions  of  a;,  and  that  x^  and  x^  are  any  con- 
stants; so  that  no  mention  would  be  made  of  the  function /(aj,  y,  z). 
One  of  the  great  merits  of  the  memoir  of  Sarrus  is  that  it  treats  the 
problem  in  this  most  general  sense;  it  will  be  remembered  that 
Ostrogradsky  had  adopted  the  same  limitation  as  Delaunay.  (See 
Art.  129.)  And  in  Poisson's  researches  on  the  variation  of  a  double 
integral  the  same  limitation  occurs,  for  the  integrations  are  sup- 
posed to  extend  over  an  area  bounded  by  a  closed  curve.  (See 
Art.  105.) 

139.  We  resume  the  consideration  of  the  value  o{BU  given  in 
Art.  137.  The  last  two  terms  in  the  value  of  S  [7  are  united  by 
Delaimay  by  means  of  a  new  notation,  which  he  considers  to  pos* 
sess  some  advantage  over  that  hitherto  used ;  in  order  to  explain 
it  he  says  he  must  enter  into  some  details. 

Let  ffdxdifh  be  a  double  integral  which  extends  over  all  the 
points  in  the  plane  of  (a?,  y)  comprised  within  the  interior  of  the 
closed  curve  AmBn  (see  fig.  4).  Let  y^  and  y^  represent  the  ordi- 
nates  of  the  curve  which  correspond  to  any  abscissa  x ;  let  x^  and 
ajj  be  the  extreme  abscissae  Oa  and  Ob.  Then  the  double  integral 
may  be  expressed  thus, 


I    dx\    dyh. 


Now  suppose  we  have  found  the  indefinite  integral  H  of  Arfy,  and 
let  H^  and  H^  represent  what  H  becomes  when  we  substitute  y^ 
and  y^  respectively  for  y.    Then  we  have 

{''dxl'^'dyh  =  \'%dx--  r'ff,dx. 


DELAUNAT.  147 

Now  suppose  that  a  point  starts  from  A  and  moves  ronnd  the 
cnrre  AmBn  in  the  direction  indicated  by  the  arrows  and  finally 
letoms  to  A.  Let  dx  denote  the  space  traversed  bj  this  point  in 
the  direction  of  the  axis  of  rr  in  any  indefinitely  small  time,  and 
let  y  be  the  variable  ordinate  of  the  point.  Then  the  integral 
fdxH  taken  during  the  time  the  moving  point  describes  the  por» 
tion  AmB  will  form  the  first  part  of  the  integral  jjdxdyh^  namely, 


''H,dx) 


and  this  same  integral  taken  during  the  time  the  moving  point 
describes  the  portion  BnA  will  form  the  second  part  of  the  inte- 
gral ffdxdyhf  namely, 


for  in  this  second  part  of  the  motion  dx  is  constantly  negative.  We 
may  then  express  the  integral  JJdxdyh  completely  by  fdxH  ex- 
tended throughout  the  motion  of  the  moving  point,  that  is,  from  its 
departure  fix)m  A  until  its  return  to  the  same  point ;  this  will  be 
indicated  by  the  notation 


/, 


dxH. 


Besides  the  advantage  of  uniting  in  a  single  term  the  two  terms 
which  were  required  to  represent  the  value  of  ffdx  dy  A,  the  proposed 
notation  has  another  advantage ;  for  we  can  express  by  a  single 
term  the  integral  ffdxdyh  in  the  case  in  which  the  limiting  curve 
can  be  intersected  in  more  than  two  points  by  a  line  parallel  to  the 
axis  of  y,  as  may  be  easily  seen. 

140.  In  the  last  two  terms  of  the  value  found  for  S 17  (see  Art. 
137),  we  may  consider  the  quantities  KJSz^  and  -^KJSz^  as  forming 
the  two  parts  of  a  definite  integral  taken  with  respect  to  z  between 
the  limits  z^  and  z^.    We  may  therefore,  by  Art.  139,  put 


l''dyK,Sz,-  [% K,&z,=  fl%K&z; 


10—2 
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thus  BU^j'jdxj^'dyj^dzt  ^8p 


I    dxl     dvKBz'y 


the  c  which  enters  into  the  Ko{  the  last  line  is  a  fimetion  of  a;  and 
y  determined  from  the  equation  f{x,  y,  z)  =  0. 

141.  We  most  now  transform  the  terms  in  the  first  part  of  BU 
by  means  of  integration  by  parts.  This  part  of  Delaunay's  memoir 
is  treated  by  him  with  great  generality ;  his  method  will  be  easily 
understood  firom  a  simple  example  which  we  will  take. 

Letp  stand  for  .,    ,    ,  , 

and  if  for  -j- , 

then  we  have  in  the  first  part  of  SZZthe  term 

rf"8u 


/rH?^c^^^^' 


and  we  will  take  this  term  and  reduce  it  by  integration  by  parts. 

By  one  integration  by  parts  the  term  becomes 

dM  cPBu 


I   'dxl     dyM J    ,  —  I  ^dx\   ^dy\  *dz 
Jso      Ji»)  ^dy    Jjto      Jpo      J»o 


Hz  dxdy^ 


where  in  the  first  term  the  notation  is  used  which  was  explained  in 
Art  139. 

If  we  efiect  two  more  integrations  by  parts  in  the  second  of  the 
above  two  expressions  we  shall  easily  see  that  we  shall  finally 
obtain  in  the  indefinite  part  of  the  variation  S^the  term 


—  I     dx  I     dy  I    dz-i — = — ^  Bui 
J*o      Jyo      JMo      dxdydz 


we  shall  also  have  some  limiting  terms.  The  limiting  terms  it  is 
not  as  yet  easy  to  write  explicitly,  because  the  limits  of  the  respec- 
tive integrations  will  not  be  the  same  as  those  we  have  hitherto 
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used,  since  the  crder  of  the  integrations  becomes  changed.    In  fiict 
to  reduce  the  term 


I    dx  I    dy  I 

JjTo      •'yo      •'*0 


dz  dxdff 


as  much  as  possible  bj  integration  by  parts,  we  must  begin  by  in- 
tegrating with  respect  to  a;  or  y  and  not  with  respect  to  ier,  as  we 
have  hitherto  supposed.  But  it  will  introduce  confusion  if  we  use 
different  limits,  and  thus  such  a  transformation  is  required  of  the 
terms  at  the  limits  as  will  allow  the  integrations  to  be  all  performed 
in  the  same  order.  This  transformation,  as  Delaunaj  says,  formed 
one^of  the  principal  difficulties  of  the  problem,  and  he  considers  that 
he  has  accomplished  it  with  all  the  simplicity  desirable.  He  adds 
that  Ostrogradsky  had  arrived  at  the  same  mode  of  transformation 
as  a  particular  case  of  a  more  general  method,  this  particular  case 
being  however  the  simplest  that  could  be  derived  from  it.  See 
formula  (C)  of  Art.  130. 

142.  Let  for  example  JfNdy  c&  be  a  term  which  has  arisen 
from  an  integration  by  parts  with  respect  to  x  and  in  which  we 
have  not  yet  taken  account  of  the  limits  between  which  the  integral 
is  to  extend,  so  that  ^  is  a  function  of  x,  y,  and  e.  In  order  to 
determine  the  limits  we  must  deduce  from  the  equation /(a:,  y, «)  =  0 
the  values  of  a;  in  terms  of  y  and  z ;  suppose  we  thus  obtain  two 
values  of  x,  which  we  may  denote  by  x"  and  x\  and  let  N"  and  N* 
denote  what  -N^  becomes  when  x"  and  x'  are  respectively  put  for  x; 
then  the  integral  may  be  denoted  by  JJ{N"  -  N')  dy  c&,  and  it  is 
to  extend  over  all  values  of  y  and  z  which  make  the  values  of  x 
found  from  /(a:,  y, «)  =  0  real.  We  want  now  to  transform  this 
double  integral  so  that  it  shall  extend  between  the  old  limits ;  and 
we  shall  now  shew  that  it  may  be  put  in  the  form 

I 

I   ^dx  j  ^dyMy  where  Jf=-N'T%, 

dy 

and  x^  and  x^  are  the  same  quantities  as  have  been  throughout 
denoted  by  these  symbols. 
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For  any  assigned  value  of  y  the  equation /(a?,  y,  z)  =  0,  may  be 
regarded  as  the  equation  to  a  plane  closed  curve  AmB  of  which  the 
variable  co-ordinates  are  x  and  e,  (See  figure  5.)  Thus  in  the 
double  integral  we  are  considering,  ffdydz  N,  if  we  integrate  with 
respect  to  £?  we  must  extend  the  integral  to  all  values  of  z  which 
allow  us  tcr  deduce  firom  the  equation  f{x,  y,  is)  =0  leal  values  of 
x,  that  is,  the  limits  of  z  must  be  Oa  and  On.    But  by  Art.  139, 


r      r(Oa) 

dy       Ndz. 

J        JUM 


/     {N"-N')dz^\     . 
Thus  ffNdy  dz  takes  the  form 

(Oo) 

(Ool 
/•(Oa) 

The  symbol  I      Ndz  indicates  an  integral  taken  throughout  the 

motion  of  a  point  which  starts  from  A  and  returns  to  A  again  after 
moving  round  the  curve  in  the  order  of  the  outside  arrows.  But  if 
we  suppose  a  second  point  to  start  from  B  and  to  move  round  the 
curve  in  the  order  of  the  inside  arrows  and  return  to  B  the  symbol 

(OH 

Ndx  would  indicate  an  integral  taken  throughout  the  second 

motion.  But  dz  and  dx  being  the  increments  of  z  and  x  which  cor- 
respond to  the  instants  when  the  moving  point  is  traversing  in 
opposite  directions  the  same  element  of  the  curve,  we  have  obvi- 
ously 

dz=-£dx, 

dz 
where  ^  is  the  differential  coefficient  of  z  with  respect  to  x  de- 
duced from  /(a?,  y,  z)  =  0.    Thus 


/, 


dzN^^i     dx%N. 

J  iOa)  J  (0»l        <*X 


{Oa)  J  {Ob) 

Therefore  the  double  integral  we  are  considering  becomes 

//•(»)     dz 
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It  must  be  observed  that  in  N  in  the  last  expression  £;  is  to  be 
considered  a  function  of  x  and  not  x  of  z.  This  definite  integral 
extends  over  all  the  values  of  x  and  y  which  allow  of  real  values  of 
8  being  found  from  f{x,  y,  ^)  =  0,  as  is  easy  to  see ;  and  as  the 
order  of  integration  may  be  changed  at  pleasure,  we  may  take 
that  which  has  already  been  adopted  in  Art.  135*  Thus  we  have 
finally 

ffNdy  dz,  that  is,  ^{W'  -  N')  dy  dz 

dx 

where  Jf  =  N'yr . 

148.  We  shall  not  reproduce  the  extremely  general  formulas 
which  Delaunay  now  gives  with  respect  to  multiple  integrals,  which 
extend  over  pages  59 — 73  of  his  memoir.  His  method  will  be  suf- 
ficiently illustrated  if  we  give  in  detail  the  investigations  of  the 
variations  of  a  double  integral  and  of  a  triple  integral,  in  which  we 
shall  suppose  that  no  differential  coefficient  of  a  higher  order  than 
the  second  occurs  in  the  proposed  expression.  Let  us  then  consider 
first  the  variation  of  a  double  integrtJ. 


Let  U^T'dxj^'dyV. 


Let  F  be  a  function   of  a?,  y,  w,  ^,  ^,   ^,  ^  and 

d^u 

.    ,  ;  and  let  the  variation  of  Z7be  required  arising  from  a  varia- 
tion in  u  and  a  variation  in  the  limits  of  the  integrations. 

The  partial  differential  coefficient  of  V  with  respect  to  -r-  will 

be  denoted   by   F„  that  with    respect   to  j-  by  F^,  that  with 

d^u «      T«>  1 

respect  to  ^-^  by  F^,  and  so  on. 


W2 
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Then,  as  in  Art.  140, 


Now.  8r=^8«+  F.5^4-  r^|+  V„8^ 


dtk 


dx 


+  F«S 


dV 
du 


dSu 
dx 


dSu 
dy 


d'Su 


daf 

dSi, 
'"^  dxdy 

d^Su 


+  n.8 


dPu 
djt 


=  ^&^+^.T^+^.'^+^--^^^+^-^-^  +  ^. 


da?" 


dxdy 


d*Su 
^  df  ^ 


thus  there  are  six  terms  in  SF;  and  we  shall  consider  how  these 
six  terms  will  appear  in  BU. 

The  first  term  is  not  susceptible  of  redaction. 

dSu 


The  second  term  is  jjdxdy  Vm-J-"  l 


by  Art  142  this  gives 


.r^.^ 


dx^VM 


-//■ 


dxdy-^Su* 


The  third  term 


this  gives 


/ 

is  jjdxdy 
iyV,Su-jjdxd/^Su. 


dSu 


The  fourth  term  is  I  jdxdy  Vm-jz^  i 
by  one  integration  by  parts  this  gives 


Jm     dx 


dSu 


-  jjdxdy 


dV^dSu 


00     I*-.        dx     ]J     ^^   dx    dx  ^ 
and  by  a  second  integration  by  parts  we  obtain 

rfSu     fw^  dydV^^    .  [[,   ,  d^V^ 


^Tdx^ 
J(x»      dx 


''--S-+ 


cir  dx 


Bu  + 


jjdxdy 


da? 


Su. 
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The  fifth  term  ^  , , ^^  .  ^ 


^//^^y^-^^ 


by  integrating  hj  parts  with  respect  to  y  we  get 

by  a  second  integration  by  parts  we  obtain 

r^F^§%  fete  I  ^  8„+ ff^&afy  fl^  S«. 
Jm  dx     Jm      dx  dy  J]       ^  dxdy 


The  sixth  term  is  UdxdyV^  "TtT* 
by  one  integration  by  parts  this  gives 

i«        -  dy      in'^y  dy  1^' 
by  a  second  integration  by  parts  we  obtain 

Then  by  collecting  the  terms  we  have 

~j]       ^\du      dx       dy        da?       dxdy       dj^  ) 
J  {ft)      \     dx  ^     dx  dx      dx   dy        dy  J 


/    dxVZy. 


+  ■ 

'(X) 


In  this  formula  ^  is  to  be  found  from  the  equation  /(x^  y)  =  0, 
which  determines  the  limits  of  integrations* 

It  will  be  seen  that  in  the  third  line  of  the  value  of  8  27  we  have 
-J—  and  --T-  9  both  occurring  under  the  integral  sign ;  we  shall  now 
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shew  that  the  former  symbol  mKy  be  ezpreased  in  terms  of  the 
latter. 

At  the  limits  of  the  integration  y  is  a  fonction  of  x  determined 
by  /(«>y)  =  ^;  Ic*  "-gr   ^''^"w>*^  ^^  complete  diflTerential  co- 

eflfcient  of  8u  with  respect  to  oj,  obtained  after  we  have  put  for  y  its 
yaloe ;  thus  at  the  limit 


Therefore 


Diu     d6u  .  diudy 
dx        dx       dy  dx* 

dSu  __  DSu     dSu  dy 
dx  ^   dx   "1^  dx' 


By  substituting  this  value  of  -^  the  third  line  of  SU  be- 


comes 


The  latter  part  may  be  integrated  with  respect  to  rr  by  parts ; 
the  integrated  part  will  vanish  because  the  limits  coincide;  we 
shall  thus  have 

and  ;j"  ( l^"";/    ^  1  ^^^  means  the  differential  coefficient  with 

respect  to  x  supposing  y  a  function  of  x  found  from  f{x,y)  =  0 ; 
so  that 

dx\   '^      dx    "J       dx        dy   dx 

^    *"     dx  dx       \dx)    dy 
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Thus  finally 
Jm      \        dx         dar  ax  ax        ax        ay 

144.    We  shall  now  give  the  variation  of  a  triple  integral. 

Let        U^jjjdxdydzV,    that  is  ^dbf  %/"''&  F. 

V  is  supposed  to  contain  Xj  y,  Zf  u,  and  the  partial  differential 
coefficients  of  u  with  respect  to  x,  y,  sr,  up  to  the  second  order 
inclusive. 

Here        BU=jjjdxdydzBV+j'^dxj^^dyVSz; 


•WY*    dV  r.       ^y,  dBu      „  dSu     ^dSu 
au  dx        'ay  dz 

4.r  ^4.F  ^'^+F^4-F  ^-^l+F  -^4.F   ^^ 
^"^^  d^^"^^  dr^^^"  dz^'^  ^"^dxdy^  "^^  dxdz  ^    ••  dydz  * 

There  will  thus  be  ten  terms  in  8  CT  arising  from  S  F. 
The  first  term  is  susceptible  of  no  transformation. 

The  second  term  is 

dZu 


jjjdxdydzV,-£i 


by  integration  by  parts  thia  gives  * 


-/>i^!''y|  ^'^  -///^rfyc&^Su. 
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The  third  term  is 

by  integration  by  parts  this  gives 

-jjdxdy-^V^'-jjjdxdydz-^Su, 

where  we  have  put  jjdxdtf  instead  of  1     dxj     dy^  and  this  ab- 
breviation we  shall  continue  to  use. 
The  fourth  term  is 

by  integration  by  parts  this  gives 

UdxdyV^-- \\\dxdyd9-^hu. 

The  fifth  term  is 
by  one  integration  by  parts  this  gives 

by  a  second  integration  by  parts  we  obtain 

The  sixth  term  is 
by  one  integration  by  parts  fiiis  gives 


dV„d»u 


dy    *•  dy     jJJ       "        dy   dy  ' 
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hj  a  second  integration  by  parts  we  obtain 

The  seventh  term  is 
by  two  integrations  by  parts  this  gives 


The  eighth  term  is 


d'Su 


by  one  integration  by  parts  this  gives 

by  a  second  integration  by  parts  we  obtain 

The  ninth  term  is 
by  one  integration  by  parts  this  gives 
by  a  second  integration  by  parts  we  obtain 

The  tenth  term  is 

jjjdxdydzvj^^; 
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by  two  integrations  bj  parts  this  gives 

In  these  formulaB  ^  and  -p  are  to  be  found  from  the  equation 

determining  the  limits  which  is  supposed  to  be  given, /(a?,  y,  «)=0, 

(see  Art.  135).  We  shall putpforTr  and  j  for  ^. 

J' 

dV    dV,    dV,    dV. 


Thus  Bn=[fjd.d,d.{^^^-£'- 


dy       dz 

d*V„    d*V„  ,  d*V.    d*V^    d*V„    d*VJ  g^ 
da?        di^        <&•      dxdy     dxdz     dydz) 

+jjd>;dy{-pK-qV,+  F, 

]  dSu 


+  jjdxdyi- 


\-sV„-fV^  +  vJ^^^ 


\  dSu 
dz 


+jfdxdyM 

+jjda:dyVSz. 

Here  are  six  different  terms  in  bU;  the  first  involves  a  triple 
integral;  the  second  a  double  integral  in  which  Su  occurs;  the 

third,  fourth,  and  fifth  double  integrals  in  which  -y— ,  -r-  ,  -^ , 

respectively  occur ;  the  sixth  a  double  integral  in  which  B»  occurs. 
In  all  the  double  integrals  z  is  supposed  a  function  of  x  and  y 
determined  by /(a:,  y,  z)  =s  0.   The  third  and  fourth  terms  will  now 

•L         n'n  3  X        X    'J    ^duu       T  dou 

be  modified  so  as  to  get  nd  of  -v-  and  -y- . 
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If  as  before  —j —  denote  the  differential  coefficient  of  Su  with 

(IX 

respect  to  x  after  the  value  of  z  has  been  substituted,  we  have  at 
the  limits 

dx   ~  dx      ^  dz  * 
Similarly  _-=^  +  j-_-. 

Therefore  at  the  limits,  as  on  page  154, 

jjdxdyBu^{qV^+j>V^-V^)  +jfdxdy(^^V„+j,qV^-qV^)^. 

Thus  BU  finally  consists  of  the  following  terms : 
the  part  involving  the  triple  integral ; 

the  term  I  Idxdy  VSz ; 


dSu 
dz  ' 


Hie  term  jjdxdyi^V^^pV„  -•  qV^+p'V^  +  ^V^+pqvJ^ 
and  a  term  I  Idxdy  MSu^ 

where  Jf=  Fii— i?l^— jT^ 

.     ^^m  .     dV„     dV„       dV^       dV         dV 
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dz  ' 


,  d'z  d*z        ^     d*z 

wlxerer  =  ^,    «  =  ^^,    «=^; 

these  being  all  supposed  found  from /(a;,  y,  z)  s  0. 
ThvBM=V.-pV,-qV^ 

145.  The  second  section  of  Delaonay's  memoir  is  entitled 
conditions  thai  a  definite  integral  may  he  a  maximum  or  a  minimum; 
distinction  "between  a  maximum  and  a  minimum.  This  section  extends 
over  pages  79 — 97, 

Delaunay  makes  some  remarks  on  problems  of  relative  maxima 
and  minima,  and  he  arrives  at  a  result  which  requires  examination. 
Consider  the  integral  JKdx  where  K  is  supposed  to  contain 
different  unknown  functions  y^Zj  ...  and  their  differential  coeffi- 
cients with  respect  to  x.  Suppose  that  this  integral  is  to  be  a 
maximum  or  minimum  at  the  same  time  that  a  relation  ^  =  0  is 
to  hold  between  the  functions  and  their  differential  coefficients. 
Delaunaj  then  supposes  that  as  usual  we  proceed  to  find  the  maxi- 
mum or  minimum  of  f{K+  m^)  dx,  where  m  is  some  function  of  x 
at  present  undetermined.  Delaunay  considers  that  there  will  be 
different  cases  in  this  problem  according  as  the  differential  coeffi- 
cients which  occur  in  ^  are,  or  are  not,  of  a  higher  order  than  those 
which  occur  in  K.  If,  for  example,  the  highest  differential  coeffi- 
cient which  occurs  in  ^  is  one  order  higher  than  the  highest  which 
occurs  in  K,  Delaunay  arrives  at  the  result  that  at  each  limit  of 
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the  integration  we  must  have  msO;  if  the  highest  differential 
coefficient  which  occurs  in  ^  is  two  orders  higher  than  the  highest 
which  occurs  in  K,  Delaunaj  arrives  at  the  result  that  at  each 

limit  of  the  integration  we  must  have  m  =  0  and  -r-  =  0. 

146.  Without  going  into  detail  on  the  subject  we  will  indicate 
two  objections  to  Delaimay's  conclusions. 

First.  Suppose,  for  example,  that  K  involves  differential  co- 
efficients up  to  the  second  order  inclusive,  and  that  ^  involves 
differential  coefficients  up  to  the  fourth  order  inclusive.  Let  x^  and 
x^  denote  the  limits  of  the  integration,  and  suppose  that  x^  -  x^  is 
divided  into  n  equal  parts ;  and  put  x^  —  x^  =  nh.  Then  Delaunaj 
sajs  that  the  relation  ^  =  0  is  meant  to  hold  for  the  following 
values  of  x,  when  n  is  supposed  large  enough : 

that  is  to  say,  it  is  not  meant  to  hold  for  the  values 

For  0  involves  differential  coefficients  of  the  fourth  order,  and  such 
differential  coefficients  may  be  supposed  to  depend  upon  four  con- 
secutive values  of  a? ;  so  that  if  for  example  we  suppose  i^  ==  0  to 
hold  when  a?  =  aj^—  2A,  a  value  x^+h  would  be  involved  in  0,  which 
lies  beyond  the  limits  of  our  integration.  The  reply  is  simple'; 
the  proposer  of  a  problem  may  attach  his  own  meaning  to  his  con- 
ditions ;  he  may  say  that  ^  is  to  be  zero  for  all  values  of  x  within 
the  limits  x^  and  x^,  or  he  may  say  that  ^  is  to  be  zero  for  all 
values  of  x  witliin  the  limits  x^ + 3A  and  x^  —  Sh.  Thus  Delaunay*s 
investigations  do  in  effect  attach  one  of  two  possible  meanings  to 
a  certain  condition,  but  probably  not  the  meaning  which  would 
generally  be  attached  to  such  a  condition. 

Secondly.    Let  us  now  take  Delaunay's  own  view  of  the  mean- 
ing of  the  condition  and  examine  if  his  conclusions  hold.    We  have 

then  the  following  problem:   I    Kdx  is  to  be  a  maximum  or  a 

minimum  while  the  condition  ^  =  0  is  to  hold  for  all  values  of  x 
comprised  between  f^  and  f^,  where  f^  and  f^  lie  thcm?elves  be- 
tween x^  and  a?j.     In  Delaunay's  problem  the  difference  between 

11 
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x^  and  (^  is  infinitesimal,  and  so  is  the  difference  between  f  ^  and  x^^ 
but  we  need  not  restrict  ourselves  with  this  limitation.  We  have 
then  to  make  the  variation  of  the  following  expression  zero : 

l^'Kdx  +  f^\K+m<f>)  dx  +  f'Kdx. 

The  variation  as  usual  will  consist  of  two  parts,  an  integrated 
part  and  a  part  still  remaining  under  the  sign  of  integration.  To 
make  the  latter  part  vanish  we  must  take  a  solution  which  leads 
to  discontinuity  in  the  form  of  our  functions;  that  is,  a  certain 
equation  or  certain  equations  will  be  obtained  which  must  hold 
between  the  limits  x^  and  ^^  and  also  between  the  limits  (^  and  x^j 
and  a  certain  other  equation  or  certain  other  equations  will  be 
obtained  which  must  hold  between  the  limits  f^  and  ^^.  There 
will  be  no  objection  to  this  discontinuity  in  form  provided  we  can 
also  make  the  integrated  part  of  the  variation  vanish ;  this  we  must 
now  consider.    The  integrated  part  which  occurs  at  the  lower 

limit  of  8  I   Kdx  and  the  integrated  part  which  occurs  at  the  upper 


j'fl 


limit  of  8 1  ^Kdx  may  be  made  to  vanish  in  the  usual  way  by  a 
proper  disposal  of  the  constants  which  occur  in  the  integral  of  the 
differential  equation  obtained  by  making  B  I  Kdx  =  0.  The  inte- 
grated part  which  occurs  at  the  lower  limit  of  81  '(£'+  nKJ))  dx  will 

•'fo 

partly  unite  with  that  which  occurs  at  the  upper  limit  of  8 1  Kdx ; 
and  the  integrated  part  which  occurs  at  the  upper  limit  of 
81  \K'\'  nuf})  dx  will  partly  unite  with  that  which  occurs  at  the 

•'fo 

lower  limit  of  8 1  ^Kdx.    Theoretically  the  complete  set  of  terms  at 

the  limit  f^  and  the  complete  set  of  terms  at  the  limit  f^  can  be 
made  to  vanish  by  a  proper  disposal  of  the  constants  which  occur 
in  the  integral  of  the  differential  equation  obtained  by  making 

s[{K+m<l>)dx  =  0. 
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We  must  now  examine  some  of  these  terms  more  particnlarlj. 
We  have  already  supposed  y  to  denote  one  of  the  variables  which 
occur  in  K]  put 

dx    ^'    d:^     ^'    daf     ^'     £&*     *• 
Then  among  the  terms  of  the  integrated  part  we  shall  have 

and  hr  and  hq  will  not  occur  elsewhere  among  the  integrated  terms. 
And  as  m  is  supposed  a  function  of  x  only  we  have 

dm^  dS      dm<f>  ^      dif> 

da  c& '      dr   ""      dr' 

Thus  Sr  and  Sq  will  disappear  from  the  integrated  part  if  we  have, 
at  the  limits  (^  and  f^, 

w»-^  =  0  and  wiT  —  T- «»^  =  0. 
ds  dr     dx     as 

The  last  relations  are  satisfied  if  at  both  the  limits  we  have 

w  =  0  and  ^-0 (1) 

as  Delaunay  states ;  but  they  are  also  satisfied  if  at  both  limits 

Moreover  if  r  and  jjr  are  to  have  given  values  at  the  limits  f^  and  f  j, 
then  Sr  and  Zq  are  themselves  £ero  at  these  limits,  and  then  neither 
(1)  nor  (2)  need  hold. 

We  conclude  then  that  Delaunay's  results  are  not  necessarily 
true  even  for  the  special  meaning  which  he  attaches  to  the  con- 
dition ^  =  0. 

We  shall  presently  consider  a  problem  which  will  illustrate  the 
preceding  remarks;  see  Art.  158.  Mr  Jellett  has  indicated  his 
dissent  from  Delaunay's  conclusions;  see  his  Calculus  of  Varia' 
ttonSy  page  362. 

11—2    ' 
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147.  Delaimay  makes  some  remarks  on  the  distinction  between 
maxima  and  minima  values  of  an  integral  in  the  following  words. 
Legendre  was  the  first  who  considered  this  question,  but  he  only 
applied  his  method  to  simple  integrals.  Lagrange  modified  the 
method,  and  Jacobi  rendered  it  as  complete  as  possible  hj  reducing 
the  investigations  which  it  requires  to  the  general  process  of  inte- 
gration hj  parts.  But  neither  of  them  I  believe  attempted  to 
extend  the  method  to  multiple  integrals.  In  examining  this 
question  I  have  found  that  the  generalisation  of  Legendre*s  method 
presents  no  difficulty,  at  least  if  his  steps  are  followed.  But  the 
generalisation  of  the  completeness  which  Jacobi  has  given  to  the 
method  appeaie  to  me  to  present  great  difficulties,  and  I  shall  not 
enter  upon  it. 

Delaunaj  then  extends  Legendre's  method  to  a  double  integral ; 
he  confines  himself  to  the  case  in  which  no  differential  coefficients 
of  a  higher  order  than  the  second  occur  in  the  integral  which  is  to 
be  made  a  maximum  or  minimum.  The  problem  which  Delaunay 
considers  had  been  previously  solved  by  Brunaoci,  who  had  arrived 
at  the  same  results  as  Delaunay  gives.  The  investigation  is  repro- 
duced by  Mr  Jellett  in  his  Calculus  of  Variational  pages  269 — 272. 

Jacobins  additions  to  Legendre's  method  will  be  explained  here- 
after ;  and  we  shall  see  that  the  investigations  of  Jacobi  have  been 
generalised  so  as  to  apply  to  multiple  integrals. 

148.  The  third  section  of  Delaunay's  memoir  is  entitled  op- 
plicaiion  of  the  preceding  theories  to  some  examples;  this  section 
extends  over  pages  97 — 120,  and  contains  four  examples. 

The  first  example  is  to  find  the  curve  which  has  a  constant 
curvature  and  has  a  maximum  or  minimum  length  between  two 
points.  Delaunay  intimates  that  this  example  is  to  bear  upon 
the  residts  given  in  Art.  145. 

Let  a;,  y,  is  be  the  rectangular  co-ordinates  of  any  point  in  the 
sought  line  ;  x^  and  x^  the  abscissas  of  the  extreme  points.  Take  x 
as  the  independent  variable  and  use  the  ordinary  notation  for 
differential  coefficients ;  then  the  length  of  the  curve  is 


rV(i+y'  +  0^» 
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which  is  to  be  a  ma^mom  or  minimum;  and 

is  the  reciprocal  of  the  radius  of  curvature  which  is  to  have  a 

constant  value ;  this  constant  value  we  shall  denote  by  -  • 

P 

Thus  we  proceed  in  the  usual  way  to  make  /     Vdx  a  maximum 

J»Q 

or  minimum,  where 

B7  the  ordiiMuy  principles  of  the  subject  we  have  the  follow* 

ing  eqaations  as  necessaiy  for  the  existence  of  a  maximum  or 

minimxim: 

d  ^_£  dV_ 

dx  dy'     da?  dy"  ~   ' 

±dV_^dV^ 
dx  dz'     da?  dz" 

Therefore  by  integration 

dV    ±dV_  .. 

dj/     dx  dy'' "  ^  ^  ^' 

dV     d  rfF_  f. 

where  a  and  fi  are  two  arbitrary  constants. 

The  solution  of  the  problem  then  depends  on  equations  (1)  and 
(2)  together  with 

(i+yVO»  P      

This  is  as  far  as  Delaunay  carries  the  general  solution ;  he  adds 
the  following  remark.  Since  it  is  impossible  to  obtain  the  general 
solution  we  may  inquire  if  the  circle  which  is  the  only  plane 
curve  of  constant  curvature  satisfies  all  the  conditions;  on  trial 
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we  shall  find  that  the  equations  (1),  (2),  (8)  are  satisfied  when  we 
establish  the  following  relations  between  a;,  y,  e  and  m ; 

zssay  +  hx^c (4), 

P  "  y"  V(l  +a'  +*•)  ^^^' 

«»=p{v(i+y'+0-«y'-i8«'-^} (6). 

And  henoe  he  infers  that  the  circle  is  a  solution  of  the 
problem. 

149.  This  problem  will  lead  us  into  a  long  discussion ;  we 
«haU  begin  by  oanying  the  general  solution  a  little  further  in 
Delaunaj's  notation.  We  shall  obtain  two  first  integrals  of  the 
equations  (1)  and  (2);  for  this  purpose  it  will  be  necessary  to 
develope  these  equations  (1)  and  (2). 

Let  fjL  stand  for 

V{y"'  +  «""  +  W  -y^')"}  and  ^  for  V(l  +y'"  +  O, 

so  that  8  is  the  length  of  the  curve  measured  from  some  fixed 
point  up  to  the  point  (x^y,  z) ;  then  we  shall  find  that 

dV_  y'      fm"{zY-f(z")     3m/iy 
a£  ^  \dx)  \dx) 

dV     z'     my"{aY -r/z")     Zmu£ 
dz'  "^"'"  /^X"  /^  ' 

das  '^KdxJ  \dx) 

dV         m       f  „       ft  '  ji      I  «\1 
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Multiply  equation  (1)   bj  y"  and  equation  (2)  by  a'  and 
add;  thus 

Wxfl,"     y'«"  +  '''^"     3m/*  {y'y"  +  z'z")       .,  d  dV      ..  d  dV 
ay  +fiz  '^^'■^ y^Y  ^^  ^^"*^  ^W 

dx  \dx) 

~^  7^\*  ^  <ferfy"     *  dxda"' 

and 

„  d  dV      „  ddV     rf  /  „  rfr  .    ,,  dV\      ,.,dV      .„  dV 
^  '^dy"^^  d^dil'~daV  df^"  d?7"^  ^'"*   S?' 

and 

y'"  |F+^"'^'7^  {yV"+«V"+  W'-y'OW-yV-)} 

TaPy  dx      piidx^ 

thus 

.,^a"    ^y"  +  ''''^'    fnjSiyY  +  tW)     1  dfij      dm 


-f-  */   *    _»_»/ 


y>"  +  z'z"      d  m 
^        da  dx  p ' 

dx 

since  -iili,-,-J-^^  =  0  by  (3). 


Thereforo  by  integration 

where  7  is  an  arbitrary  constant.    Thus 

«»  =  p{V(l+y''  +  0-<V'-/9«'-'y} (7). 


168  DELAUMAT. 

dV 

Again,  bj  ordinary  transformations  the  values  obtained  for  -tti 

dV  ^ 

and  -^,  may  be  written  thus : 

dV  __  m  d^y  da        dV  __  m  d^z  da 
dj/'^'Jid?^'     W'"iii  d?  d^' 

Moltiplj  eqnation  (1)  by  ^  and  (2)  by  ^  and  subtract ;  thus 

dz      r,dy 

"*  fds\*  dadxud^dx     elslxudi^dx 

d*a 

m^{yz-zy)      ^ 


/* 


^  ^  '  ,d_md8^  fd^  d^  _  dz  d*y\  ' 

fda\'  "^MJdxydad^'ds  W)' 

\dx) 


^da     '^^da"  fAds?\dad?     da  day'^dxfidx\did?''dad?) 

^  —  —  !^  /& Y  /<Zy  ££*«  ^  &  d\/\ 
^  da  dx  fi  \Sx/  \d8  df     da  df)  * 

Divide  by^  and  then  integrate;  thus 

-***«-=©■  (IS-sS) (»). 

where  C  is  an  arbitrary  constant. 

And   since  ^  Ci^Y  f^  ^  -  ^  ^U  ^  2:^2ll£2!! 
'  It  \dxJ   \ds  dr     ds  ds*J     fi        da 

dx 
_  fmyz"-zY) 

'(l  +  y'*  +  0*  ' 
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we  may  write  equation  (8)  thus : 

Equations  (7)  and  (9)  are  the  integrals  it  was  proposed  to 
obtain;  the  problem  is  thus  reduced  to  depend  upon  the  solution 
of  equations  (3),  (7)  and  (9).  The  value  of  m  fix)m  (7)  may  be  sub- 
stituted in  (9)  and  the  result  will,  with  equation  (3),  constitute  two 
simultaneous  differential  equations  of  the  second  order  for  determin- 
ing the  required  curve. 

150.  We  have  not  yet  verified  Delaunay's  statement  that 
equations  (4),  (5)  and  (6)  give  a  solution  of  the  problem;  we  shall 
arrive  at  this  result  most  easily  by  arranging  the  whole  solution  of 
the  problem  as  far  as  it  can  be  completed  in  a  symmetrical  manner. 
Take  the  arc  a  for  the  independent  variable ;  then  we  have 

and  subject  to  these  conditions  we  have  to  make  I  d$  a  maximum 
or  a  minimum.  We  may  then  in  the  usual  way  consider  that  we 
have  to  make  f     Vds  a  maximum  or  a  minimum,  where 

Jio 

XX' 
Here  -  and  -^  denote  functions  of  s  at  present  undetermined. 

Hence  in  the  usual  way  we  obtain  as  the  necessary  equations 
for  a  maximum  or  a  minimum, 


df?      cfo"      da      ds^ 

:^  V^-  — X^  =  0 
da^      df?      da      da 

—  X'—  ^—  X—  -^n 
dif       da^      da      da" 


(10). 
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Therefore  liy  integration 


±x'^ 
d»^W 


d$ 


d  - ,  ^     -  dg  _ 
ds      d^        d8~ 


(11). 


rfy 


ay-hx-^-f 


Multiply  the  first  of  equations  (11)  bj  ^  and  the  second 
by -7- and  subtract ;  thus 

(dy^  d^     ^  d^y\  dX'     fdy  d*x  ^  dx  d*y\  ^,  _    ^  _  ^  ^ 
di  d^f     daWJdi^Kdid?     dsd?J^''^d8     ^di' 

By  integration  we  deduce  the  first  of  the  following  three  equations, 
and  the  other  two  may  be  obtained  in  a  similar  manner, 

,  fdy  d^x     dx  d^y\ 

In  these  equations  /,  /',  and  /"  are  arbitrary  constants.  This 
method  of  solution  is  giyen  by  Mr  Jellett;  see  his  OalcuUM  of 
Variations  J  page  195. 

151.  We  haye  not  yet  considered  the  integrated  part  of  the 
variation.  We  suppose  that  the  extreme  points  of  the  curve  are 
fixed.  Then  with  the  notation  of  Art.  149  the  integrated  part  of 
the  variation  will  consist  of 

If  we  suppose  that  there  is  no  restriction  on  the  tangents  at  the 
limiting  points,  then  since  Sy'  and  8z*  are  independent,  we  must 


-         dV     ^      ;,  dV 
have  ^  =  0  and  ;^ 


0  at  both  the  limits  in  order  that  the  in- 
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tegrated  part  of  the  yariatlon  may  vaniah.    Hence  from  the  known 

dV         dV 
expressions  for  ttt  and  ^-77  we  must  either  have  m  =  0  at  both 

if 

limits,  or  else  we  most  have  simultaneously 

y"  +  z\zy  -  y V)  =  0,     and  «"  -  y\zy  -  yV)  =  0, 

at  one  limit  or  at  both  limits.    But  the  latter  equations  are  not 
admissible,  for  they  lead  by  squaring  and  adding  to 

y + «"• + (y'' + O  {zY  -  y'zy + 2  (i^y '  -  y  vr = 0, 

and  this  would  make  that  expression  yanish  which  is  always  equal 
to  the  constant  -  by  hypothesis. 

152.  Let  us  now  examine  the  form  of  the  integrated  part  when 
we  adopt  the  method  of  solution  given  in  Art.  150. 

The  integrated  part  consists  of  the  following  terms ; 
first,  F&, 

secondly,  (^  ^""X^^'^?)  (^""ST^)  tog^^J^^r  with  two 
similar  terms  in  y  and  z^ 

thirdly,  X'  -tj  (83-  —  -tt-  &)  together    with   two    similar 

terms  in  y  and  0. 

Since  the  extreme  points  are  supposed  fixed  &r,  hy^  and  hz 
vanish;  hence  by  using  equations  (11)  we  obtain  for  the  inte* 
grated  part 

where  it  is  to  be  observed  that  F=  1. 

It  will  now  be  convenient  to  determine  X';  for  this  purpose 

d^x    d\    d^n 
multiply  equations  (11)  by  -^,  ^,  ^,  respectively,  and  add; 

thus 

1  rfX'        ^«  .  T  ^y  .     d^z 
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X'        dx     ^  dy        dz  ,     , 

therefore         "i='^A'''A"^^5"^*  constant ; 

and  in  order  that  the  coefficient  of  &  in  the  integrated  part  of  the 
variation  may  vanish  this  constant  most  equal  nnitj,  so  that 

-.^l+aj^  +  i^  +  c^. 

In  order  that  the  rest  of  the  integrated  part  of  the  variation 
may  vanish  it  maj  be  shewn  as  in  Art  151  that  X'  most  vanish  at 
hoik  limits  of  the  integration;  this  is  proved  by  Mr  Jellett  on 
page  197  of  his  work. 

The  value  of  X  may  also  be  found ;  for  this  purpose  multiply 
equations  (^0  ^7  ^  >  ^  >  ^  >  respectively,  and  add ;  thus 

,  (dx  d*x     dy  d^y     dz  d^£\        dx     ^dy        dz 
^"^  \di'd?^di  l?'^did?)'''*di'^^di^^di 

f?        ds        ds        Sf ""         (f  * 

153.  Now  retfun  to  equations  (12)  of  Art.  150  and  remember 
the  result  just  mentioned  that  X'  vanishes  at  both  limits  of  the 
integration.  Take  the  origin  of  co-ordinates  at  one  of  the  fixed 
points ;  then  since  we  have  simultaneously  a;  =  0,  y = 0,  « = 0,  X'=  0, 
it  follows  that  /=  0,  /  =  0,  /"  =  0 ;  multiply  equations  (12)  by 

-^ ,  ^ ,  -T-  ,  respectively,  and  add ;  thus  we  obtain 

(ay-5a;)^  +  (caj-a«)^+(J«-cy)^  =  0, 
/   dz        dy\  ,  t  f   dx        dz\  .      /    dy        dx\     ^ 

This  equation  may  be  integrated  by  assuming 

y  =  ux^    z=ivx; 
it  leads  to 

ay--hx^n{aZ'^  ex), 
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where  n  is  a  constant;  this  is  the  equation  to  a  plane  passing 
through  the  origin.  Thus  the  required  curve  is  a  plane  curve,  and 
as  a  circle  is  the  only  plane  curve  of  constant  cubrature,  we  obtain 
a  circle  as  the  required  solution. 

164.  The  preceding  article  is  due  to  Mr  Jellett ;  it  will  be 
seen  that  it  adds  something  to  the  result  enunciated  bj  Delaunaj; 
for  Delaunaj  stated  that  a  circle  is  a  solution  of  the  problem,  while 
Mr  Jellett  shews  that  if  there  is  no  restriction  on  the  tangents  at 
the  extreme  points  the  required  curve  must  be  a  plane  curve  and 
therefore  a  circle. 

Some  ftirther  remarks  however  are  necessary  here.  The  pro- 
posed problem  maj  be  understood  in  two  senses ;  for  we  maj  be 
required  to  find  a  curve  of  maximum  or  minimum  length  while  the 
curvature  has  same  constant  value,  or  we  maj  be  required  to  find 
a  curve  of  maximum  or  minimum  length  while  the  curvature  has 
an  assigned  constant  value. 

In  the  first  case,  when  the  curvature  is  merely  required  to  be 
constant,  we  may  take  p  as  large  as  wc  please,  and  thus  the  solution 
will  degenerate  into  the  straight  line  joining  the  two  given  points. 
Let  us  next  consider  the  second  case,  in  which  the  curve  must  have 
an  assigned  constant  curvature;  it  might  then  be  impossible  to 
draw  an  arc  of  a  circle  so  as  to  have  a  given  curvature  and  to  pass 
through  two  given  points,  and  in  fact  this  could  not  be  done  if 
the  given  points  are  at  a  greater  distance  than  the  diameter  of 
a  circle  which  has  the  assigned  curvature.  It  becomes  a  question 
then,  what  the  solution  of  the  problem  is  in  such  a  case  where  the 
distance  of  the  given  points  is  too  great  to  allow  of  their  being 
connected  by  an  arc  of  a  circle.  We  shall  shew  that  the  problem 
is  solved  by  a  set  of  arcs  of  the  required  curvature. 

Let  A  and  B  be  the  two  fixed  points  (see  figure  6). 

Let  ACD^  DEF^  FOB  be  three  equal  arcs  of  the  assigned 
curvature,  and  let  them  be  placed  so  as  to  have  a  common  tangent 
at  the  points  of  junction  D  and  F]  then  we  shall  shew  that  the 
cwrvQ  ACDEFGB  constitutes  a  solution  of  the  problem  under  con- 
sideration. 
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Far  let  us  sappoee  the  quantity  8^  —  $^  divided  into  three  parts 
«t-^if  cTj-o^,,  <T^-#o;  t^®i^ 

P  Vdt  =  f"  Vds  +  ['><&+[''  Vd8, 

and  the  variation  of  the  left-hand  member  will  be  zero  if  the 
variation  of  the  right-hand  member  be  so. 

Now  consider  o  /     Vds.    The  part  of  this  which  remains  imder 

the  sign  of  integration  vanishes  when  equations  (12)  are  satisfied. 
And  hj  proceeding  as  in  Art.  152  it  appears  that  if  X'  vanishes  at 
both  limits  the  integrated  part  at  the  loioer  limit  will  entirely 
vanish  and  the  integrated  part  at  the  upper  limit  will  rednce  to 

this  term  remains  because  the  upper  limit  is  now  not  a  fixed  point. 
The  term  just  exhibited  is  destroyed  by  a  similar  term  which  occurs 

at  the  lower  limit  of  S  /     Vds^  if  a,  &,  c  retain  the  same  values. 
In  this  way  we  see  that  we  shall  have 

J  $0  J  Vq  Jvi 

for  the  system  of  arcs  in  figure  6,  provided  that  a,  b,  c  retain  the 
same  values  for  all  the  arcs. 

It  will  be  remembered  that  by  Art.  152, 

v=p-(i  +  .t+4^.|) (IS), 

moreover  the  common  tangent  at  D  makes  the  same  angle  with  AB 
as  the  tangent  at  B,  and  the  common  tangent  at  F  makes  the  same 
angle  with  AB  as  the  tangent  at  A ;  thus  if  a,  5,  c  retain  the  same 
values  throughout  the  arcs,  V  vanishes  at  F  and  j5  if  it  vanishes 
at  A  and  D. 

Thus  all  that  we  have  to  do  is  to  shew  that  equations  (12)  are 
true  for  all  the  arcs  in  figure  6  while  a,  h,  c  retain  the  same 
Values  throughout,  and  V  has  the  value  given  in  (13).    That  is,  in 
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efiect  we  haye  to  shew  that  equations  (12)  and  (13)  are  true  for  a 
circle  of  radius  p  without  imposing  any  restriction  on  the  co-ordi- 
nates of  its  centre  which  it  may  be  impossible  to  falfil. 

Since  the  direction  of  the  axes  is  in  our  power,  let  us  suppose 
that  A  is  the  origm,  AB  the  direction  of  the  axis  of  x^  and  the 
plane  of  the  arcs  the  plane  of  {x, y).  Then  z^0\  thus  we  must 
have  /=  0,  /'  =  0,  /"  =  0,  o  =  0  in  (12),  so  that  these  equations 
reduce  to 

<iw-i&)-'>-^ ("). 

wKoo  V=p>(l  +«s+»f) (15). 

Now  let  (a?  —  A)'  +  (y  —  ky  =  p*  be  the  equation  to  the  circle  of 
which  the  first  arc  A  CD  is  a  portion ;  and  suppose  that  the  axis 
of  y  is  taken  so  that  k  is  positive.    We  shall  have 

(»-J)J+(y-i)^-0, 

from  these  we  deduce 

ds^^    p    '    ds^^     p    ^^^^' 

and  supposing  that  8  increases  with  x  so  that  -v-  is  positive  we 

must  take  the  lower  signs; 

.1  (Px         I  dy        35  — A 

then  -j^  = -/^  =  -.— 5-, 

da*  p  da  P 

d^y  _     1  dx ^     y  ^h 
da^  p  da  p'     ' 

Thus  that  (14)  and  (15)  may  be  true,  we  require  tliat 
-p'{l-a^^-b^)^^  =  ay-hx, 

80  that  l+fizl*  =  o (17), 

P 

is  the  only  relation  between  the  constants. 
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Now  we  have  already  supposed  that  X'  vanishes  both  at  A  and 
2>;  at  these  points  ^  has  the  same  value  while  ^  has  values 
numerically  equal  but  of  opposite  sign. 

We  must  therefore  have  S  =  0,  so  that  (17)  reduces  to 

1  +  —  =  0. 
P 

Now  suppose  h'  and  k'  the  co-ordinates  of  tlie  centre  of  the 
circle  of  which  the  second  arc  DEF  is  a  portion.  Proceeding 
as  before  we  shall  find  that  we  must  now  use  the  upper  signs 
in  the  equations  which  replace  (16),  and  we  shall  finally  arrive  at 

1 =  0. 

P 

Thus  k  and  k'  are  equal  in  magnitude  and  of  opposite  sign, 
and  this  is  the  only  condition  necessary  to  ensure  that  equations 
(14)  and  (15)  shall  hold  for  both  arcs  with  the  same  values  of 
the  constants  a  and  b;  and  this  condition  is  satisfied  by  the 
figure. 

(Z/c  cue 

The  relation  expressed  by  IH =  0,  or  1 ==  0,  is  in  fact 

the  same  as  that  which  must  hold  in  order  that  V  may  vanish 
at  A  and  D. 

We  have  supposed  in  tlie  figure  three  arcs,  but  it  is  obvious 
that  the  reasoning  we  have  used  will  apply  whatever  may  be 
the  number  of  arcs;  and  as  we  may  make  this  number  as  great 
as  we  please,  we  can  finally  obtain  a  curved  line  which  differs 
in  length  by  as  small  a  quantity  as  we  please  from  the  straight 
line  AB. 

Thus  when  the  curvature  is  to  have  an  assigned  constant  value, 
the  solution  will,  as  in  the  former  case,  coincide  practically  with 
the  straight  line  which  joins  the  two  given  points. 

155.  In  the  preceding  four  articles*  we  have  supposed  that 
there  is  no  restriction  on  the  tangents  at  the  extreme  points.  If 
the  directions  of  the  tangents  at  the  extreme  points  are  given, 
it  will  no  longer  be  necessary,  as  in  Art.  152,  that  X'  should 
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yaniah  at  both  limits.  If  the  tangents  at  the  extreme  points  are 
eqnallj  inclined  to  the  straight  line  which  joins  the  extreme  points, 
and  if  also  the  two  tangents  and  the  straight  line  are  in  the  same 
plane,  then  if  the  value  of  the  curvature  is  not  assigned,  it  will 
be  possible  to  satisfy  the  conditions  of  the  problem  bj  a  series 
of  circular  arcs  as  in  Art.  154;  and  if  the  value  of  the  curvature 
is  assigned,  it  will  be  possible  to  satisfy  the  conditions  of  the 
problem  by  such  an  arc  or  such  a  series  of  arcs,  if  the  distance 
of  the  extreme  points  and  the  magnitude  of  the  radius  of  curva- 
ture and  the  directions  of  the  tangents  have  been  given  suitably, 
but  not  otherwise.  But  no  solution  has  hitherto  been  given  for 
the  general  problem  wihen  the  directions  of  the  tangents  at  the 
extreme  points  are  assigned  in  a  perfectly  arbitrary  manner. 

156.     We  will  shew  that  in  certain  cases  a  helix  may  be 
the  solution  of  the  problem.     For  suppose  in  equations  (12)  that 

a  =  0,  J  =  0,/  =  0,/'=0; 
assume  x^h cos d,  ^  =  A  sin d,  is  =  A;^; 

thus  ^  =  V(A*  +  *'), 


*^^       cfo"     V(A"  +  A:"j'    ds"  sJ{h^-Yl^)'    (fo^VCA'+A:*)' 
d^x  _         X         d^y  _  y         d*z  _ 

The  first  of  eqmations  (12)  when  these  values  are  substituted 
becomes 

and  the  other  two  become 

And  p  =  — 7 —  ;  thus  from  (19)  we  shall  obtain 

ks/{h*  +  k')  =c{h*-k^ (20); 

12 
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and  firom  (18) 


It  appeals  from  (20)  and  (21)  that  we  cannot  baTe  A  =  Jc^  and 
with  this  exception  a  helix  may  be  a  solution  of  the  problem. 

157.  We  will  now  retiim  to  Delannay's  notation.  It  may  be 
shewn  by  peiforming  some  ordinary  transformations  that  the  equa- 
tions (1)  and  (2)  may  be  written  thus : 

dy  (       1mdx\      d  (      dxd^y\_ 

dz  /,      2m  dx\      d  f      dx  d^z\      ^ 

These  coincide  with  the  second  and  third  of  equations  (11) 
by  supposing 

a=-6,  ^  =  -c,  iw/»^  =  X,andl-— ^  =  X, 

that  is  X=l B-. 

P 

And  the  equation  (7)  may  be  written 

dx  r         dy      rxdz         dx\ 

doR 

and  thus  the  value  of  mp  -^  coincides  with  that  found  for  X'  in 

Art.  152,  by  supposing  y  =  ^a. 

From  equations  (1),  (2)  and  (7)  in  the  form  in  which  they 
;ure  here  given,  we  can  deduce  an  equation  coincident  with  the 
first  of  equations  (11) ;  so  that  the  two  solutions  agree,  as  of  course 
they  should. 

Now  in  Art.  153  we  obtained  as  the  result  of  the  symmetrical 
solution  that  in  the  case  in  which  the  tangents  at  the  limiting 
points  are  unrestricted  the  required  curve  must  be  a  plane  curve, 
and  that  the  plane  of  the  curve  must  contain  the  line 

a" b " c * 


DELAUNAT.  179 

If  this  result  be  transformed  into  Delannay's  notation  it  leads 
to  this  condnsion ;  the  plane  determined  hj  z^ay  +  bx  +  c  in  his 


X 


-  y  -. 


notation  must  contain  the  line  determined  by  —  =  -^  =  — 75  in 

•^   -ry      -a      «^ 

his  notation.    For  this  to  be  the  case  we  must  have  7  =  ^-r —  • 

This  agrees  with  equation  (6)  and  verifies  Delaunay's  conclusion ; 
but  it  is  not  obvious  in  what  way  he  arrived  at  it. 

158.  It  must  be  observed  that  Delaunay  does  not  treat  the 
integrated  part  of  the  variation  as  we  have  done  in  Art.  151 ;  he 
considers  that  in  virtue  of  his  previous  remarks  we  must  always 
have  971  =:  0  at  the  limits  of  the  integration.  But  if  m  =  0  at  the 
limits  the  curve  is  necessarily  a  plane  curve,  as  appears  in  Art.  153 ; 
and  this  is  obviously  impossible  when  the  tangents  at  the  limits  are 
so  assigned  that  they  do  not  lie  in  one  plane.  This  furnishes 
additional  evidence  against  Delaunay's  views. 

Moreover  this  problem  affords  a  good  illustration  of  the  re- 
marks made  in  the  first  part  of  Art.  146 ;  for  when  the  condition  is 
given  that  the  curvature  of  the  required  curve  is  to  be  constant  the 
natural  meaning  of  this  condition  would  be  that  at  every  point  of 
the  curve  up  to  and  including  the  limiting  points  the  radius  of 
curvature  is  to  be  constant. 

159.  The  next  problem  considered  is  to  find  a  surface  of 
minimTmi  area,  the  required  surface  being  supposed  to  be  bounded 
by  a  curve  lying  on  a  given  surface.  The  problem  had  been  con- 
sidered  originally  by  Lagrange,  in  the  case  in  which  the  bounding 
curve  was  supposed  fixed;  see  Art.  18.  Delaunay  arrives  at  the 
known  result  that  the  required  surface  must  be  one  that  has  at 
every  point  the  sum  of  its  two  principal  radii  of  curvature  zero. 
Delaunay  shews  moreover  from  the  equation  which  holds  at  the 
limits  that  the  required  surface  must  cut  the  given  surface  at  right 
angles  at  every  point  of  the  curve  of  intersection  of  the  two  sur- 
faces. Delaunay  then  generalizes  his  results  by  considering  the 
multiple  integral 

/...///^...*^*^{..(|)V....(*)V(|)V(|)}. 

12—2 
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160*  The  next  problem  is  to  find  the  sor&ce  which  has  a 
given  area  and  bounds  a  maximum  volume ;  that  is,  z  must  be 
determined  such  a  function  of  x  and  y  as  will  make  jjdxdyz  a 
maximum,  while 


//-V{-(iy-(i)] 


is  to  be  constant.     This  problem  was  originally  considered  bj 
Lagrange ;  see  Strauch,  Vol.  il.  page  623. 

Delaunay  obtains  as  the  result  that  the  required  surface  must 
be  such  that  at  every  point  the  sum  of  its  two  principal  curva- 
tures must  be  constant.  He  supposes  that  the  required  surface 
is  to  be  bounded  by  a  curve  lying  on  a  given  surface,  and  he 
gives  a  geometrical  interpretation  of  the  equation  which  he  finds 
must  hold  at  the  bounding  curve.  He  then  generalizes  his  results 
by  taking  the  case  in  which 

is  to  be  a  maximum,  while 

/...///^.....«V{'  ^  (I)'--  ©"^  ©■-  (1)1 

is  to  be  constant. 

161.  Delaunay  makes  some  further  investigations  respecting 
the  surface  which  includes  a  maximum  volume  with  a  given  area. 
He  says  that  of  all  closed  surfaces  the  sphere  was  known  to  be  that 
which  included  the  greatest  volume  under  a  given  surface,  but 
that  this  result  had  not  yet  been  deduced  from  the  equations 
furnished  by  the  Calculus  of  Variations.  He  tried  the  question 
in  another  way,  and  although  he  did  not  succeed  in  arriving  at 
a  complete  solution  he  gives  his  results.  The  problem  considered 
is  the  following ;  it  is  required  to  join  by  a  surface  of  given  area 
two  curves  of  given  length  situated  in  two  parallel  planes,  in  such 
a  manner  that  the  included  volume  may  be  a  maximum.  The 
differential  equations  to  which  the  problem  leads  are  then  given, 
and,  assuming  that  the  required  surface  will  be  a  surface  of  revo- 
lution, it  is  proved  that  it   must  be  a  sphere.     The  problem  is 
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given  bj  Mr  Jellett,  with  some  additional  remarks  on  the  last 
of  the  limiting  equations;  see  his  Galcultia  of  Variational  pages 
282—286. 

162.    The  last  example  considered  by  Delaunaj  is  the  variation 
of  the  following  expression  which  occurs  in  the  theory  of  heat, 


//^*«[©'^(S"-©1 


j!^^>^v'^{^*{iHi)). 


In  concluding  our  account  of  Delaunay's  memoir  it  may  be 
observed  that  the  examples,  although  interesting  in  themselves, 
do  not  throw  much  light  on  the  precise  point  which  according  to 
the  announcement  of  the  Academy  of  Sciences  required  illustra- 
tion, namely,  the  equations  which  must  hold  at  the  limits  of  the' 
integrations ;  see  Art.  133.  And  there  is  very  little  that  can  be. 
considered  as  an  application  to  triple  integrals  which  was  specially 
indicated.  From  the  fact  that  the  judges  drew  attention  to  Delau- 
nay's researches  on  the  distinction  of  maxima  and  minima,  it  may 
be  inferred  that  they,  as  well  as  Delaunay  himself,  were  not  aware 
that  he  had  been  anticipated  by  Brunacci  on  this  point. 


CHAPTER  VII. 

SAERUS. 

163*  We  have  already  stated  that  the  prize  offered  by  the 
Academy  of  Sciences  of  Paris  for  an  essay  on  the  Calculus  of  Vari- 
ations was  awarded  to  M.  Sarrus ;  see  Art.  133.  We  now  proceed 
to  give  an  account  of  the  memoir  which  obtained  the  prize. 

This  memoir  is  entitled  Becherches  sur  le  Calcul  des  Variaivma ; 
it  is  published  in  the  tenth  volume  of  the  memoirs  of  the  Savants 
Etrofagers^  and  the  date  of  publication  is  1846. 

164.  The  memoir  consists  of  127  quarto  pages.  It  is  divided 
into  five  chapters.  The  first  chapter  is  chiefly  occupied  with 
formula  for  differentiating  integral  expressions  with  respect  to  any 
parameter  which  they  may  inYolve;  the  second  chapter  applies 
these  formulae  so  as  to  obtain  the  variation  of  a  multiple  integral 
in  an  undeveloped  form ;  the  third  chapter  developes  this  variation 
and  shews  how  many  equations  must  be  satisfied  in  order  that  the 
variation  may  be  zero ;  the  fourth  chapter  gives  special  develop- 
ment of  the  formulae  in  the  case  of  triple  integrals ;  the  fifth  chapter 
applies  the  formulae  to  three  examples. 

The  memoir  is  extremly  interesting  and  valuable,  and  contains 
a  complete  solution  of  the  question  proposed  by  the  Academy. 
The  formulae  which  are  obtained  are  rather  complicated,  but  this 
can  hardly  be  avoided  in  the  subject.  The  memoir  is  probably 
the  most  important  original  contribution  to  the  Calculus  of  Variations 
which  has  been  made  during  the  present  century. 

165.  The  investigations  of  Sarrus  apply  to  multiple  integrals 
of  any  order,  and  some  doubt  has  been  felt  with  respect  to  the 
best  method  of  giving  an  account  of  them.  We  shall  confine 
ourselves  to  the  case  of  a  tripU  integral,  because  it  appears  that 
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no  abridgement  could  render  adequate  justice  to  the  general  results 
given  hy  Sarrus,  and  it  would  be  almost  impossible  to  comprise 
some  of  the  more  complicated  formulea  within  the  breadth  of  an 
octavo  page.  We  may  hope  to  succeed  in  giving  an  intelligible 
specimen  of  the  investigations  of  Sarrus  by  taking  the  case  of  a 
triple  integral;  and  we  must  refer  the  student  who  wishes  to 
appreciate  the  full  merit  of  the  author  to  the  ori^nal  memoir. 

We  shall  not  therefore  give  an  analysis  of  the  memoir  article 
by  article,  nor  shall  we  adopt  the  notation  of  the  author.  Sarrus 
uses  the  symbols  tc^,  a;,,  a?,, ...  for  the  independent  variables ;  the 
lower  limiting  values  of  the  variables  are  denoted  by  a  single 
accent,  as  a?/,  a;,',  a?,', ...  and  the  upper  limiting  values  of  the 
variables  are  denoted  by  two  accents  as  a?/',  a;,",  a;,", ...  We  shall 
use  a;,  y,  0  as  independent  variables,  and  shall  denote  as  we  have 
done  heretofore  the  lower  limiting  values  by  the  suffix  0  and  the 
upper  limiting  values  by  the  suffix  1.  The  unavoidable  complexity 
of  the  notation  in  the  original  memoir  has  led  there  to  numerous 
misprints,  which  however  are  not  of  great  importance. 

166.  We  shall  use  then  the  following  notation;  by  the  ex- 
pression jdx  fdy  fdzu  we  denote  a  triple  integral ;  we  suppose  that 
uis  SL  function  of  the  independent  variables  x,  y,  0,  and  of  any 
dependent  variable  or  variables,  and  differential  coefficients  with 
respect  to  Xj  y,  and  z.  The  integration  in  the  triple  integral  is 
supposed  to  be  performed,  first  with  respect  to  z  from  the  limit  z^ 
to  the  limit  z^,  next  with  respect  to  y  from  the  limit  y^  to  the  limit 
y^J  lastly  with  respect  to  x  from  the  limit  x^  to  the  limit  x^.  It 
follows  from  the  nature  of  definite  integration  that  the  limits  jp^ 
and  z^  will  not  be  functions  of  z,  but  may  be  functions  of  x  and  y ; 
the  limits  y^  and  y^  will  not  be  functions  of  y  or  «,  but  may  be 
functions  of  x ;  and  the  limits  x^  and  x^  will  not  be  functions  of  x 
or  y  or  z. 

The  limits  of  the  integrations  being  thus  distinctly  stated  we 
shall  not  express  them  in  our  formulae ;  but  they  must  always  be 
understood.  No  confusion  or  difficulty  will  arise  from  our  not  ex- 
plicitly introducing  the  limits  because  we  shall  never  have  occasion 
to  use  any  indefinite  integral,  and  we  shall  not  make  any  change  in 
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the  order  of  the  integrations.  Also  when  we  have  occasion  to  use 
a  single  or  double  integral  involving  respectivelj  one  or  two  of  the 
variables  a?,  y^  e,  we  shall  not  express  the  limits,  but  they  most  be 
understood.  This  omission  of  the  limits  in  oar  integrals  may  at 
first  be  a  little  perplexing  to  the  student,  but  it  is  strongly  recom- 
mended by  the  simplification  thus  effected  in  the  formulas. 

167.  The  symbol  7  will  be  employed  in  the  following  manner. 
Suppose  u  any  fimction  which  involves  a  quantity  p;  if  in  u  we 
change^  into  q  we  obtain  a  result  which  we  shall  denote  by 

P 

This  symbol  is  the  one  which  Sarrus  himself  employs ;  he  calls  it 
tistgn  of  substitution.  The  use  of  this  symbol  will  lead  us  to  ex- 
pressions of  the  following  forms, 

f'jdyu,     f'fjdzu; 

these  expressions  do  not  require  any  explanation. 

This  notation  is  certainly  one  of  the  great  merits  of  the  memoir, 
and  in  this  respect  nothing  has  probably  been  suggested  which  is 
of  so  much  service  to  the  Calculus  of  Variations  as  this  sign  of 
substitution  since  Lagrange  introduced  the  symbol  8. 

168.  We  shall  now  shew  how  to  differentiate  an  integral 
expression  with  respect  to  any  parameter  which  it  may  involve; 
the  formula  is  well  known,  but  it  may  be  interesting  to  see  the 
method  of  Sarrus,  and  to  exhibit  the  result  by  means  of  the 
symbol  7. 

Let  F{t,  x)  denote  any  function  of  the  parameter  t,  the  variable 
X,  and  other  variables  if  required.    Put 

^ =*(',-) (1), 

dF(t,  x)      ,  .      . 

-is-'V^C,^) (2); 
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we  have  then  identically 


dx dt~ ^•^' 

Let  Xq  and  x^  denote  particular  values  of  x ;  then 
J|f(,,,,)-F(,,».)l^     ,^  ,^ 


dt 


+  §^('''^^)-§^(''^'') <*)• 


Bnt  from  (2)  and  (3)  by  integrating  with  respect  to  x,  we 
obtain 

F{t,  X,)  -  F{t,  x^=jdxir  {t,  x), 

,l>{t,x;)-4>{t,x:)=jdx^±^. 
Substitute  these  values  in  (4) ;  we  thus  obtain 

Now  put  u  for  yft  {t,  x)  for  shortness ;  then  the  last  result 
may  be  expressed  thus: 

where  u  may  denote  any  function  whatever. 

It  will  be  observed  that  in  accordance  with  the  remark  in 
Art.  166,  the  limits  of  the  integrals  are  not  expressed,  but  they 
must  be  understood. 

169.  We  now  proceed  to  differentiate  a  douhU  integral  with 
respect  to  any  parameter  which  it  may  involve. 

We  have  seen  that  if  w  be  any  function  whatever, 
d  [  ^  f  J   du     dx.  -'i         dxn  «*o 
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in  this  formula  change  u  into  jdyu;  thus 

and  as  in  the  preceding  article 
hence  by  substitution  we  obtain 

170.    We  now  proceed  to  differentiate  a  triple  integral  with 
respect  to  any  parameter  which  it  may  involve. 

In  the  result  of  the  preceding  article  change  u  into  jdzu; 
thns 

^jdxjdyjdz  u  =  jdxjdy^fdz  u 

dx.„*i 


"^  dt 


^-fjdyjdzu-  ^I'jfdyfdz  tt. 


Now  transform  the  first  term  on  the  right-hand  side  by  Art.  168 ; 
thus 

du 

'di 


Ai  1^  \^y  \^^  ^  "  /^^  r^  1^ 
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171,    We  may  modify  the  form  of  the  preceding  result     It 
is  evident  that  if  r  he  independent  ofp, 

7  ur^ri    u: 
P  P     ' 

now  z^  and  z^  are  independent  of  z,  also  y^  and  y^  are  independent 
of  ^  and  Zf  and  x^  and  x^  are  independent  of  x,  y,  and  z.  There- 
fore we  can  alter  the  order  of  some  of  the  symbols  which  occur 
in  the  right-hand  member  of  the  result  of  the  preceding  article, 
and  exhibit  that  result  thus, 


^  jdxldyjdzu=  i^l^Ifl^'li 


172.  We  will  now  give  some  formulae  for  differentiating  quan- 
tities affected  with  the  symbol  7  which  will  be  useful  hereafter. 

Let  F{tf  f)  denote  any  function  of  the  parameter  t,  the  variable 
f ,  and  other  variables  if  required.  Let  ^  (t,  f)  denote  the  partial 
differential  coefficient  of  F  {t,  f )  with  respect  to  f ,  and  -^  {t,  f ) 
the  partial  differential  coefficient  of  F{t,  ^)  with  respect  to  ^;  then 
we  have 

now  let  u-F{t,x);  then 

thus  we  have 

dt  »     ^  *  dt      dt  » dx' 

Suppose  that  f  is  independent  of  a;,  then  by  Art.  171, 

d^Ji  du_  J^  du  df 
rf«   *  dx"  *lBkdt* 
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and  finally 

d  „l        J^  fdu  .  du 


Its'"-',  [li'^^TtJ ^^^* 

Now  Idy -j-^f  u—iu;  and  if  in  this  we  replace  u  hy  l^u 


wc  have 

d  Jl 


Idy j-l  u  =  T  1  u^T  1   tt. 
J      dy  *         9   »         9   » 

Hence  by  (1), 


therefore 


J       *  \dy     dz  dyl      9   *         9  » 


In  the  applications  we  shall  make  of  the  formula  (2)  hereafter, 
^  will  denote  either  z^  or  z^. 

173.  We  shall  now  proceed  to  use  the  results  already  ob- 
tained in  expressing  the  variation  of  a  triple  integral.  Sarrus 
adopts  an  idea  of  a  variation  which  had  previously  presented  itself 
to  Elder  and  Lagrange ;  see  Arts.  22  and  15. 

We  consider  then  that  we  have  a  triple  integral  taken  between 
limits  for  each  of  the  three  integrations;  and  we  use  the  symbol 
u  to  denote  the  function  to  be  integrated.  Now  u  involves  a?,  y,  «, 
and  any  function  v  of  x,  y,  z,  together  with  the  differential 
coefficient  of  v  with  respect  to  x,y,z;  also  u  may  involve  any 
other  function  w  of  x^  y,  z,  together  with  the  differential  coefficients 
of  to  with  respect  to  x,y,z;  and  so  on.  Now  to  obtain  the  varia- 
tion of  the  quantity  which  is  denoted  by  any  symbol,  we  suppose 
that  such  a  symbol  instead  of  representing  a  function  of  x,  y,  0,  or 
of  some  of  these  variables,  becomes  a  function  of  t  also,  where 
Ms  a  new  variable  which  is  supposed  to  enter  in  a  perfectly 
arbitrary  manner;  then  if  the  quantity  in  question  be  supposed 
to  1x5  differentiated  with  respect  to  t,  and  t  made  equal  to  zero 
after  the  differentiation,  the  result  is  called  the  variation  of  that 
quantity.    This  idea  of  a  Vtriation  had  been  used  by  Euler  and 
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Lagrange  as  we  have  already  intimated,  and  subsequently  bj 
Ohm;  see  Arts.  22,  15  and  55. 

174.  In  pages  45 — 47  of  his  memoir,  Sarrus  distinguishes  be- 
tween two  kinds  of  variations;  and  we  will  now  explain  this 
distinction. 

Suppose  we  had  such  a  triple  integral  as  we  have  considered 
in  the  preceding  article.  We  might  conceive  that  the  independent 
variables  x,  y,  z  received  changes  by  variation  as  well  as  the 
dependent  v£iables  r,  «?, ...  which  occur  in  m.  When  however 
the  integrations  are  taken  between  limits  it  is  unnecessary  to 
suppose  that  the  independent  variables  themselves  receive  varia^ 
tions;  we  obtain  suflScient  generality  by  ascribing  variations  to 
the  dependent  variables  and  to  the  Ivmiis  of  the  integrations. 
When  the  variation  of  a  ftmction  is  taken  on  the  supposition  that 
the  independent  variables  themselves  do  not  receive  variations, 
Sarrus  calls  the  variation  a  variation  tronqvAe^  and  he  denotes  it 
thus,  8.  Then  as  he  supposes  his  integrals  to  be  taken  between 
limits,  he  says  that  he  is  only  concerned  with  these  variations 
tronquies. 

175.  Now  take  the  result  obtained  in  Art.  171 ;  then  if  we 
adopt  the  idea  of  a  variation  explained  in  Art.  173,  and  use  the 
symbol  S  to  denote  a  variation,  we  have  the  following  formula : 


5  \dx  \dy  \dz  u  =  jdx  \dy  jdz  Bu 


+  7 


J  jdyjdz  u  Bx^  -  Ijdyjdz  lulx^ 
+  jdxTjdzuSy^-jdxTjdzuBy^ 

•\- jdx  Idyl  uSz^—jdxjdyl  uBz^. 

This  gives  in  an  undeveloped  form  the  variation  of  a  triple 
integral. 

176.     It  is  certainly  not  necessary  to  verify  the  preceding 
result,  but  it  may  be  interesting  to  shew  that  it  does  agree  with  that 
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hsd  been  giren  Ij  preriooa  wntoa ;  tbia  Sktib  does  in  the 
nuamer  we  will  now  mdicate, 

AocriPiiDg  to  SttiiH  the  known  finrnnla  hr  the  TKxation  of  m 
triple  int^^nd  ia  dte  following : 


Cj    r,    r,    fduix     dmhg     duSz\ 


Soirna  calla  this  a  Xnu^im  fonnnia,  liit  he  does  not  saj  where  it 
had  been  demonstrated*  He  probabl j  had  in  Tiew  such  a  method 
aa  the  loUowing : 


==j[jdxdydztu  +  jjj^^  dydzu 

'i'jjjdxdSfdzu'i'jjjdxdifdizu     * 

Bat  it  moBt  be  obeerred  that  before  the  regearchea  of  Poiason 
the  variation  even  of  a  doable  integral  had  not  been  inveatigated, 
for  the  caae  in  which  the  limits  were  variable,  in  an  intelligible 
and  aatiafactory  manner.  The  formnla  which  Sarraa  considers  to  be 
known  will  be  seen  to  be  analogoas  to  that  demonstrated  bjPoisson 
for  a  doable  integral ;  for  Poisson's  result  is 

.//r^*.//(»r.rf.rf). 

in  which  the  qaantitj  £  F  is  what  Sarras  would  denote  bj 

see  page  76.  And  the  formula  agrees  also  with  the  general  result 
pven  bj  Ostrogradskj ;  sec  Art.  127  at  the  end,  where  the  quan- 
tity which  Ostrogradsky  denotes  bj  Du  is  what  Sarms  would  de- 
note by 


U    A 
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177.  In  order  to  shew  that  the  formula  given  hj  Sarms  agrees 
with  the  result  which  he  considers  known,  we  shall  require  some 
simple  theorems  of  the  Integral  Calculus.  Let  u  be  any  function ; 
then 

J      dz      *         «    ' 

therefore  /^/^y  l^^=  Idxldyl^u—  jdxldyl  \ (1). 

Agam  ry^^V-'y"*' 

change  u  into  Idz  u ;  thus 

/*4/''°''»'/*""^/^*'"' 

therefore       /<^y/<&^= -/<?yC«^+/''yC«  ^ 

+fjdzu-ffdzu (2); 

therefore  /^fy/&|  =  -H%C«|+/.i»/^y  7>  | 

+  jdxfjdzu-(dxfjdzu (3). 

Again,  by  (2)  we  have 

J     J  ^  dx       J       y     dx     J       y     dx 

'if  'of 

+  l^jdyu-l^jdjfu; 


vn 


Aa»tt  «  aoD)  \^  • :  r^ns  -m  aaZI  ibam. 


1^1^  ?^5-- 


--      -.     --      A, 


i       ' 


f. 


f. 


—      -^  .iff»  — .     '^  -.1 


£r»^' 


4  . 


«         «         «              *^ 

ta&i&niL 

az:^  trarTfr-.m 

mm                  m                  "          ^ 

m                 m                         dZ 

ot  Art.  1T«*. 

av 


:e  4, 


3^  aeana  jc  3  . 
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^  .^  ^  ^  ^  ^  JBHw 


^  « 


«  « 


9    m 


^jdxjdyl  «   «  — 


^      ' 


— '^ 


Now  it  is  obyifjxu  tluit 


*      * 


yjdtfjdzutx^l  ^jdyjdsucx^ 


SABfiUS.  198 

and  similar  equations  hold  when  the  suffix  1  is  zeplaced  by  the 
suffix  0.    Hence  we  have 

Sjdxjdyjdzu^  jdxjdyjdz  [8tt  — -y-fia?— ^8y  ""T"^) 


+  7 


Jjdyjdz  uSx^  -  l^ldyldz  vZx^ 


Moreover  ^^i ""  ^%  —  3^  ^  =  ^^i> 

and  similar  equations  hold  when  the  suffix  1  is  replaced  by  the 
suffix  0.    Also 

^       du  ^       du^       du  ^       K 
(tx         ay         az 

Thus  the  known  formula  of  Art.  176  has  been  so  transformed  as  to 
agree  with  the  formula  of  Sarrus  in  Art.  175. 

178.    After  obtaining  the  general  expression  given  in  Art.  175 

for  the  variation  of  a  triple  integral,  the  next  step  is  to  shew  how 

by  integration  by  parts  as  many  of  the  terms  which  occur  in  hu  as 

possible  are  removed  from  under  the  signs  of  integration.    This 

part  of  the  subject  is  fully  considered  by  Sarrus;  we  will  give 

three  of  his  formulae. 

13 
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In  equation  (4)  of  Art  177  change  u  into  u0 ;  thus 

+  fjjdyjdzue  -  l'*jdyjdz  u0 
^fdxffdzuO^+fdxfjdzue^ 

-jdxfdyiy^  +jd.jdyl\0^ (1), 

In  equation  (3)  of  Art.  177  change  u  into  u0 ;  thus 


+ 


dtf       J     J  'J     dy 

jdx  f'jdz  u0-jdx  f^jdz  vB 


-jd.jdyru0'^^+jd.fdyfy^; (2), 

In  equation  (1)  of  Art.  177  change  u  into  u0;  thus 


+jdxjd2ffu0-jdxjdyl\0 (3), 


179.    In  his  last  chapter  Sarrus  applies  his  formulae  to  three 
examples. 

The  first  example  is,  to  determine  the  surface  which  with  a 
given  area  contains  the  greatest  volume. 

The  third  example  is,  to  determine  the  law  of  the  density  of 
a  hody  of  given  form  and  position  in  order  that  the  integral 

hhh'^d^z 
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taken  throughout  the  body  may  be  a  maximum  or  minimum,  v 
being  the  density  at  the  point  {x,  y,  z)  and  to  a  given  function  of 
Xf  y,  «,  and  v. 

The  discussion  of  the  first  example  is  too  long  to  be  conve- 
niently given,  and  the  third  will  find  an  appropriate  place  in  the 
next  chapter ;  the  second  example  we  will  now  consider. 

We  shall  however  in  future  omit  the  bar  from  the  symbol  S, 
Sarrus  has  indeed  said  very  little  about  what  he  calls  a  variation 
tronqu4e;  see  Art.  174.  Perhaps  this  term  and  the  corresponding 
symbol  S  were  only  introduced  for  the  purpose  of  enabling  him  to 
compare  his  formula  with  the  known  expression  for  the  variation 
of  a  multiple  integral  as  in  Art.  177 ;  and  no  disadvantage  would 
have  arisen  if  the  term  and  symbol  had  not  been  introduced  into 
the  memoir. 

180.  The  following  is  the  second  example  given  by  Sarrus; 
to  determine  the  law  of  density  of  a  body  of  given  form,  position, 
and  mass,  in  order  that  the  integral 

taken  throughout  the  body  may  be  a  minimum,  t;  being  the  density 
at  the  point  (a;,  y,  z). 

The  mass  of  the  body  is  equal  to 

\dx\dy\dzVj 

and  since  the  mass  is  to  be  constant  the  variation  of  this  expression 
must  be  zero.  Moreover  since  the  form  and  position  of  the  body 
are  known  the  variations  of  the  limits  Zx^y  Bx^,  Sy^,  Sy^,  S«<„  Sz^y  are 
all  zero ;  thus  the  variation  of  the  mass  reduces  to 

\dx\dy\dzZvj 

and  this  must  consequently  be  zero. 

Ag^,  put  r  f„  y|,  +  (*)V(|)V(|)],    ,he.   th. 

13—2 
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Tamtion  of  the  proposed  int^;xal  is 

[dxld   [dzi^  —  —  4''  —  —  +  ^  —  —\ 
J     J      J      \r  dx  dx      r  dy  dy      r  dz  dz)* 

Then  bj  the  ordinaiy  iheoiy  of  relative  maxima  and  minima  we 
mnst  have 

fjfj[j{i    ,  Idv  dSv     IdvdSv     Idv  dSv)      ^ 

where  c  is  some  constant. 

Oar  olject  now  is  to  transform  this  equation  so  as  to  reduce  as 
much  as  possible  the  number  of  the  signs  of  int^ration  which 
occur  with  anj  term. 

We  first  transform  jdxldy  jdz-  -j-  -7—  bj  means  of  equation 

(1)  of  Art  178 ;  we  obtain  as  the  equivalent 

J  \  dv 

^jdxjdyjdz^'^^Sv 

J        y  J       r  dx  dx  J        w  J      T  dx  dx 

r      r      t      1  jj   ^  Si. 
Next  we  transform  Idx  jdy  Idz  -  -j-  -7--  by  means  of  equation 

{2)  of  Art.  178 ;  we  obtain  as  the  equivalent 

J  I  dv 

dz      n    y  Sv 


-jdxjdyji 
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Lastly,  we  transform/db/rfy/^fo  1 1  ^  by  means  of  equation 
(3)  of  Art.  178 ;  we  obtain  as  the  equivalent 


•f  1  dv 

a.-  -r 


—  Idx  Idy  \dz       i       St? 


Substitute  the  equivalents  thus  obtained  in  the  original  equation; 
the  result  will  be 


8r 


J      J  ^   »  \r  dx  dx      r  dy  dy      r  3E/ 

J         yj      \r  dx  dx      r  dy] 
J        y  J      \r  dx  dx     r  dy) 

Hence  we  must  have  by  the  reasoning  commonly  used  in  the 
Calculus  of  Variations 

J  1  dv     J  I  df>     J  I  dv 

»•—  "7-     a, — T-      a,—  -y- 
'    r  dx  r  dy  r  dz     ^ 

this  must  hold  for  every  point  of  the  body.    We  have  also  certain 
limiiing  equaitonsj  six  in  number,  namely, 
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*i  /I  rfo  &j  1  d&dz^     1  ^\  _  ^ 

M\rdxdx  T  dy  dy      r  dz)  ""    ' 

Ji/l  dv^dy^  1  dv\ 

y  \r  dx  dx  r  dy) 


=  0, 

:;  oic      r  ay/ 

»  r  dx  ' 

and  three  more  which  can  be  obtained  from  these  bj  replacing  the 
suffix  1  bj  the  suffix  0. 

181.  There  are  many  misprints  in  the  original  memoir,  as  we 

have  aheady  remarked,  but  they  are  not  likely  to  give  any  trouble 

to  a  student  except  perhaps  the  following.     In  the  third  line  from 

the  bottom  of  page  119  are  two  mistakes;  in  the  first  term  the 

dx"  . 
factor  -y^  in  the  notation  of  Sarrus  is  omitted,  and  in  the  second 
ax 

dx 
term  the  factor  -t-^  is  omitted.    These  lead  to  mistakes  in  those 

cLx 

terms  of  Art.  155  which  are  numbered  9,  11,  15,  18,  21,  24;  for 

dx"  dx'  . 

-^  is  omitted  in  9, 15, 18,  and  -j-^  is  omitted  in  11, 21, 24.  More- 
over in  Art.  155  the  terms  numbered  14,  17,  20,  23  have  the  wrong 
signs  prefixed ;  and  the  terms  numbered  30,  32  have  in  the  notation 

of  Sarrus  to  instead  of  -j— . 

dx^ 

182.  Some  other  remarks  may  be  made  for  the  use  of  the 
student  of  the  original  memoir. 

In  his  Art.  156  Sarrus  interprets  the  equations  which  he  has 

obtained  in  his  solution  of  his  third  problem.    Thus  he  finds  that 

the  equation 

dw     d^v d^w      _ 

dv  dxdydz     dxdydz" 

must  hold  at  every  point  of  the  body;  and  besides  this  certain 
limiting  eqtuitiona  must  hold.  He  appears  to  simi  up  his  results  at 
the  bottom  of  his  page  126  where  he  says,  "by  combining  the 
different  preceding  conditions  which  hold  at  the  limits  we  see  that 
they  reduce  to  this— ^^  all  points  of  the  surface  of  the  body  in 
question  toe  must  have  ti?  =  0.*'  This  must  be  understood  to  mean 
that  at  all  points  of  the  surfeM^e  of  the  body  w  must  vanish  and  430 
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mu8t  every  differential  coefficient  of  w  with  respect  to  Xjtf,z  of  anj 
order.  In  other  words  w  most  vanish  identically  at  every  point  of 
the  surface  of  the  body. 

Moreover  the  result  might  perhaps  be  obtained  more  simply 
than  in  the  way  which  Sarros  has  adopted.  For  he  obtains  on 
page  123  as  one  of  the  limiting  equations,  an  equation  which  ex- 
pressed in  our  notation  is 

^1 
7    w  =  0. 

The  equation  is  to  hold  throughout  what  we  may  call  one  of  the 
bounding  faces  of  the  body.  Now  if  the  equation  just  written  be 
not  an  identity  it  really  furnishes  an  equation  to  this  bounding  face ; 
but  the  body  is  supposed  to  be  given  in  form  so  that  the  equation 
to  the  bounding  face  is  already  known ;  therefore  the  equation  must 

be  an  identity.    The  only  exception  is  that  the  equation  7    w=iO 

might  happen  to  coincide  with  the  known  equation  to  the  bounding 
surface;  but  it  may  be  shewn  that  this  supposition  is  inadmissible 

by  examining  the  equations  from  which  7    tc^  =  0  was  deduced. 

Again,  in  the  method  of  Sarrus  he  might  have  observed  that 
when  some  of  his  limiting  equations  are  satisfied  some  other  of 
these  equations  are  necessarily  satisfied  also.  Thus  on  his  page  125 
he. has  a  sentence  which  in  our  notation  will  read  thus;  moreover 
ike  Jimrteenth  and  fifteenth  terms  will  give 

/I   n'^  ^         rffl    ^'l  dw        ^ 

77w  =  0,    77-7-=0. 
y    M  ^      y     »  dx 

This  is  quite  true,  but  it  is  not  additional  to  what  is  already 
known ;  for  he  has  abeady  shewn  that  7  i£?  ==  0,  and  therefore  of 

course  i    7  *w  must  be  =0,  and  he  has  also  shewn  that  7  -5-  =  0. 
y   »  '  » dx       * 

and  therefore  of  course  7^  7   -7-  must  be  =  0. 

y   s  dx 

We  may  observe  that  the  misprints  which  occur  in  Art.  155  of 
the  memoir  of  Sarrus  do  not  affect  the  validity  of  the  inferences 
which  he  draws  in  his  Art.  156. 
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183.  As  a  farther  illnstration  of  the  method  of  Sarros  we  will 
give  in  detail  the  investigation  of  the  variation  of  a  double  integral, 
in  which  we  will  suppose  that  no  diflferential  coeflScient  of  a  higher 
order  than  the  second  occurs  in  the  proposed  expression.  We  shall 
require  some  formulse  in  the  integral  calculus  which  might  be 
obtained  from  those  we  have  already  given,  but  for  convenience  we 
will  investigate  them  here. 

It  is  obvious  that 

change  « into  jdyw,  thus 
that  is 

/'*'{f*K»l-'r«^}-c/*«-c/*«. 

therefore  jdxjdy  -^  =7^  |d^w-  7  |rfy  w 

change  u  into  u0'j  thus 

ldx\dyn^^-jdxjdy^d 


+7 


Again,  in  (1)  change  u  into  7  u ;  thus 

9 

thatis,        f^l''^+(dxf^^=l"l\-l"fu, 
J       If  ax    J       ydydx      »  y         *y' 
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therefore     Idxl  ^-  =  7  7  w— 7   7  m—  |&j7  j--r-; 
J       9dx      »  y        *  9        J       ydydx^ 

change  u  into  vd^  thus 

|db7  u^  =  ^ldxl  ^0  +  1  7  w5-7   7  u0 
J       9    dx        J       9dx        *  9  *  y 

.\axfuf^-\dxf^0^ (3). 

J       y    dy  dx    J       ydy     dx  ^  ' 

In  the  applications  we  shall  have  to  make  of  this  formula  ri  will 
he  either  y^  ^ry^. 

Again,  it  is  obyious  that 

f ,  du     J9i        J9o 
J  ^  dy      9         9     ^ 

change  u  into  ud^  thus 

Hence 
/&/iy«|  =  -/&,/d!3,|<>+/A,^'««-/<fe?J'««...(4)j 

In  the  applications  we  shall  have  to  make  of  the  last  formula,  f 


will  be  either  x^  or  x^. 


184.    Let  then 


U=  [*'  f^'  Vdxdy, 


where  V  is  supposed  a  function  of 

dz      dz      d^z       d^z       d^z 
^'^'^^'di'  d^'  1^'   d^y'   d^' 

In  this  double  integral  we  suppose  that  the  integration  is 
effected  with  respect  to  y  first,  and  the  limits  y^  and  y^  may  be 
functions  of  x.     As  the  limits  and  the  order  of  integration  will 
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continue  unclianged  throughout  the  investigation,  it  will  not  be 
necessary  to  denote  the  limits  explicitly,  but  they  must  be  always 
understood. 

As  in  Art.  175  we  shall  have,  using  S  instead  of  S, 

-hjdxfrSy.-^jdxfrSy,. 
And 

^^     dz^""^^'  dx^^'dy^^''  da^^  ^^d^dy^^^  djt  ' 

where  V^  denotes  the  differential  coefficient  of  V  with  respect  to 

dz 

^ ,  and  V^  denotes  the  differential  coefficient  of  V  with  respect  to 

-^ ,  and  V^  that  with  respect  to  -^ ,  and  so  on. 

Thus  jdxjdySV  consists  of  six  terms,  and  all  of  these  except 

the  first  may  be  developed  by  means  of  the  formulse  given  in 
Art  183. 

First;  the  term  jdxldy  -^  Bz  does  not  admit  of  any  transfor- 
mation. 

Secondly;  by  equation  (2)  of  Art.  183, 
Thirdly;  by  equation  (4)  of  Art.  183, 
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FonrfUy ;  by  eqiiatioD  (2)  of  Ark  183, 

d'Bz        f,  f,  dV„dSz 

dx   dx 

dSz 
'  dx 


jd^fdvV„^=-jdxjdy 


J       y     *"  dx  dx     J       y     "  dx  dx' 

Oat  of  the  five  tenns  on  the  right-hand  side  of  this  equation, 
the  first  and  the  last  two  admit  of  farther  transformation;  bj 
equation  (2)  of  Art.  183, 

j        sf    dx        dx     J       9    dx        dx' 
by  equation  (3)  of  Art.  183, 

a  similar  transformation  can  be  made  of 

J        y         dx  dx 
Thus  we  shall  get  on  the  whole 


jdxfdy  r.^.jdxjjy^S, 


-CK^*--':/*^"^ 
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jdx  f 
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dV, 
dx 

dx 

&-[<&/• 

dV„ 
dx 

V„ 

dSz 
dx 

-I'Jhv^ 

dSz 
'  dx 

-/^M(''.^)-/'^M(''-t) 

-7"/"  r.#!&  +  j'" />.#>& 

»   y     '^  dx  »   9        dx 

»   9        dx  *   y     dx 

It  maj  be  obserred  that  as  y^  and  yo  ^^  independent  of  y 

^(V  ^^  =  ^t^    and  — /"f  ^\  =  ^^. 
dy\  "dxj     dx    dy  ^         rfy  \  "^  dx)      dx    dy 

Fifthly ;  by  equation  (2)  of  Art.  183, 

The  first  term  on  the  right-hand  side  may  be  transformed  by 
equation  (4)  of  Art.  183,  and  the  second  and  third  terms  may  be 
transformed  by  equation  (5)  of  Art.  183. 

Thus  we  shall  get  on  the  whole 
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J       y    dx  ]       y    ax 

+7"/"  r„iz-ff  r,i.-ff  r„&+7V'  r,& 

Sixthly ;  by  equation  (4)  of  Art.  183, 

The  first  term  ou  the  right-hand  side  may  be  transformed 
by  equation  (4)  of  Art.  183.    Thus  we  shall  get  on  the  whole 

J       y    dy  J        y    dy 

^r'^^y   ^^dy     r"^   y  ^"^  dy ' 

We  must  now  collect  the  results  obtained  for  the  various 
terms  occurring  in  jdxjdySV.  Thus  on  the  whole  we  shall  ob- 
tain the  following  as  composing  the  value  of  IdxldyBV. 

First,  a  double  integral,  namely, 

hM«i^^  '^^^    ^v,d'v„d'v^d'v„\^ 
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Secondly,  tenns  involving  integration  with  respect  to  y  only, 
namelj, 

'-C/*{(n-%-f')^^^.S}. 

Thirdly,  terms  involving  integration  with  respect  to  x  only, 
namely, 

dy    \dx)        dx        dy  \ 

ay   \dx/        dx        ay  J 
Fourthly,  terms  involving  no  integral  sign,  namely. 

Besides  these  there  are  in  S^  the  fonr  terms 


+     V. 


fdxfvSy.-jdxfvSy,. 
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185,  We  have  given  in  the  preceding  Article  the  develop- 
ment of  the  variation  of  a  double  integral;  we  now  proceed  to 
consider  the  relations  which  must  be  satisfied  in  order  that  the 
variation  may  vanish,  supposing  that  no  restriction  exists  with 
respect  to  the  limits  of  the  integrations. 

In  order  that  the  part  of  the  variation  which  involves  a  double 
integral  may  vanish  we  must  have 

dV    dV,    dV     d}V„    dW^^d'V^^^, 
dz       dx       dy       doi?       dxdy       d^  ' 

this  must  hold  for  all  values  of  x  and  y  comprised  within  the  limits 
of  the  integrations. 

Next,  the  term  aflfected  with  the  symbol  1    jdy  must  vanish ; 

that  is,  when  x^^x^ 

must  vanish  for  all  values  of  y  between  y^  and  y^.    And  since  Bzy 

—i- ,  and  Zx^  are  arbitrary  we  obtain  the  three  equations 

dV       dV 
F-— ^---^  =  0      V  =0      F=0- 
^^      dx        dy      "'     ^^     ^'     ^^' 

these  are  to  hold  when  x^x^  for  all  values  of  y  between  y^  and  y^, 
BO  that  we  may  conveniently  express  them  thus, 

Similarly  from  considering  the  terms  aflfected  with  the  symbol 
7    jdy  WQ  obtain 

C(''.-^-f')-'.  '>--->.  '>=»• 

Next  consider  the  terms  aflfected  with  the  symbols  jdxf  and 
jdxT  .    We  shall  obtain  in  a  similar  manner  six  equations,  three 
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to  hold  when  y=y^  for  all  values  of  x  between  x^  and  asj,  and  three 
to  hold  when  y  =  yo  ^^'  ^  values  of  x  between  x^  and  x^.  We 
may  write  the  first  three  thus, 

y\         ax       "      ax   dx      (ix\       dx) 

dy    \dx)        dx        dy  )        ' 

y 
The  other  three  are  obtained  from  these  by  changing  y,  into  y^. 

Lastly,  the  four  terms  without  any  integral  sign  must  vanish ; 
thus  we  obtain  four  equations  which  must  hold  for  special  values 
of  X  and  y,  namely  a?  =  a?j  and  y  =  y^,  and  so  on.  These  equa- 
tions are 


's'vVdx- 

•''^y=v, 

CC(^-t- 

-t;.)=o, 

»   y  \       dx 

-T^^)  =  0, 

cc(''-i- 

-K,)=o. 

The  equations  we  have  obtained  may  of  course  be  combined 
and  thus  simplified ;  thus  since  we  have  already  obtained 


7'V„  =  0  and7'V«,  =  0, 


*      •*  X 


it  follows  that  the  last  four  equations  reduce  to 
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186.    We  may  now  make  some  comparison  of  the  results  of 
Article  184  with  those  obtained  in  Art.  143  by  Delaunaj's  method. 

According  to  Delauuaj's  suppositions  we  have 

yi^Vo  when  x^x^,  and  also  when  x  =  x^. 

In  consequence  of  this  a  term  affected  with  the  symbol  7    \dy 

vanishes  because  the  Umtts  of  the  integration  with  respect  to  ^  are 
equal  when  x^x^]  similarly,  a  term  affected  with  the  symbol 

'of. 

7    \dy  vanishes. 

Hence  the  variation  of  the  double  integral  reduces  to 

Idxld  i^^^^^+^^+'^+^Msz 

J     J      \dz       dx      dy        da?      dxdy       di^  ) 

P_r     rr  <^yi  .dV„dy      d  („  dy\ 
^'~^'~^'  dx"^  dx   dx'*'dx\  "dxj 


where 


0.=r,@)--r,f.v 


dy    \dx)        dx        dy  ' 


yy' 


and  P^  and  Q^  are  formed  from  Pj  and  Q^  by  changing  the  suffix  1 
wherever  it  occurs  into  0. 

This  result  coincides  as  it  should  do  with  that  in  Art.  143. 
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CAUCHY. 

187.  A  MEMOIB  bj  Cauchj  on  the  Calcnlns  of  Variations  is 
published  in  the  third  volume  of  his  Eocerdcea  JCarudyae  et  de 
Physique  MathSnuUtqitej  1844 ;  it  extends  from  page  50  to  page  130 
of  the  volume. 

This  memoir  may  be  described  as  a  reproduction  of  a  portion 
of  the  investigations  of  Samis  with  some  difference  of  notation,  and 
frequent  reference  is  made  to  Sarrus  throughout  the  memoir.  In 
£Eu;t  Cauchy  himself  does  not  appear  to  have  considered  his  own 
memoir  as  more  than  a  new  exhibition  of  the  method  of  Sarrus; 
thus  he  sajs  at  the  end  of  his  last  chapter :  The  various  formulas 
obtained  in  this  last  paragraph  do  not  differ  in  substance  from  those 
obtained  by  M.  Sarrus.  They  are  however  simplified  by  the  nota- 
tion which  we  have  employed....  Cauchy  adds  that  he  will  develop 
the  subject  in  some  other  memoirs  and  apply  it  to  the  solution  of 
various  problems.  This  design  appears  however  not  to  have  been 
accomplished. 

The  memoir  published  by  Cauchy  may  be  considered  an  evi- 
dence of  the  favourable  opinion  he  held  of  the  method  of  Sarrus. 

188.  Cauchy 's  memoir  begins  with  a  few  preliminary  re- 
marks and  is  then  arranged  in  nine  sections  under  the  following 
titles.  1.  Definitions.  Notation.  2.  On  the  continuity  of  ftmc- 
tions  and  of  their  variations.  General  properties  of  the  variations 
of  several  variables  or  functions  connected  by  known  equations. 
3.  General  formulae  suitable  for  furnishing  the  variations  of  ftmc- 
tions  of  one  or  more  variables.    4.  Properties  of  the  variations  of 
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different  orders.  5.  On  the  variation  of  a  simple  or  multiple 
definite  integral.  6.  On  the  different  forms  which  may  be  given 
to  the  variation  of  a  simple  or  multiple  definite  integral.  7.  Com- 
parison of  the  formulae  established  in  the  fifth  and  sixth  sec- 
tions. [The  original  memoir  by  mistake  has  third  and  fourth 
sections.]  Differentiation  of  a  multiple  integral  relative  to  any 
variable  different  from  those  with  respect  to  which  the  integrations 
are  performed.  8.  On  the  partial  variation  which  for  a  simple  or 
definite  multiple  integral  corresponds  to  variations  in  the  form  of 
the  functions  which  occur  under  the  integral  sign.  9.  On  the  re- 
ductions which  can  be  effected  by  integration  by  parts  in  the  varia- 
tion of  a  simple  or  multiple  definite  integral. 

189.  The  first  four  sections  are  very  difiuse,  but  contain  nothing 
new  or  important.  In  the  fifth  section  a  formula  is  obtained  for  the 
variation  of  a  definite  multiple  integral  which,  as  Cauchy  remarks, 
is  precisely  the  same  as  that  obtained  by  Sarrus ;  it  is  the  formula 
which  we  have  already  given  in  the  case  of  a  triple  integral ;  see 
Art  175.  In  his  sixth  section  Cauchy  gives  an  independent  de- 
monstration of  that  formula  for  the  variation  of  a  multiple  integral 
which,  according  to  Sarrus,  was  known  before  he  published  his 
method;  see  Art.  176.  We  will  exemplify  Cauchy 's  demonstra- 
tion by  applying  it  to  the  case  of  a  triple  integral. 

190.  We  have  to  prove  the  following  formula : 
BJdxjdyjdzu^jdxjdyjdz(Su--£^Sx^'^Sy-'^Szj 

By  Idxldy  jdzu,  as  formerly  explained,  we  understand  a  triple 

integral  in  which  we  have  first  to  integrate  with  respect  to  z  from  z^ 
to  «j,  then  with  respect  to  y  from  y^  to  y^  and  lastly  with  respect 
to  a;  from  a:,  to  a;,. 

Now  let  X=a;  +  &»,   F=y  +  Sy,  Z==z  +  Szj  where  Bx,  By,  Sz 
are  indefinitely  small  arbitrary  functions  of  a?,  y,  z.    Let  U  denote 

14—2 
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what  u  becomes  when  Xy  y,  z^  are  changed  into  X,  F,  Z,  respec- 
tively, and  also  any  function  of  a?,  y,  «,  involved  in  u,  receives  an 
indefinitely  small  arbitrary  increment.  Then  the  varied  value  of  the 
triple  integral  is 

jdXJdYJdZU; 

the  limits  will  be  found  by  keeping  the  same  limiting  values  as  be- 
fore for  Xy  ff,  z.  It  is  important  to  observe  that  since  ix,  iy,  hz  are 
quite  arbitrary  we  can  obtain  all  the  necessary  generality  in  the 
varied  value  of  the  triple  integral  by  retaining  the  original  limiting 
values  of  a?,  y,  and  z. 

The  variation  of  the  triple  integral  will  be  found  by  subtracting 
the  original  value  £rom  the  varied  value. 

Now  it  is  obvious  that  the  complete  variation  will  be  obtained 
by  determining  separately  the  parts  of  the  variation  which  arise 
from  the  change  of  w,  a?,  y,  z  into  J7,  X,  Y",  Z,  respectively ;  and 
when  we  are  considering  the  change  of  one  of  the  quantities  the 
others  may  be  supposed  to  retain  their  original  values ;  the  terms 
thus  neglected  are  in  fact  of  a  higher  order  than  those  which  are 
retained.  Thus  by  putting  t*  +  Sw  for  ?7  we  find  that  the  term 
arising  from  the  variation  of  t«  is 


\^dy[ 


dzBu. 


Now  consider  the  term  which  arises  from  the  change  of  z  into  Z 
while  the  other  quantities  retain  their  original  values.  The  integra- 
tion with  respect  to  a  is  the  Jirst  performed;  hence  by  the  change 
of  z  into  Z  the  triple  integral  is  changed  into 


•    jdxfdyjdzu^, 


where  the  limits  of  x,  y,  z  are  the  original  limits ;  and  -j-  is  the 

differential  coefficient  of  Z  with  respect  to  z  only,  that  is,  supposing 
X  and  y  constant.     Now 

dZ     d  .    ^  ^  .      -   .  dSz 


CAUCHY*  213 

thus  the  term  in  the  variation  of  the  triple  integral  which  arises 
from  the  chapge  of  z  into  ZiB 


fdxfdyjdzu^. 


The  simplicity  of  this  process  arises  from  the  fact  that  the  integra- 
tion with  respect  to  «  is  the  Jtrat  performed. 

Now  let  us  consider  the  part  of  the  variation  of  the  triple  in- 
tegral which  arises  from  the  change  of  y  into  Y".  We  may  conceive 
that  the  order  of  integration  in  the  original  integral  is  changed  so 
that  y  is  now  the  variable  with  respect  to  which  the  first  integration 
is  performed ;  we  know  from  the  Integral  Calculus  that  this  can 
always  be  done  by  making  suitable  changes  in  the  limits  of  the 
integrations.  Then  as  before  we  shall  find  that  the  term  in  the 
variation  of  the  triple  integral  which  arises  from  the  change  of  y 
into  Fis 

jdxjdzjdyu--^j 

the  limits  being  as  we  have  already  intimated  adjusted  to  the  new 
order  of  integration.  Now  restore  the  original  order  of  integration ; 
then  we  obtain  for  the  required  term 


jdxjdyjdzu^, 


dy 

where  the  limits  will  be  the  original  limits. 

Similarly  the  term  in  the  variation  of  the  triple  integral  which 
arises  from  the  change  of  a?  into  X  is 

dZx 


Idx  Idy  Idzu 


dx  ' 

where  the  limits  are  the  original  limits. 

Then  by  collecting  the  terms  we  obtain  the  whole  variation, 
that  is, 

Sjdxldy  ldzu=  Idx  Idy  Idz  (Su  +  u-^ — ^^"^"^^"Z") » 

this  result  obviously  coincides  with  that  which  was  proposed  to  be 
proved. 
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This  investigation  seems  more  simple  than  that  given  by 
Ostrogradsky ;  see  Arts.  127  and  128.  The  simplification  arises 
from  considering  the  variables  separately  instead  of  simultaneously. 

191.  In  his  seventh  section  Cauchy  shews  that  the  form  given 
for  the  variation  of  a  multiple  integral  by  Sarrus  coincides  with  the 
form  known  before ;  this  Cauchy  does  in  the  same  way  as  Sarrus ; 
see  Art  176* 

Cauchy  proposes  a  new  notation  which  he  strongly  recommends. 
According  to  the  notation  of  Sarrus  we  have 


/. 


*»  7    du      «'i        -'o 
*o      dx       »  * 


Cauchy  proposes  to  express  this  result  thus 


/. 


'r  _     du       *f' 1 

*o       dx     ^' _ 


Similarly  what  Sarrus  would  express  thus 

»    y  *    y  *    y  X    y 

Cauchy  proposes  to  express  thus 


u. 

This  latter  is  the  form  that  Cauchy  really  uses ;  but  apparently 
by  a  misprint  he  gives  on  his  page  100  such  a  symbol  as  the 
following 

I     1^- 

This  however  seems  more  convenient  than  the  symbol  which 
Cauchy  really  uses ;  and  it  may  be  rendered  still  more  commodious 
by  writing  it  thus 

To  exemplify  the  use  of  this  notation  we  may  take  the  general 
formula  for  the  variation  of  a  double  integral  which  has  been  given 
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in  Art.  184 ;  that  formula  expressed  bj  the  aid  of  the  new  notation 
will  stand  thus, 

J      J  ^[dz       dx       dy        da?       dxdy      dt^  ) 

\dx/        dx        dy   \ 


+''''■ 


dy    \dxj        dx        dy  J 

where  it  must  be  observed  that  —^  will  stand  either  for  -p  or  for 
J  dx  dx 

Cauchj  sajB  on  his  last  page  that  on  speaking  to  Sarrus  respect- 
ing this  new  notation  by  means  of  which  the  difference  between 
two  values  of  a  variable  is  expressed  by  a  single  symbol  he  learned 
that  the  same  idea  had  occurred  to  Sarrus  himself.  Perhaps  we 
may  infer  that  Sarrus  on  trial  was  not  satisfied  with  it  as  he  did 
not  use  it  in  his  memoir. 

'=£ 
Cauchy  also  proposes  to  use    |  u  in  order  to  denote  what 

Sarrus  denotes  by  7  u\  we  shall  not  follow  Cauchy  on  this  point 

but  adhere  to  the  notation  of  Sarrus.  Thus  we  only  use  Cauchy's 
notation  when  we  have  to  express  the  difference  between  two  values 
of  a  variable,  and  we  use  Sarrus's  to  express  a  single  value  of  a 
variable ;  there  is  then  no  possibility  of  confusion. 
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192.  Cauchj^s  eighth  section  contains  nothing  new  or  impor- 
tant. In  his  ninth  section  he  considers  the  transformations  which 
are  to  be  made  of  the  expressions  by  means  of  integration  by  parts. 
This  section  is  illustrated  bj  an  example  which  we  will  now  give 
in  detail. 

Let  u  be  an  unknown  function  of  Xytfjz;  let  v  be  a  function 

cPu 
of  X,  y,  z  and  ,    ,    ,  •    Let  Bs  denote  that  part  of  the  variation  of 

the  triple  integral  jdxjdyjdzv  which  arises  firom  the  variation 
of  t«;  then  we  have 

^'hhh''^^ (1), 

d*u 
where  r  is  the  differential  coefficient  of  v  with  respect  to  -^ — = — =- . 

^  dxdydz 

The  limits  of  the  integrations  axe  supposed  to  be  denoted  as  hereto- 
fore. We  propose  then  to  reduce  &  by  means  of  integration  by 
parts. 

^    ,  cPhu     ^d^     d^Bu      dr  d^Su 

dxdydz"  dx    dydz     dxdydz^ 

thus  (1)  becomes 

&  =ldx\dy\dz  ^r^  -jdxfdyfdz  ^|^ (2). 

By  equation  (4)  of  Art.  177, 

l^jdyjdz^r-^^  =  Qdyjdzr-^^ 

J^ffd.r^^+(d.f'Lr^P 
J       yj        dydz  dx     J       yj        dydz  dx 

cTBu  dz,      f,    f ,  «'o     tPhu  dz^ 

r 


-W^C'Sl^H"*' 


dydz  dx     J      J  *^  »     dydz  dx  * 
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Thns  (2)  becomes 

^f^fbzrp^^  +  fdxffdzr^P 
J       y  ]         dydz  ax     J       y  J        dydzdx 

-W*'>|IS^W*'>||S (3)- 

It  will  be  observed  that  Ste  is  not  differentiated  with  respect  to  x 
in  any  term  of  (3). 

In  equation  (2)  of  Art.  177  change  u  into  r  -r— ;  thus 

dz 

ryr^'d^z^^ryrdy-d^ 

^[dyfr—^+ldvfr—^ 
J  ^  «      dz  dy     J  ^  *      dz  dy 

,yi  r ,     dBu 
'yoj         dz 

Thus  the  first  term  on  the  right-hand  side  of  (3)  becomes 

*i  ,yi  f ,     dSu 
''o  yo J         dz 

— .'»  /\  «*»    rfSw  &j  1  i'*  Aj  7**    ^^  efeq 

Similarlj  the  second  term  on  the  right-hand  side  of  (3)  be- 
comes 

[dxf'ldz^^ 
J      'yoj      dx  dz 

dSu  dz.      f ,   f .,  «'o  dr  dSu  dz^ 


-W*ClfS-^K| 


dz  dy     J     J  ^  »  dx  dz  dy 


$ 
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The  third  and  fourth  terms  on  the  right-hand  side  of  (3)  we 
shall  not  transform ;  we  proceed  to  the  fifth  term. 

In  equation  (2)  of  Art.  172  change  u  into  r  -^  -^ ,  and  put  k^ 

for  %\  then  observing  that  z^  is  independent  of  z  we  obtain  the 
following  result, 

}  y  M     dydz  dx"    ]  ^  "  dz  dy^l^ 

.yi«*i    dZu  dz^  ^  fj  7**^  ^  ^    ^if  /A\ 

^Po  »     dz   dx     ]  ^  *  dx  dy  dz    'dz  \:'* 

ft 

Now  by  equation  (1)  of  Art.  172 

-'i  d     dz^  ^  d  -*i    dz^     J^i  dz.  dz^  dr 
1  dy    dx" dy  *     dx       *  dx  dy  dz* 

Thus  a  part  of  the  first  term  on  the  right-hand  side  of  (4)  can- 
cels a  part  of  the  third  term,  and  we  obtain 

[  1  «'»     d^hu  dz,         f ,  J'ldSu  d  J'l    dz. 

Idyl    r-y-T^^-ldyl    -7^3-7    r^ 

J  ^  M     dydz  dx        J  ^  ff  dz  dy  ff     dx 

.Vi^'i    dBudz^ 
'yo  «      dz  dx 


—  f//  7**    <^Sm  dz^  dz^ 
J  ^  »      di?  dx'dy* 


A  similar  formula  holds  when  z^  is  changed  into  z^. 
Thus  we  obtain 

Zb^\    I     Idzr-y 
'^o'sfo;         dz 


I'l  f,  «*i    dfSu  <fe^     1^1  fj  Jfo    dSu  dz^ 
"  ^»oj  ^  »^  dz   dy     '*o  J  ^  M^  'dif  dy 


-CW 


,  dr  dSu 

aZ  "5 — 5 — 

dy  dz 
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dr  dSu 


-hf'>oh£ 


dz 


J     J  ^  ff  dx  "^  dy     ]     J  ^  »dx  'dz  'dy 


\dx\dy\dz 


d^r    dSu 
dxdy  dz 


J       y  J         aydz  ax     i       y  J        dy  dz  dx 

^[dx[dvf—  —  f\^^ldx[dyl'"  —  —l''%^ 
J     J  ^  »    dz  dy  »     dx     J     J  ^  »    dz  dy  m     dx 

*o   dSu  dz. 


_U|"7'V^f»+fdb|"7" 
J       yo  M      dz   dx     J      'yo  * 


y 0 

dz   dx 


.   fj   fj  i"^    d^Sudz.dz.      fj    r,    *P   d^Sudz.dZf, 

In  some  of  these  lines  terms  occnr  involving  integrations  with 
respect  to  z  and  differentiation  of  Bu  with  respect  to  z ;  such  terms 
admit  of  further  reduction. 

dSic 


In  the  first  line  we  have  Idzr-j-^  and 

J         dz       "o  J      dz 

In  the  third  line  we  have  \dz  -j-  --j— ,  and 

r,  dr  dSu'idr  ^   ^  f,    d*r  ^ 
J      dy  dz       »ody         J      dydz 

In  the  fourth  line  we  have  \dz  -^  -^ ,  and 

r  -  dr  dSu     1*1  dr  ^        fjd^^^ 
J      ax  az       'o  ax         J      axciz 
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In  the  sixth  line  we  have  Idz  -^ — y-  -j—  ,  and 

J      dxdy  dz 

J      dxdy  dz  ~^»odxdy         J      dxdydz 

In  the  seventh  line  we  have  \dz  r  ,    ,  -p  and  \dz  r  -, — =-  -|^ , 

J        dydzdx  J        dydz  dx 

J        dydz  dx^^'o     dx  dy      J       dy  dz  dx  ^ 

r,      rf^Stt  dy^  _  I'l     rfy^  ^w      f ,  dStt  dr  «?y^, 
j        dydz  dx  "^fo     dx  dy      J       dy  dz  dx' 

Thus  finally 

Bs^Cf'CrSu^Cf'fdz^Bu 
'*o  'yb  '«o  '*o  'yo  J     (fo 

-  Idb  I  *  r  3-  Sm  +  Itic  I  *  Idz  -j—r  Su 
J      'yo  'ooa?         J      'yoj      cteefe 

r,    fj    n'^^^§^_{j    fj   ^*<></r  dSudz^ 
J     J  ^    »  dx  dz  dy     J   ^J  ^   »  dx  dz  dy 

J        it   *Q     dx  dy     J        y  J       dy  dz  dx 

J        y   *o     dx  dy      J        y  J       dy  dz  dx 

4-  (d    f/7    7**  ^^  --l'^      ^  —  f/7    f/7    7**  ^5!  ^  7**     ^ 
J     J  y   »   dz  dy  »      dx     J     J  ^   »   dz  dy  »  ^  dx 


J       'yo  jr       dz  dx     J      'y© 
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«       dz  dx 


hh'>^^%-hh^: 


0     d^Su  dz^  dz, 
r 


dy     J     J  ^    1       ds?  dx  dy  ' 

r 

193.    As  a  particular  case  of  the  preceding  result,  Cauchj 
supposes  that  r  =  1.     Thus  we  obtain 


ta^  \dx\dy  \dz 


*o  y©  *o 


d*iu 


dxdydz 


^^oj  ^   *    dz  dy      ^»o]  ^   1    dz  dy 


dy      ^^oj   ^    »    dz  dy 

dSu 


-  (dx  f  l"  ^'  ^  +  U  l"  l"  ^ 
;        y  ^io  dx  dy      J        y  ^o  dx  dy 

J      J  ^    »    dz  dxdy     J      J  ^    »    dz  dxdy 
f ,    ,y»  'i  dSu  dz.      [j    ,yi  *o  c?8m  dz^ 

Of  the  eleven  terms  here  given  Cauchy  has  omitted  the  sixth  and 
seventh. 

With  this  particular  case  Cauchy's  memoir  terminates. 

194.  We  can  now  conveniently  introduce  the  third  example 
which  Sarrus  gives  in  illustration  of  his  formulae;  see  Art.  179. 
The  example  is  the  following ;  to  determine  the  law  of  the  density 
of  a  body  of  given  form  and  position  in  order  that  the  integral 


Idx^dy^i 


azw 


dxdifdz 
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taken  tliroughout  the  body  maj  be  a  maximum  or  a  minimum, 
V  being  the  density  at  the  point  {x,  y,  is),  and  w  a  given  function 
of  Xj  y,  z  and  v. 

Since  the  form  and  position  of  the  body  are  given  there  are  no 
terms  in  the  variation  of  the  triple  integral  arising  from  the  vari- 
ation  of  the  limits*  Thus  we  have  for  the  variation  of  the  proposed 
triple  integral 

jdxjdyjdz  ^^8« +hhh''^^  ■ 

The  first  of  these  two  terms  is  equal  to 


jdxj<b,  j. 


dxdydz  dv      ' 


the  second  developes  into  the  twenty-two  terms  given  as  the  result 
of  Art.  192  provided  in  that  result  we  change  r  into  w  and  u  into  v. 
Of  these  twenty-two  terms  the  twelfth  is  the  only  term  which 
involves  a  triple  integral ;  this  must  be  united  with  the  term  just 
given,  so  that  we  obtain 

J      J  ^j      \dxdydz  dv      dxdydz) 

This  must  vanish  by  the  ordinary  principles  of  the  Calculus  of 

Variations;  hence 

d*v      dw  ^     d^w     _ 

dxdydz  dv     dxdydz 

This  partial  differential  equation  must  be  solved  to  find  v,  the 
solution  of  course  involving  arbitrary  functions ;  and  the  arbitrary 
functions  must  be  determined  from  the  limiting  equations  which 
we  shall  now  examine. 

We  may  consider  the  given  body  to  be  bounded  by  six  faces. 
Two  of  these  six  faces  we  will  call  the  upper  and  lower;  they  are 
determined  by  the  known  values  of  z^  and  z^  in  terms  of  x  and  y, 
and  may  thus  be  of  any  form.  Two  of  the  six  faces  we  will  call 
the Jront  and  back;  they  are  determined  by  the  known  values  of 
y^  andy^,  in  terms  of  a;,  and  are  therefore  cylindrical  having  their 
generating  lines  parallel  to  the  axis  of  z.    The  remaining  two 
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faces  we  will  call  the  right  and  left;  thej  are  determined  bj  the 
known  values  of  x^  and  x^^  and  are  therefore  planes  perpendicular 
to  the  axis  of  x. 

In  particular  cases  these  six  faces  would  assume  particular 
forms.  For  example,  suppose  the  given  body  to  be  the  ellipsoid 
determined  by  the  equation 

a?     !/^,^_. 

the  upper  and  lower  boundaries  are  the  portions  of  the  surface  of 
the  ellipsoid  determined  respectively  by 


z 


=+ V(^"^~ft'  *°^^=-V('"?"^' 


the^row^  and  back  boundaries  are  the  portions  of  the  ellipse  in  the 
plane  of  (aj,  y)  determined  respectively  by 

the  right  and  UJi  boundaries  are  the  points  on  the  axis  of  x  for 
which  x  =  a  and  a?  =  —  a  respectively.  Thus  in  this  example  two 
of  the  six  faces  degenerate  into  curves  and  two  into  points. 

The  eleventh  term  in  the  result  of  Art.  192  gives 

and  in  order  that  this  may  vanish,  since  Sv  is  arbitrary,  we  must 
have 

7     ,    ,   =0,    and  7     ,    ,  =0. 
X  dxdy  *  dxdy 

The  ninth  and  seventeenth  terms  in  the  result  of  Art.  192  must 
be  united  because  they  involve  the  same  arbitrary  term;  thus 
we  get 

J      J  ^   *   dz   \dx  dy      dy  »     dx) ' 
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and  in  order  that  this  may  vanish,  since  -^  is  arbitraiy,  we 
must  have 


*  \dx  dy      dy  *     dx) ""   ' 


dy      dy 
or  as  we  may  write  it 

«*i  fdw  dz^     dw  ^  ,  ^  ^1  ^t  ,        ^X  ^  __  A 
«  \dx   dy      dy  dx      dz  dy  dx         dxdy) 

The  tenth  and  eighteenth  terms  in  the  result  of  Art.  192  lead 
to  a  similar  equation  with  z^  in  the  place  oiz^. 

The   twenty-first  and  twenty-second   terms  in  the  result  of 
Art.  192  lead  respectively  to 

«*i     dz.  dz.     ^      «*o     &   &       - 
»     dx   dy  »      dx  dy 

We  have  thus  proved  that  the  following  equations  must  hold, 

„*i  d^w 

*  dxdy    .  ' 

-'i  fdw  dz^     dw  dz^     dw  dz^  dz^  d\  \  _ 

*  \da:  cfy     Ty  dx      dz  dx  dy         dxdy)'^   ' 

7   wp^  =  0. 
«      dx  dy 

The  last  of  these  gives  7    w  =  0,  for  -7-^  and  -^  are  inde- 
pendent of  z. 

Ml 

The  equation  7    w  =  0  shews  that  t(7  must  vanish  identically  for 

all  points  of  the  upper  boundary.     For  if  w  does  not  vanish  iden- 
tically t(7  =  0  must  coincide  with  the  known  equation  to  the  upper 

boundary;   and  then  we   shall  not  have  the  other  two  of  the 

jfi 
above  three  equations  satisfied.     For  firom  7   w  =  0  we  obtain  by 

difierentiation 


fdw  .  dw  dz\      ^        ,  «**  (dw  ,  dw  dz\ 


«*i  fdw 

M 
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^nd  from  these  combined  with  the  second  of  the  above  three 
equations  we  deduce 

*l^_  *i^__         7**1^— A 

and  these  could  not  be  true  if  to  =  0  were  the  equation  to  a  surface ; 

because  -j- ,    -r- ,   and  -7-  can   only  simultaneously  vanish   for 

special  points  on  a  surface  and  not  for  any  continuous  portion  of 
a  surface. 

Thus  w  must  vanish  identically  for  all  points  of  the  upper 
boundary.  And  similarly  w  must  vanish  identically  for  all  points 
of  the  lower  boundary. 

The  eighth  term  in  the  result  of  Art.  192  gives 

cPw 


!<!■ 


dzBv 


dxdz' 


This  involves  the  value  of  8r  for  the  front  and  back  of  the  given 
body.    Confining  ourselves  to  the  former,  we  obtain 


J^i  d^w 


=  0. 


y  dx  dz 
The  fourteenth  term  in  the  result  of  Art.  192  gives 

{dxfldz—^—' 
J       y  J       dy  dx  dz^ 

and  from  this  we  obtain 

^\dw 
y  dz 

since  the  factor  -^  is  independent  of  y. 

From  the  last  two  results  we  infer  that  to  must  vanish  iden- 
tically for  all  points  of  the  front  boundary.  For  if  ^  be  denoted 
by  w'  we  have 


7'"«,'  =  0,  andf^'=0; 
y  '  y  dx 


v> 
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and  the  first  of  these  equations  shews  that  vi  most  vanish  identi- 
cally for  all  points  of  the  front  boundary,  or  else  ti?'  =  0  must  coin- 
cide with  the  known  equation  to  this  front  boundary ;  but  the  latter 
supposition  is  inconsistent  with  the  second  of  the  above  two  equa- 
tions. Thus  w*  must  vanish  identically  for  all  points  of  the  front 
boundary,  and  from  this  and  the  fact  that  ir  vanishes  identically  for 
the  points  common  to  the  front  boundary  and  the  upper  boundary, 
we  infer  that  vo  must  vanish  identically  for  all  points  of  the  front 
boundary. 

Similarly  from  the  remaining  part  of  the  eighth  term  and  the 
sixteenth  term  in  the  result  of  Art,  192,  we  conclude  that  w  must 
vanish  identically  at  every  point  of  the  back  boundary. 

From  the  sixth  term  in  the  result  of  Art.  192  we  obtain 

7    -J— J-  =a  0,  and  7     ,    ,  =  0 ; 
*  dydz  *dydz, 

and  from  these  terms  combined  with  what  we  already  know  respect- 
ing w  we  conclude  that  w  must  vanish  identically  at  every  point  of 
the  right  and  left  boundaries  of  the  body. 

Thus  we  conclude  from  the  terms  that  we  have  examined,  that 
vo  must  vanish  identically  at  every  point  of  all  the  bounding  faces 
of  the  given  body ;  and  supposing  this  to  be  the  case  we  shall  find 
that  the  remaining  terms  in  the  result  of  Art.  192  vanish. 

195.  We  will  close  this  part  of  the  subject  by  giving  the  com- 
plete development  of  the  variation  of  a  triple  integral  in  the  case  in 
which  no  differential  coefficient  of  a  higher  order  than  the  first 
occurs  in  the  proposed  expression. 

Let  then  i  / 1  Vdxdydz  denote  the  proposed  triple  integral,  where 

•XT*       /»        •        I*  du     uu     du 

K  IS  a  function  of  a?,  y, «,  w,  ^ ,   ^ ,  -j-. 

The  integration  is  supposed  to  be  effected  first  with  respect  to  z 
from  z^  to  z^,  then  with  respect  to  y  from  y„  to  y^,  and  then  with 
respect  to  x  from  x^  to  x^. 
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Let  the  diflFerential  coefficient  of  V  with  regard  to  -i-  be  de- 
noted by  X,  the  differential  coefficient  of  V  with  regard  to  -7-  by  F, 
and  the  differential  coefficient  of  V  with  regard  to  ^  by  Z.     Thus 

f^.--,     dV  m^        -w^dhu      -w-mdSu      ^dZu 
du  dx  dy  dz 

By  Art.  175  we  have  in  the  notation  of  the  present  chapter 

BJjjVdxdydz^jjjSVdxdydz 

\\dy\dz  Vhx +jdx  f^'Jdz FSy  +jdxjdy Q VBz. 


+ 


There  are  four  terms  in  SF  giving  rise  to  four  terms  in 


jjJBve.a,a.. 


The  first  term  is  not  susceptible  of  transformation. 

The  second  term  is  to  be  transformed  by  equation  (1)  of  Art. 
178;  this  gives 


X 

+  1 

*0 


\ldyldzMu-ldx\lldzX%tu-\d.\dy\lx%^h.. 


The  third  term  arising  from  S  F  is  to  be  transformed  by  equation 
(2)  of  Art.  178 ;  this  gives 

^\dx\lldz  Yiu-\d^\dy\lY^^lu. 

15—2 
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The  fourth  tenn  arising  from  8  F  is  to  be  transformed  hy  equa- 
tion (3)  of  Art.  178 ;  this  gives 

Thus  we  have  finally 

+  Q^jdyjdz(yZx-^Xiu) 
+jd.\'Jdz{rSy-X^iu+YSu) 

+/^/rfyi:;(r&-x|su-r|s«+z8„): 

Of  these  terms  those  affected  with  the  symbols 


jdyjdz  and  jdx\ljdz 


vanish  when  we  confine  ourselves  to  the  particular  case  considered 
by  Delaunay,  as  we  have  already  explained  in  Art.  186.  The  re- 
maining terms  agree  as  far  as  they  go  with  the  result  given  in 
Art.  144. 


CHAPTER  IX. 


LEGENDRE,  BRUNACCI,  JACOBI. 


196.  We  are  now  about  to  give  the  history  of  that  part 
of  our  subject  which  relates  to  the  criteria  for  distinguishing  a 
maximum  from  a  minimum,  and  for  ascertaining  when  neither  a 
maximum  nor  a  minimum  exists. 

We  have  already  intimated  in  Art.  5,  that  Legendre  had 
arrived  at  some  residts  on  these  points,  and  that  Lagrange  had 
shewn  that  further  investigations  were  required  in  order  to  ensure 
the  accuracy  of  Legendre's  conclusions.  The  requisite  investiga- 
tions were  supplied  by  Jacobi  in  1837,  and  the  memoir  which 
Jacobi  then  published  has  given  rise  to  an  extensive  series  of 
commentaries  and  developments.  Before  however  we  proceed  to 
Jacobi's  investigations,  we  will  give  an  analysis  of  Legendre's 
memoir  and  of  some  others  connected  with  it. 

197.  Legendre's  memoir  is  entitled  MSmoire  sur  la  maniire 
de  distinguer  lea  maxima  des  minima  dans  le  Calcul  des  Variations, 
It  is  printed  in  the  volume  for  1786  of  the  Histoire  de  VAcadimie 
Royale  des  Sciences;  this  volume  is  dated  1788.  The  memoir  ex- 
tends from  page  7  to  page  37.  There  is  an  Addition  to  the  memoir 
on  pages  348 — ^351  of  the  volume  for  1787  of  the  Histoire  ... ;  this 
volume  is  dated  1789. 

198.  The  first  investigation  in  Legendre's  memoir  is  in  sub- 
stance the  same  as  that  which  we  have  given  in  Art.  5.    He  shews 
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by  the  method  there  used  that  the  problem  he  is  considering  may 
be  reduced  to  the  investigation  of  the  sign  of 

In  Article  5,  we  supposed  Sy^  and  Sy^  to  be  zero,  so  that  the 
part  of  the  above  expression  free  from  the  integral  sign  vanishes. 
Legendre  adopts  the  following  method  with  respect  to  the  inte- 
grated part  of  the  above  expression;  the  value  of  X  is  to  be 
determined  from  a  differential  equation  and  it  will  therefore  in- 
volve an  arbitrary  constant,  and  this  arbitrary  constant  may  be 
supposed  to  be  so  taken  as  to  make  \  (SyJ*  —  \  (SyJ*  vanish  or 
have  the  same  sign  as  the  part  of  the  expression  under  the  in- 
tegral sign. 

199.  Legendre  next  considers  the  case  in  which  the  integral 
of  an  expression  /{x,  y^p^  g)  is  to  be  a  maximum  or  a  minimum, 

where  p  =  ;^  ^i^d  q  =  -^ .    The  investigation  is  similar  to  that 

already  given,  and  the  conclusion  is  that  the  result  found  by  the 
ordinary  processes  of  the  Calculus  of  Variations  will  be  a  maxi- 

mum  if  -y^  is  always  negative  between  the  limits  of  the  integra- 
tion, and  a  minimum  if  it  is  always  positive. 

Legendre  then  says  that  it  is  easy  to  generalise  these  results 
and  to  infer  that  the  ordinary  processes  will  give  a  maximiun,  if 

the  second  differential  coefficient  of /(a?,y,  -j- ,  t;^,  ...J  with  re- 
spect to  the  highest  of  the  quantities  ^-  ,  ^''•'  ^^^^^  ^^  "i" 

volves  is  always  negative  between  the  limits  of  the  integration, 
and  a  miuimimi  if  that  second  differential  coefficient  is  always 
positive. 

200.  Legendre  next  considers  the  case  in  which  we  have  to 
find  the  maximum  or  minimum  of  \f{x,  y,  p)  dx,  supposing  that 
X  is  susceptible  of  variation  as  well  as  y.     The  investigation  is 
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now  more  complicated  than  that  in  Articles  6  and  198 ;  the  re- 
sult liowever  is  the  same,  namely,  that  there  is  a  maximum  or 

mmimum   accordmg  as  ^  is  constantly  negative  or  constantly 
positive  between  the  limits  of  the  integration. 

201.  Legendre  next  supposes  that  we  have  to  find  the  maxi- 
mum or  minimum  of  j/{x,  y,p,  ^)  dx,  where  ^  is  to  be  determined 

from   the  differential  equation  -^  =  -^j  in  which  -^  is  a  known 

function  of  x,  y,  p,  and  ^.     The  result  at  which  Legendre  arrives 
is  wrong,  and  the  correct  result  was  afterwards  given  by  Brunacci. 

202.  Legendre  then  illustrates  his  investigations  by  some  ex- 
amples. He  first  considers  the  case  of  the  solid  of  least  resistance, 
and  he  shews  that  the  ordinary  result  is  not  necessarily  a  minimum. 
He  then  considers  the  problem  in  which  among  all  curves  of  given 
length  having  their  extremities  in  two  fixed  points,  that  is  re- 
quired which  has  its  centre  of  gravity  lowest;  here  his  method 
indicates  that  the  catenary  does  possess  the  required  property. 
Then  he  considers  the  problem  in  which  a  curve  of  given  length 
is  to  be  drawn  between  two  fixed  points,  so  that  the  area  bounded 
by  the  curve,  the  ordinates  of  the  fixed  points,  and  the  axis  of 
abscissas  shall  be  a  maximum  6r  a  minimum.  He  shews  that 
the  required  curve  will  in  some  cases  be  a  circular  arc,  and  in 
other  cases  will  be  composed  of  a  circular  arc  and  one  or  two 
straight  lines;  we  shall  have  occasion  to  return  to  this  point 
hereafter.  The  three  examples  thus  discussed  by  Legendre  form 
a  very  interesting  and  instructive  part  of  his  memoir. 

Finally  Legendre  takes  the  problem  of  the  brachistochrone  in 
which  the  moving  particle  is  to  pass  from  one  given  curve  to 
another,  starting  with  an  assigned  velocity.  Then  the  expression 
to  be  made  a  minimum  is 


/; 


V(l  +  j?*)  dx 
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• 

where  h  is  the  height  due  to  the  assigned  initial  velocity,  and  c  is 
the  ordinate  of  the  point  at  which  the  motion  begins.  Legendre 
takes  c.and  a;  to  be  susceptible  of  variation,  as  well  as  y  and  p, 
and  by  a  laborious  investigation  he  arrives  at  the  result  that  the 
time  of  motion  is  necessarily  a  minimum  if  the  curve  described 
be  a  cycloid,  which  meets  the  two  given  curves  in  points  where  the 
tangents  to  those  curves  are  parallel,  and  which  cuts  the  lower 
curve  at  right  angles. 

203.  In  the  addition  to  his  memoir,  Legendre  makes  some 
remarks  in  order  to  strengthen  two  points  in  his  conclusions.  He 
says  that  he  has  to  shew  in  the  first  place  that  the  quantities 
which  he  supposes  determined  by  differential  equations,  like  the 
X  of  Article  5,  are  necessarily  real ;  and  in  the  second  place  that, 
as  we  have  stated  in  Art.  198,  the  arbitrary  constants  which  occur 
in  the  solutions  of  the  differential  equations  can  be  chosen  so  as 
to  make  the  integrated  part  of  the  terms  of  the  second  order  in 
the  variation  zero,  or  of  the  same  sign  as  the  unintegrated  part. 
Accordingly  he  makes  some  observations  in  order  to  establish 
these  two  points. 

204.  Two  remarks  may  be  introduced  here.  In  the  first 
place  it  must  be  remembered  that  all  Legendre's  investigations 
are  subject  to  the  objection  indicated  by  Lagrange ;  see  Articles 
5  and  6.  Legendre  does  not  solve  the  differential  equations  which 
he  obtains,  so  that  there  is  no  security  that  the  quantities  he  uses 
retain  always  finite  values ;  and  Lagrange  shewed  that  in  a  simple 
example  Legendre's  conclusions  were  not  necessarily  true.  In  the 
second  place,  in  all  investigations  with  the  view  of  distinguishing 
maxima  from  minima  values,  it  is  of  course  necessary  that  we 
should  retain  all  the  terms  of  the  second  order  which  can  occur 
in  our  expressions.  Now  such  formulae  as  those  of  Poisson  and 
Ostrogradsky  in  Articles  102  and  124  are  only  true  to  the  first 
order,  and  consequently  cannot  be  used  in  any  investigation  in 
which  we  are  discriminating  between  maxima  and  minima  values. 
This  is  one  of  the  reasons  which  render  it  advisable  to  avoid 
giving  a  variation  to  the  independent  variable ;  see  Art.  25.  If, 
for  example,  we  vary  y  and  not  x,  then  we  have  8p  absolutely  tlie 
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same  thing  as  -—^ .    If  however  we  vary  both  y  and  x,  it  is  shewn 
in  elcmentarj  works,  as  in  Art  39,  that 

this  equation  however  is  not  accurately  true,  but  only  true  to  the 
first  order.     For 

di/  =  pdxy 

dy  +  diy  =  (^^  +  Sp)  (c&  +  dZo^  ; 
therefore 

dx)   ' 


^        dx-\'  dox        \dx        dx  J  \ 


thus  in  order  to  be  true  to  the  second  order  we  must  take 


^=(f-^)(-f). 


and  in  fact  Legendre  uses  this  value  of  hp  on  page  15  of  his 
memoir. 

205.  We  have  next  to  consider  two  memoirs  by  Brunacci. 
The  first  of  these  is  entitled,  On  the  criteria  which  distinguish 
maxima  from  minima  in  integral  expressions;  it  is  published 
in  the  Memorie  delV Istituto  Nazumale  Italiano,  Vol.  I.  part  2. 
Bologna,  1806.  The  memoir  extends  over  pages  191 — 202  of  the 
volume;  its  object  is  to  correct  an  error  in  the  memoir  which 
Legendre  published  in  the  Histoiy  of  the  French  Academy  for 

1786 ;  see  Art.  201.  Suppose  we  have  the  integral  I  Vdx  where  V 
involves  x,  y,  -^ ,  and  Zj  and  z  is  determined  by  the  differential 
equation  -j-'=Zy  where  Z  is  a  function  of  a?,  y,  -^ ,  and  z.    Then 

Legendre  arrives  at  the  following  result ;      Vdx  is  rendered  a 

maximum  or  minimum  by  the  ordinary  processes  according  as 

d*V  . 

--J-J  is  constantly  negative  or  constantly  positive  between  the 


/{ 
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limits  of  the  integration,  where  p  stands  for  -f-.    Legendre's 

method  is  rather  obscure  and  Brunacci  follows  it;  we  will  here 
give  the  investigation  in  the  usual  manner,  and  we  shall  obtain 
the  same  result  as  Brunacci. 

206.  Let  X  denote  a  function  of  x  at  present  undetermined ; 
then  we  may  consider  that  we  have  to  find  the  maximum  or 
minimimi  of 

r+x(|-z)}^, 

and  we  will  denote  this  expression  by  U. 

Now,  considering  only  terms  of  the  first  order,  we  have 

BZ=^^Bz-\-^St,  +  ^Sp  =  A'Sz  +  BSi/'i-C'Sp  say; 
thus 

BU^j{{A'\A')  Bz  +  {B^XB')  By+{C^\C')Bp+^  - 

By  tlie  usual  process  of  integration  by  parts  we  get 
S[7=((7-X(7')Sy  +  XS« 

+jU^\A'^^Bzdx  +  j\B--\B'-'^{G-\C')\Bydx. 

Now  assume  \  such  that 

^«X^'-^  =  0; 
ax 

then,  in  order  that  SJ7may  vanish,  we  must  have  also 

Between  the  last  two  equations  we  must  eliminate  X,  and  thus 
we  shall  obtain  a  differential  equation  for  determining  the  required 


dx. 
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relation  between  x  and  y.  We  now  proceed  to  examine  whether 
U  is  thus  rendered  a  mazimum  or  a  minimum.  The  terms  of  the 
second  order  in  8 Fare 

say  =  If{Bz)*  +  GSzSr,  +  mzSp  +  ^  /(8y)'  +  KS^/Bp  +  ^L  {Sp)'. 

We  shall  denote  the  similar  terms  in  SZhy 

If'{Bz)*+  G'BzSy  +  E'BzBp  +  lr{Si,y  +  Ky^  +  lL'{8p)\ 

Let       F'-XF'^M,     G'-XG'^N,    H--\H'=-0, 
I'\r=:P,     K^XK'^Q,    L^\L'=:Ii; 

then  we  have  to  examine  the  sign  of 

Now  assume  that  this  expression  can  be  put  in  the  form 
l{Syy+mBy8z  +  n  (Sz)*+  (r  (Sp  +  A%  +  A;S«)"c&; 

diiSerentiate  both  sides  of  the  assumed  identity,  and  equate  the 
coefficients  of  like  terms,  observing  that  -7—  can  be  expressed 

in  terms  of  Sy,  Bz,  and  Sp,  since  -j-  =  SZ;  thus  we  shall  obtain 

five  equations  for  determining  the  five  quantities  A,  k,  l,  m,  n,  and 
three  of  these  five  equations  are  differential  equations  of  the  first 
order.  Then  we  assume,  as  Legendre  does,  that  by  giving  suit- 
able values  to  the  arbitrary  constants  we  can  make  the  integrated 
part  I  {SyY  +  mBy  Sz  +  n  {hzY  vanish.  Thus  finally  if  li  be  always 
negative  between  the  limits  of  the  integration,  we  obtain  a  maximum 
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value  of  Vy  and  if  -B  be  always  positive  between  the  limits  of 
integration,  we  obtain  a  minimum  value  of  U,    And 

^"df^^   dp'' 

This  is  Brunacci's  result,  and  it  shews  that  Legendre's  result 
is  wrong.  The  investigation  is  of  course  subject  to  the  excep- 
tions that  have  been  already  indicated  in  Articles  5  and  6. 

207.  We  now  pass  to  Brunacci's  second  memoir.  This  is 
entitled,  Memoir  on  the  criteria  which  distinguish  maxima  from 
minima  in  double  integrals;  it  is  published  in  the  Memorie  delV 
Isiituto  Nazionale  ItalianOy  Vol.  II.  part  2.  Bologna,  1810.  It 
extends  over  pages  121 — 170. 

Brunacci  refers  to  Legendre's  memoir  on  the  criteria  for  dis- 
tinguishing maxima  from  minima  in  single  integrals,  and  his  own 
correction  of  one  of  Legendre's  results  in  his  former  memoir.  He 
states  that  so  far  as  he  knew,  no  similar  investigations  had  been 
made  with  respect  to  double  integrals.  He  proposes  to  consider  this 
point;  but  before  doing  so,  he  gives  some  investigations  with 
respect  to  single  integrals  in  order  to  prepare  the  way.  His 
memoir  is  divided  into  twelve  sections. 

208.  In  his  first  section,  Brunacci  makes  a  few  remarks  on 
the  conditions  necessary  for  the  existence  of  a  maximum  or  mini- 
mum value  of  a  function.     He  says  that  he  has  proved  in  his 

Course  of  higher  analysis,  that   I   f(x)  cZr  is  a  positive  quantity 

provided  that/(a;)  is  always  positive  for  values  of  x  between  x=a 
and  x  —  h,  and  provided  also  that  the  differential  coefficients/'  («), 
f"{x),  ...  are  always  finite  between  the  same  values.  It  is  ob- 
vious however  that  Brunacci  is  wrong  in  saying  that  it  is  necessary 
that  the  differential  coefficients  should  be  finite;  it  is  sufficient 
that  f{x)  be  always  positive.  Brunacci  repeats  this  unnecessary 
restriction  elsewhere  in  his  memoir,  but  it  does  not  affect  his 
results. 

209.  In  his  second  section  Brunacci  investigates  the  conditions 
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which  must  subsist  in  order  that  jy^dx  may   have  a   maximmn 

or  a  minimum  value,  where  y^  involves  a;,  y,  and  -^ ;  and  he 

shews  how  to  distinguish  between  a  maximum  and  a  minimum. 
The  investigation  is  the  same  as  Legendre's ;  see  Art.  198. 

In  his  third  section  Brunacci  supposes  that  y^  involves  x,  y, 
-J-  and  -v^ ,   and  he  investigates  the  condition  that  must  subsist 

in  order  that  X-^dx  may  have  a  maximum  or  a  minimum  value ; 

and  he  distinguishes  between  the  two  cases.  The  investigation 
is  similar  to  that  already  given;  and  the  result  coincides  with 
that  found  by  Legendre,  and  stated  in  Art.  199. 

210.  In  his  fourth  section,  Brunacci  makes  some  introductoiy 
remarks  on  the  subject  of  double  integrals.     He  states  that  a 

double  integral   llF{x,y)dxdi/  taken  between  definite   limits  is 

positive,  provided  that  F{x,y)  is  positive  between  the  limits  of 
the  integrations,  and  provided  also  that  the  partial  differential 
coefficients  of  -F(a?,y)  with  respect  to  x  and  y  are  all  finite  be- 
tween those  limits.  The  restriction  with  respect  to  the  differen- 
tial coefficients  is  unnecessary.  It  is  of  course  quite  true  that  in 
the  questions  treated  by  the  Calculus  of  Variations,  such  restric- 
tions occur,  because  certain  expansions  are  effected  by  Taylor's 
Theorem ;  but  Brunacci  is  wrong  in  saying  that  these  restrictions 
occur  in  the  simple  case  indicated  above. 

211.  In  his  fifth  section,  Brunacci  takes  the  integral  I  jy^dx  dy^ 

where  -^  involves  a;,  y,  and  z^  and  it  is  required  to  determine  z 
as  a  ftmction  of  x  and  y  so  that  the  double  integral  may  be  a 
maximum  or  a  minimum.     He  arrives  at  the  following  results; 

for  a  maximum  or  a  minimum  we  must  have  ^  =  0,  and  then 

dz 

there  will  be  a  maximum  or  a  minimum  according  as  -Vr  ^^ 
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always   negative   or  always  positive  between   the  limits  of  the 

integrations.     For  an  example  he  supposes  -^  = ^ ,  and 

he  obtains  as  the  resolt  z  =  ii/{a^  +  t/^.  He  then  suggests  as  a 
particular  case,  that  the  integrations  should  be  taken  from 
^  =  0  to  y  =  aa?,  and  from  x  =  0  to  x  =  b;  he  does  not  observe 
that  for  these  limits  his  double  integral  becomes  infinite. 

212.  In  his  sixth  section,  Brunacci  considers  the  double  in- 
tegral jjylrdxdyy  where  y^  involves  a;,  y,  z,  and  -r- .     He  proceeds 

as  Legendre  does  for  a  single  integral  and  he  arrives  at  the  fol- 

dz 
lowing  result ;  let  p  denote  -r-  j  then  to  ensure  a  maximum  the 

d^ytr 
relation  between  z  and  x  and  y  must  be  such  as  to  make  -^g- 

always  negative  between  the  limits  of  the  integrations,  and  to 
ensure  a  minimum  always  positive.  As  in  Legendre's  process,  it 
is  assumed  that  the  quantities  which  occur  always  remain  finite, 
and  this  condition  cannot  be  tested  because  a  certain  differential 
relation  which  occurs  is  not  investigated,  but  only  supposed  to  be 
investigated.    Brunacci  takes  for  an  example  -^  =  V(l  +  ?*)• 

213.  In  his  seventh  section,  Brunacci  considers  the  double 

integral  ljylrdxd7/y  where  -^  involves  a;,  y,  «,  t-  ,  and  t-  .    We 

will  give  in  substance  the  investigation  of  this  case  as  an  example. 
Let  U  denote  the  proposed  double  integral,  then  we  require  the 
maximum  or  minimum  value  of  U,  The  first  thing  to  do  is  to 
investigate  the  value  of  S?7to  the  first  order  and  to  make  it  vanish. 
The  value  of  S?7  to  the  first  order  has  been  given  in  Art.  59; 
and  by  the  usual  method  the  value  of  z  in  terms  of  x  and  y  must 
be  foimd  from  the  equation 

dx      dy  ~    ' 

The  arbitrary  functions  which  enter  into  the  value  of  z  must 
then  be  so  determined  as  to  make  the  remaining  terms  in  BU 
vanish  which  are  given  in  Art.  59. 
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We  then  proceed  to  consider  the  terms  of  the  second  order* 
Let^  denote  -j-  and  j  denote  -^;  and  let 

^^-7      ^_P      ^t_/, 

^=R  £:^=8  -&=r 

dzdp        '  dzdq       '    dpdq        ' 
and  Zz  =  w. 

Then  we  have  to  examine  the  sign  of  the  expression 


0:^-^''(i)'-«(i)"^^-» 


dx 


Let  a  and  /9  be  two  quantities  at  present  undetermined ;  then 
the  above  double  integral  is  identically  equal  to 


.   ^  /da\'    „  _,  da  da]  ,    , 

where         A  =  Z-^-^,  B=M-a,    C=8-p. 
The  expression 


really  involves  only  a  single  integral,  because  the  integration  with 
respect  to  y  can  be  immediately  effected. 

The  expression 

I     /     -7 —  dx  dy 

J^oJsfi.    dx  ^ 
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also  really  Involves  only  a  single  integral ;  because  we  may  change 
the  order  of  integration  if  we  make  suitable  changes  in  the  limits, 
and  then  the  integration  with  respect  to  x  can  be  inmiediately 
effected. 

Now  consider  the  double  integral.    The  necessary  and  sufficient 
conditions  in  order  that 

should  retain  an  invariable  sign  are  these, 

PQ  —  T*  must  be  positive, 

and  {PC  -  BTy  must  be  less  than  {PQ  ^T){PA^B^; 

and  the  sign  is  then  positive  or  negative  according  as  P  is  positive 
or  negative.     (See  Differential  Calculus^  Art.  236.) 

Now  we  may  suppose  that  the  arbitrary  quantities  a  and  /8  are 
so  taken  as  to  satisfy  the  condition  that 

{PG  -  BTY  is  less  than  {PQ  -  T)  {PA  -  J5") ; 

this  condition  involves  a,  /S,  -j-  and  ^ . 

We  have  then  the  following  result.     In  order  to  ensure  a  mini- 
mum we  must  have  P  positive  and  PQ  —  T*  positive  throughout 

the  limits  of  the  integrations.    That  is,  we  must  have  -r^  positive. 


and  also  ^  ^  -  (^)  positive. 


Similarly  in  order  to  ensure  a  maximum  we  must  have  P  nega- 
tive and  PQ  —  T*  positive  throughout  the  limits  of  the  Integra- 

tions;  that  is,  ^  negative  and  ^  ^  -  (|^)'  positive. 
It  will  also  be  necessary  that  the  expression 
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should  be  zero  or  negative  for  a  maximum,  and  zero  or  positive  for  a 
minimum ;  this  condition  will  be  secured  for  example  if  &  be  zero 
at  the  limits  of  the  integrations,  for  then  the  term  just  given  will 
vanish. 

The  whole  investigation  is  of  course  liable  to  the  objection  that 
as  the  values  of  a  and  jS  are  not  explicitly  found  we  have  no  means 
of  ascertaining  whether  they  remain  finite  throughout  the  limits  of 
the  mtegrations. 

214.  For  an  example  of  the  preceding  investigation  Brunacci 
supposes  y^  =  f -T-j  —a"  [--r')  •  In  this  case  he  finds  that  the  rela- 
tion between  x,  y,  and  «  is  to  be  determined  from  r=-=-  =  a*  -^r-i , 

ay'  cbr 

so  that 

z  =  if>{x-\ray)  ■\-F{X''ay)y 

where  0  and  ^denote  arbitrary  functions.  For  a  particular  case  he 
supposes  that  the  surface  denoted  by  the  required  relation  is  to  pass 
through  an  oval  plane  curve  determined  by  the  equations 

He  says  that  then  by  determining  suitably  the  first  arbitrary 
function  we  shall  have 

z  =i  t^[M+  N {x  -i-  ay)  +  L  {x-i-  ayY]  -i- F{x~ ay), 
where  j^     r>(H-amr-aV 

XT         2an  r  ^ 


But  the  surface  Brunacci  thus  obtains  will  not  pass  through  the 
curve  in  question  it  F{x  —  ay)  is  still  left  arbitrary.  In  continuing 
the  discussion  of  this  example  he  arrives  at  the  result  that  there  is 
neither  a  maximimi  nor  a  minimum.  He  says  that  this  ought  to  be 
the  case,  because  as  '^  is  zero  the  double  integral  JJ'^dxdy  over 
assigned  limits  is  also  zero.  Since  he  says  that  yfr  is  zero,  it  would 
appear  that  he  supposes  F(x  —  ay)  =  0,  for  then  his  surface  does 
pass  through  the  curve  in  question  and  -^  is  zero*    But  then  it 

16 


242  LEGENDBEy  BRUNACCI,  JACOBI. 

is  not  obyious  what  he  means  hj  saying  that  there  ought  to  be 
neither  a  maximum  nor  a  minimum,  since  it  is  quite  possible  that 
a  zero  value  of  a  function  may  be  a  maximum  or  a  minimum  value 
of  that  function*  • 

215.  In  his  eighth  section  Brunacci  supposes  that  -^  involves 
dz      dz     d*z       d^z  n  d*z         ,  ,  j     •     xi_ 

same  manner  as  before  to  determine  the  conditions  necessary  in 
order  that  Jfyfrdxdff  may  have  a  maximum  or  minimum  value.  He 
arrives  at  the  same  results  as  Delaunay  afterwards  gave  in  his 
memoir;  see  Art.  147. 

216.  The  remainder  of  Brunacci's  memoir  consists  of  four 

sections  and  is  devoted  to  the  investigation  of  the  conditions  for  a 

dz 
maximum  or  minimum  of  jf'^dxdy,  when  -^  involves  x,  y,  z,  -j-, 

dz 
and-T-,  and  also  another  function  V,  which  is  determined  by 

jz:~^f  where  ^  involves  x,  y,  z,  -j-y  ^,    V,  and  -^.    This 

case  is  analogous  to  that  involving  only  a  single  integral  in  which 
Brunacci  corrected  an  error  of  Legendre's.  Brunacci's  method 
does  not  appear  very  clear.  The  ordinary  method  would  be  to 
investigate  the  maximum  or  minimimi  of 


IJ{f+^{^-^)}dxd,. 


Then  when  the  usual  reductions  are  effected  the  variation  of 
the  double  integral  to  the  first  order  would  contain  under  the  inte- 
gral signs  two  terms,  one  of  the  form  ABV,  and  the  other  of  the 
form  BSz.  We  should  then  assume  \  such  as  to  make  ^  =  0,  and 
then  it  follows  that  in  order  that  the  variation  may  vanish  we  must 
also  have  B=0,  The  part  of  the  variation  which  is  of  the  second 
order  might  then  be  examined  in  the  ordinary  way. 

217.  Nothing  was  added  to  this  part  of  the  Calculus  of  Yaria^ 
tions  between  the  publication  of  Brunacci's  second  memoir  and  the 
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publication  &f  Jacobi's  memoir.  Lacroix,  Dirksen,  and  Ohm  in 
their  respective  works  explained  Legendre^s  method  without  any 
improvements.  Ohm  seems  to  have  regarded  the  results  as  more 
certain  than  thej  really  are,  for  he  omits  all  reference  to  the  quali- 
fications indicated  by  Lagrange;  see  Articles  5  and  6.  Lacroix 
does  give  these  on  his  pages  811 — 813,  and  Dirksen  on  his  page 
113  notices  the  limitation  that  the  quantities  he  introduces  must 
remain  finite. 

218.  We  now  proceed  to  Jacobi's  memoir.     This  memoir  is 

entitled,  On  the  theory  of  the  Calculus  of  Variations  and  of  dif" 

fBrential  equations^  by  C.  G.  Jacobi.     It  was  published  in  the 

17th  volume  of  Crelle's  Mathematical  Journal  in  1837.  The 
memoir  purports  to  be  an  extract  from  a  letter  dated  November 
29th,  1836,  addressed  to  Professor  Enke,  secretary  to  the  mathe- 
matical class  of  the  Academy  of  Sciences  at  Berlin.  The  memoir 
extends  over  pages  68 — 82  of  the  volume ;  nine  pages  relate  to  the 
Calculus  of  Variations  and  the  remainder  to  the  differential  equa- 
tions which  occur  in  Dynamics.  A  French  translation  of  the 
memoir  appeared  in  the  third  volume  of  Liouville's  Journal  of 
Mathematics  in  1838. 

We  confine  ourselves  to  that  part  of  Jacobins  memoir  which 
relates  to  the  Calculus  of  Variations ;  for  an  account  of  Jacobi's 
researches  on  Dynamics  the  student  is  referred  to  Mr  Cayley's 
Report  on  the  recent  progress  of  Theoretical  Dynamics^  in  the  Beport 
of  the  British  Association  for  the  advancement  of  Science  for  1857. 

The  remainder  of  the  present  chapter  consists  of  a  translation 
of  the  first  nine  pages  of  Jacobi's  memoir ;  it  will  be  seen  that 
Jacobi  merely  gives  the  enimciation  of  results  without  demonstra- 
tions, and  we  shall  afterwards  indicate  the  writers  who  have  sup- 
plied the  demonstrations. 

219.  I  have  succeeded  in  supplying  a  great  deficiency  in  the 
Calculus  of  Variations.  In  problems  on  maxima  and  minima  which 
depend  on  this  Calculus  no  general  rule  is  known  for  deciding 
whether  a  solution  really  gives  a  maximum  or  a  minimum  or 
neither.  It  has  indeed  been  shewn  that  the  question  amounts  to 
determining  whether  the  integrals  of  a  certain  system  of  differential 

16—2 
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equations  remain  finite  througlioat  the  limits  of  the  integral  which 
is  to  have  a  maximam  or  minimum  value.  But  the  integrals  of 
these  differential  equations  were  not  known,  nor  had  any  other 
method  been  discovered  for  ascertaining  whether  they  did  remain 
finite  throughout  the  required  interval.  I  have  however  discovered 
that  these  integrals  can  be  immediately  obtained  when  we  have 
integrated  the  differential  equations  of  the  problem  under  con- 
sideration, that  is,  the  differential  equations  which  must  be  satisfied 
in  order  that  the  first  variation  may  vanish.  In  fact,  suppose  that 
hy  the  integration  of  these  differential  equations  we  have  obtained 
expressions  for  the  required  functions  involving  a  certain  number 
of  arbitrary  constants,  then  the  partial  differential  coefficients  of 
these  fonctions  with  respect  to  these  arbitrary  constants  will  furnish 
the  integrals  of  those  new  differential  equations  which  we  have  to 
solve  in  order  to  determine  the  criteria  for  the  existence  of  a  maxi- 
mum or  minimum. 

220.    Let  us  consider  the  simplest  case ;  let  the  integral  which 
is  to  have  a  maximum  or  minimum  value  be 


jfi^j  y>  y')  ^> 


where  y'  is  put  for  ^ .  Then  we  know  that  y  is  to  be  found  from 
the  differential  equation 

dy     dx  dy' 

The  value  of  y  obtained  from  this  differential  equation  will  contain 
two  arbitrary  constants  which  I  will  denote  by  a  and  b.  The 
second  variation  of  the  proposed  integral  is 

where  w^hy  and  w'  =  -=- . 

Now  to  have  the  complete  criteria  for  the  existence  of  a  maxi- 
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mum  or  minimum  we  must  know  the  complete  expiession  of.  a 
function  t;  which  satisfies  the  differential  equation 


this  may  be  seen  in  Lagrange's  Theoxy  of  Functions  or  in  Dirksen's 
Calculus  of  Variations.  (Ohm's  Calculus  of  Variations  is  not  exact 
on  this  point.)  The  expression  for  v  I  find  in  the  following  manner. 
Let 

where  ;/  >  ^  <^^  ^®  partial  differential  coefficients  of  y  with 

respect  to  the  constants  a  and  b  which  occur  in  y,  and  a  and  fi 
are  new  arbitrary  constants;  then  the  required  expression  for  v 
will  be 


(  d^       \  d\fdu\ 
^""     \dydy''^udy'^dx)' 


dydy'     u  dy* 

which  contains  one  arbitrary  constant,  namely,  —  • 

[The  differential  equation  which  t;  must  satisfy  is  the  same  as 
equation  (2)  of  Art.  5,  supposing  2X  =  — r.] 

221.  The  case  in  which  differential  coefficients  of  a  higher 
order  than  the  first  occur  in  the  expression  which  is  to  be  a  maxi-» 
mum  or  mining ^im  ig  more  difficult.  Let  the  expression  which  is 
to  be  a  maximum  or  minimunkbe 


//(«>  y>  y'.  y")  <*»» 


where  y'  =  ^  and  y"  =  -^'    ^e°  ^e  know  that  y  must  lie  found 

from  the  differential  equation 

df     d^     d*  df^ 

^     dxdy'^d^dy"^^' 

thus  y  will  contain  four  arbitrary  constants  which  may  he  denoted 
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by  a,  a^,  a„  a,.  Also  let  Sy  =  U7,  %'  =  «?',  Sy"=U7";  then  the 
second  variation  will  be 

For  a  maximum  or  minimum  -v^s  must  retain  the  same  sign. 

But  in  order  to  have  the  complete  criteria  we  must  integrate  the 
following  system  of  diflFerential  equations,  as  may  be  seen  in  La- 
grange's Theory  of  Functions, 

(d*f.dv\fJPfdv^\_(  d*f    .^,dv\\ 

W^^)  V^^+dic  "'■^N ~  Wdy'^^^ dx) ' 

From  these  three  differential  equations  of  the  first  order,  which 
present  a  rather  complicated  appearance,  the  three  functions  v,  i;^, 
and  v^  must  be  determined ;  and  the  complete  expressions  for  them 
will  involve  three  arbitrary  constants.  I  have  found  the  integrals 
of  these  differential  equations  as  follows ;  let* 

dy  .       dy  'dy  dy 

so  that  u  and  u^  are  linear  expressions  of  the  partial  differential 
coefficients  of  y  with  respect  to  the  arbitrary  constants  which  it 
involves.  The  eight,  constants  of,  ofj,  a,,  a,,  /S,  fi^j  fi^,  /8,  are  not 
entirely  arbitrary,  for  a  certain  relation  must  exist  between  these 
six  quantities  a^,-a,/8,  afi^-afi,  a/S.-ogS,  ogS, - ogS,,  ogS, - a,^„ 
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« A  "  «a/S^>  which  I  wUl  not  investigate  here.    The  following  then 
are  the  general  expressions  which  I  have  found  for  r,  t?j,  v,; 

d'f        dy  ^  da?  "^'d^ 

^' "     WW      ^y""      du,  _      du  ' 

dx         ^  dx 

du  d^u^     du^  d^u 
d}f        d'f  dxl^     '^'M 

^'         dydy^'^dp     ^^^^^      ' 

dx        ^  dx 

/    d*u^  d*u\  (du  d^  ^  du^  d*u\ 

^_     dv^       d^f       d\f\^'M^'^''d^)\dx  d^f      dx  da?) 
dx      dy  dy      dy"^  /    du^  duV  * 

[""'^"'''dx) 

An  identical  equation  holds  between  the  six  quantities  a/Sj— Oj/S, 

(^t  —  oiJS, ,  besides  the  relation  "which  exists  between  them, 

and  these  quantities  occur  in  t?,,  r^,  and  v  only  in  the  form  of  ratios, 
so  that  they  constitute  in  fact  the  three  arbitrary  constants  which 
ought  to  appear. 

.222.  The  general  theory  when  differential  coefficients  of  y  of 
any  order  occur  under  the  sign  of  integration  may  be  deduced 
without  difficulty  from  a  remarkable  property  of  a  certain  class  of 
differential  equations.  These  differential  equations  of  the  2n^  order 
have  the  form 

"   ^2^+-^-+    ^    +    da*    +•••+     dor       ■^' 

d^v 
where  y^^  --^ ,  and  A^A^,...  are  given  functions  of  a?. 

Now  suppose  y  to  be  any  integral  of  the  equation  F=  0,  and 
put  u  =  ty,  then  will  the  following  expression  be  integrable, 

where  w^"**  =  ^^  ,  that  is  the  expression  is  integrable  without  know- 
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ing  t  Moreover  tlie  integral  is  of  the  same  form  as  F,  only  n 
must  be  diminished  by  1 ;  so  that 

jyUdx==Bt  +  —L^+—^+  ...  +       ^.,       , 

where  ^**=  -j-^  and  By  B^^ ...  might  be  expressed  in  terms  of  y 
dx 

and  the  functions  A  and  their  differential  coefficients.  The  proof 
of  this  proposition  is  not  without  difficulty,  I  have  found  the 
general  expression  of  the  functions  B\  but  it  is  enough  for  the 

present  question  to  shew  that  lylldx  can  be  put  in  the  form  indi- 
cated without  there  being  any  need  of  knowing  the  functions  B 
themselves. 

223.  The  metaphysic  of  the  results  obtained  (if  I  may  use  a 
French  expression)  depends  nearly  upon  the  following  consider- 
ations. The  first  variation  is  known  to  take  the  form  I  Vhy  dx^ 
where  F=  0  is  the  equation  to  be  integrated.  The  second  variation 
then  takes  the  form  /  S  Viy  dx.     If  then  the  second  variation  is  to 

be  incapable  of  changing  its  sign,  it  must  be  incapable  of  vanish- 
ing ;  so  that  the  equation  S  F=  0,  which  is  linear  in  Sy,  must  have 
no  integral  Sy  which  satisfies  the  conditions  to  which  by  the  nature 
of  the  problem  hy  is  subjected.  Thus  we  see  that  the  equation 
S  V=:  0  plays  an  important  part  in  these'  investigations,  and  we  soon 
perceive  its  connexion  with  the  differential  equations  which  must 
be  integrated  in  order  to  obtain  the  criteria  for  maxima  and  minima. 
Also  we  easily  see  that  a  partial  differential  coefficient  of  y  with 
respect  to  any  constant  which  occurs  in  y  as  the  solution  of  F=  0, 
will  be  a  suitable  value  of  hy  for  satisfying  the  differential  equation 
^V=^  0.  Thus  the  general  expression  for  hy  as  the  integral  of  the 
equation  S  V—  0  will  be  a  linear  function  of  all  the  partial  differ- 
ential coefficients  of  y  with  respect  to  the  constants  which  it 
involves, 

« 

224.  The  equation  87=0,  of  which  we  can  thus  find  the 
complete  integral,  can  be  put  in  the  form  of  the  above  equation 
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F«=  0,  with  Sy  in  the  place  of  y.    By  means  of  the  properties  of 
equations  of  this  kind,  we  can  by  repeated  integration  by  parts 

transform  the  expression  \hVhydx  into  another,  which  contains 

a  perfect  square  under  the  integral  sign ;  we  thus  obtain  the  trans- 
formation of  the  second  variation  which  was  always  desired* 

Take  for  example  the  integral  considered  already 


and  let  u  and  u^  have  the  meanings  already  assigned.   hV  can  be 
put  in  the  form 

and  SF will  =  0  when  Sy  =  u.    Now  put  Sy  =  vlSy ;  then  from  the 
general  theorem  (Art.  222)  we  have 

Denote  the  last  integral  by  j  V^  8'y'  dx ;  then  the  equation  F^  =  0 

is  satisfied  when  we  put  S'y=-i,  and  therefore  Sy  =  — ^    ,  ^     . 
We  can  now  continue  the  same  method  by  putting 

so  that  by  the  same  general  theorem 

=  CS'y8"y-J"c(S'y)'db; 
and  this  is  the  last  transfonnstion,  in  which  the  arbitrary  variation 
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occurs  under  the  integral  sign  only  in  the  form  of  a  square.  And 
it  is  easily  seen  that 

and  therefore 

Moreover  ^a  =  -7-^  so  that  C  has  always  the  same  sign  as 

v^  has,  and  this  sign  must  be  always  positive  for  a  minimum 

and  always  negative  for  a  maximum.  We  must  moreover  examine 
whether  S'y  can  become  infinite  within  the  limits  of  integration ; 
this  we  can  ascertain  by  our  knowing  the  functions  u  and  u^y  and 
these  we  know  as  soon  as  the  complete  integral. of  the  equation 
F=  0  is  given. 

225.  Although  the  analysis  just  indicated  requires  a  good 
knowledge  of  the  Integral  Calculus,  yet  the  criteria  thence  obtained 
for  determining  whether  a  solution  gives  in  general  a  maximum  or 
minimum  are  very  simple.  I  will  consider  the  case  in  which  we 
have  under  the  integral  sign  y  and  its  differential  coefficients  up  to 
the  n^,  and  where  the  limiting  values  of  a:,  y,  y\  y", ...  y*""^*  are 
given.  Now  the  2n  arbitrary  constants  which  occur  in  integrating 
the  differential  equation  of  the  {2n)^  order  are  to  be  determined  by 
means  of  the  given  limiting  values ;  but  as  this  involves  the  solution 
of  equations  there  will  be  in  general  several  systems  of  values  for 
the  arbitrary  constants,  so  that  several  curves  may  be  found  which 
satisfy  the  same  differential  equation  and  the  same  limiting  con- 
ditions. Let  one  of  these  systems  be  chosen,  and  let  one  limiting 
point  be  considered  as  fixed,  and  then  let  us  pass  firom  this  point 
along  the  curve  to  following  points.  Now  take  one  of  these 
following  points  as  the  second  limiting  point ;  then,  as  stated  above, 
it  may  happen  that  through  this  and  the  first  fixed  point  a  second 
curve  can  also  be  drawn  which  satisfies  the  same  differential 
equation  as  the  first  curve  and  has  the  same  limiting  values 
of  y',  y", ...  y **"**.  As  soon  then  as  by  passing  along  the  curve 
we  arrive  at  a  point  for  which  one  of  the  other  curves  coincides  with 
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it,  or  as  we  may  say  approaches  indefinitely  near  to  it,  we  have 
reached  the  boundary  up  to  which  or  beyond  which  the  integration 
must  not  extend  if  there  is  to  be  a  maximum  or  a  minimum ;  but 
if  the  integration  does  not  extend  up  to  this  boundary  there  will 

be  a  maximum  or  minimum  provided  that  i-tM)\%  retains  the  same 

sign  between  the  limits, 

226.  In  order  to  illustrate  this  by  an  example  I  will  consider 
the  principle  of  least  action  in  the  elliptic  motion  of  a  planet. 

The  integral  considered  in  the  principle  of  least  action  can  never 
be  a  maximum  as  Lagrange  believed ;  it  will  not  however  always 
be  a  minimum,  but  certain  conditions  must  hold  with  respect  to  the 
limits ;  these  conditions  are  given  by  the  preceding  general  rule, 
and  if  they  are  not  satisfied  the  integral  will  be  neither  a  maximmn 
nor  a  minimum. 

Suppose  that  the  planet  begins  to  move  from  a  where  a  lies  be- 
tween  the  perihelion  and  aphelion,  and  let  the  other  limit  be  ft, 
(see  fig.  7) ;  let  ^A  be  the  major  axis,  /  the  sun ;  then  we  know 
that  the  other  focus  of  the  ellipse  is  obtained  by  the  intersection  of 
two  circles  described  from  the  centres  a  and  h  with  the  radii  2A^af 
and  2 A  —  J^  respectively.  The  two  intersections  of  the  circles  give 
two  solutions  of  the  problem  which  can  only  coincide  when  the 
circles  touch,  that  is  when  the  line  ab  passes  through  the  other 
focus.  Thus  if  we  draw  the  chord  aa*  through  the  focus  /*,  then 
by  the  general  rule  (Art.  225),  the  other  limit  b  must  fall  between 
a  and  a'  if  the  integral  which  occurs  in  the  principle  of  least  action 
is  really  to  be  a  minimum  for  the  ellipse.  If  b  coincides  with  a! 
then  the  second  variation  of  the  integral  cannot  become  negative, 
but  it  can  become  zero,  so  that  the  variation  of  the  integral  is  then 
of  the  third  order,  and  so  may  be  either  positive  or  negative.  If 
b  falls  beyond  a*  then  the  second  variation  itself  can  become 
negative. 

If  the  starting  point  a  is  between  the  aphelion  and  the  peri- 
helion then  the  extreme  point  a  is  determined  by  the  chord  of  the 
ellipse  drawn  from  a  through  the  sun/,  (see  figure  8).  For  if  a  and 
a'  are  the  limits  we  can  obtain  an  infinite  number  of  solutions  by  the 
revolution  of  the  ellipse  round  oa'.     If  then  in  the  last  case  the 
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second  limit  falls  beyond  a'  there  will  be  a  curve  qfdotible  curvature 
between  the  two  given  limits  for  which  Jvds  is  less  than  it  is  for  the 
ellipse* 

227.  I  will  say  a  few  words  on  the  variation  of  double  inte- 
grals ;  the  theory  of  this  subject  is  susceptible  of  greater  elegance 
than  it  has  obtained  even  after  the  labours  of  Oausa  and  Poisson. 
In  order  to  give  an  example  of  the  way  in  which  it  seems  to 
jne  proper  to  express  the  variation  of  a  double  integral,  I  will 
take  the  simplest  case  and  consider  BJJf(x,  y,  z,  p,  q)  dx  dy  where 

jP  =:  -^,  J  =  -r- .    Let  yo  be  the  variation  of  z \  then  will 

s///(,.,,„,,)^*=//^*(f»+|S+||). 

Now  the  method  employed  in  single  integrals  consists  in  this ; 
the  expression  under  the  integral  sign  is  divided  into  two  parts,  one 
pf  which  is  multiplied  by  vo  and  the  other  is  the  element  of  an  inte- 
gral. The  first  must  be  put  equal  to  zero  under  the  sign  of  inte- 
gration if  the  variation  is  to  vanish ;  the  second  can  be  integrated 
and  we  make  the  integral  vanish.  So  in  like  manner  I  divide  the 
expression  under  the  double  integral  sign  into  two  parts,  one  of 
which  is  multipled  by  w  and  the  other  is  the  element  of  a  double 
integral  as  follows ;  let  u  =  aw  and  put 

df     ,^^,^^__^    o-^—     du  dv 
dz        dp  dx     dqdy^  dxdy^dydx' 

■ri  1  •  dw    dvo      1 

Equate  the  terms  m  t(>,  -7- ,  ^;  thus 

df  ^  J      dadv     dadv     ^_     dv      df  ^        dv 
dz"^  dxdy     dy dx^   dp^    ^'    dq  ^' 

,  .     df      d  df      d  df 

nence  -4  ^ .  *^  —  — —  _  *'  _  _  *^  • 

dz     dxdp     dy  dq* 

if  this  be  put  equal  to  zero  we  obtain  the  known  partial  differential 
equation,  which  is  here  deduced  in  a  perfectly  symmetrical  manner. 
The  function  v  must  satisfy  the  equation 

df  dv  .  dfdv  _ 
dpdx     dqdy"^    ' 


jACX)Bi.  253 

If  we  put  ^  =  0,  we  have 

and  this  taken  throughout  the  given  limits  must  vanish.  If  z  is 
given  at  the  limits  yo  is  zero  at  the  limits  and  therefore  also  aw^ 

that  is,  w;  therefore  \\dvdu  is  zero.     If  the  values  of  z  at  the 

limits  are  entirely  arbitrary  v  must  vanish  at  the  limits,  or  if  v  =  0 
represent  the  limiting  curve  the  arbitrary  functions  which  occur  in 
the  solution  of  ^  =  0  must  be  so  determined  that 

^^  +  ^^  =  0    &c. 
dp  dx     dqdy       ' 

228.  To  return  to  the  maximum  and  minimum ;  it  is  to  be 
regretted  that  so  much  confusion  prevails  in  the  use  of  these  words. 
Sometimes  an  expression  is  said  to  be  a  maximum  or  minimum 
when  all  that  is  meant  is  that  its  variation  vanishes,  sometimes 
when  it  really  is  neither  a  maximum  nor  a  minimum.  Sometimes 
an  expression  is  said  to  be  a  maximum  when  all  that  is  meant  ia 
that  it  is  not  a  minimum.  Thus  Poisson  says  in  his  treatise  on 
Mechanics  that  the  shortest  line  on  a  closed  surface  between  two 
given  points  can  be  a  maximum ;  but  it  is  obvious  that  by  inde- 
finitely small  inflexions  we  can  increase  the  length  of  any  such  line 
however  long.  In  fact  the  shortest  line  will  only  be  really  a 
minimum  when  the  general  condition  laid  down  is  fulfilled  (Art. 
225) ;  that  is,  when  between  the  two  limiting  points  of  the  curve 
two  others  cannot  be  found  which  can  be  joined  by  another  such 
curve  indefinitely  close  to  the  first.  In  other  cases  the  shortest 
line  is  not  indeed  a  maximum;  it  is  neither  a  maximum  nor  a 
minimimi.  For  surfaces  which  have  at  every  point  opposite  cur- 
vatures I  have  demonstrated  that  the  shortest  line  between  any 
two  points  is  really  a  minimum. 

[By  the  shortest  line  in  the  above  paragraph  is  meant  the  line 
which  is  furnished  by  the  ordinary  rules  of  the  Calculus  of  Varia- 
tions ;  the  investigation  of  it  is  given  in  most  treatises  on  the  sub- 
ject, but  these  treatises  do  not  determine  whether  the  line  called 
the  shortest  line  between  two  points  really  is  the  shortest  line 
between  those  points.     Such  a  line  is  also  called  a  geodetic  curve.l 


CHAPTER  X. 


COMMENTATORS  ON  JACOBI. 


229.  We  now  proceed  to  give  an  account  of  the  commen- 
taries and  developments  which  have  arisen  from  Jacobi's  memoir. 

In  the  sixth  volume  of  Liouville^s  Journal  of  Mathematics, 
dated  1841,  there  is  an  article  by  Y.  A.  Lebesgue  entitled  Memoir 
on  a  Formula  of  Vandermonde^ a  and  its  application  to  the  demon' 
straiion  of  a  Theorem  of  JacobCs.  It  extends  over  pages  17 — 35  of 
the  volume.  It  begins  thus — The  principal  object  of  the  following 
pages  is  in  the  first  place  to  demonstrate  the  identical  equation 


^dKMtyy^_^dKB^\ 

y^ — :o — =^    ^^    J 


dsf  dsf 

both  the  summations  are  taken  from  t  =  0  to  »  =  n;  {tyY  denotes 

•^rr  and  t^^  denotes  ^i;  y,  t,  A^,  A^j ...  A^  denote  anjfrmctions  of 

X ;  5p,  B^j...B^  are  ftmctions  of  y,  A^^  A^, ...  A^  and  their  differen- 
tial coefficients.  In  the  second  place  we  propose  to  find  the  law  of 
the  functions  B^,  B^, ... B^. 

The  above  words  indicate  the  object  of  Lebesgue's  article.  The 
investigations  are  rather  complicated  and  difficult  to  follow ;  they 
depend  partly  upon  the  knowledge  of  the  condition  of  integrability 
of  a  function. 

230.  In  the  same  volume  of  Liouville's  Journal  there  is  an 
article  by  C.  Delaunay  entitled  Essay  on  the  distinction  between 
maxima  and  minima  in  questions  which  depend  upon  the  Calculus  of 
Variations.  This  essay  is  in  fact  a  commentary  upon  Jacobi's 
memoir ;  it  extends  over  pages  209 — 237  of  the  volume. 
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231,  Delaunay  first  proves  the  theorem  enunciated  by  Jacobi, 
which  we  have  given  in  Art.  222 ;  Delaunay's  proof  is  somewhat 
complicated  but  perfectly  intelligible,  and  it  does  not  assume  a 
knowledge  of  the  condition  of  integrahUity  of  a  function.  It  may  be 
observed  that  the  result  obtained  by  Delaunay  might  be  stated 
more  distinctly  than  he  has  himself  stated  it.  He  really  proves 
the  following  theorem ;  whatever  functions  of  x  the  symbols  w,  y, 
-4^,  -4,, ...  ^.,  may  denote,  it  is  possible  to  take  i^,  J,, ...  J«  such 
functions  of  x  that 

^^     dx-     =^-^^+y^^     dor     > 

where  the  summations  denoted  by  %  relate  to  the  letter  m  and 
extend  from  w  =  1  to  «i  =  n  both  inclusive.  Now  add  A^u^y  to  both 
sides  of  this  identity,  and  suppose 

Ay  +  ut  — ^s —  =  1,; 
then 

A«v+^«— 3JS — ^»y+^   s^   w- 

If  now  u  be  taken  so  that  5,  =  0  the  right-hand  member  of  this 
identity  is  immediately  integrable,  and  by  integrating  we  have 

/{^,«V-fS«^^}^=2^^ (2). 

Thus  Delaunay  first  establishes  the  general  identity  (1)  and 
then  deduces  (2)  which  is  Jacobi's  theorem  enunciated  in  Art.  222. 

This  is  in  fact  the  same  order  of  demonstration  as  that  chosen 
by  Lebesgue.  Delaunay's  demonstration  has  been  adopted  in  sub- 
stance by  subsequent  writers  on  the  Calculus  of  Variations ;  see  the 
works  of  Jellett,  Price,  and  Stegmann. 

It  should  be  observed  that  in  equation  (2)  since  it  has  been 
obtained  by  an  integration   an  arbitrary  constant  ought   to  be 
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explicitly  added  to  the  right-hand  side  or  else  supposed  to  be  im 
plicitlj  involved  on  the  left-hand  side. 

232.  Delaonaj  next  proves  that  B  V  can  be  pnt  in  the  form 
which  Jacobi  gives ;  see  Art.  224.  Delannaj  then  investigates  in 
full  the  terms  of  the  second  order  in  the  variation  for  the  two  cases 
which  Jacobi  specially  considers,  namelj 

|/(«>  y>  yl  ^   and  jf{x,  y,  y',  y")  dx. 

A  mistake  occurs  in  this  part  of  Delaunaj's  memoir  which 
should  be  noticed ;  it  is  on  his  page  222,  and  has  passed  from  De- 
launaj  into  other  writers.  We  will  here  notice  it  in  the  form  in 
which  it  appears  in  Mr  Jellett's  work,  since  that  will  probably  be 
most  accessible  to  the  reader.  On  page  95  of  Mr  Jellett's  work  he 
has  the  following  equation 


/ 


«3^db=A?^+-4=^ 


dx  dx 


and  he  says  that  any  value  of  Sy  which  makes  S/3  =  0  will  also 
make 

*  dx  dx 

vanish;  the  true  inference  ought  to  have  been  that  any  value  of  Sy 
which  makes  S/3  =  0  will  make 

d  B^ 

B,-j^  + -ri^ 

^  dx  dx 

equal  to  a  constant  This  constant  will  not  be  zero  unless  a  rela-  ^ 
tion  is  established  between  the  constants  which  are  involved  in  the 
value  of  S'y.  That  is,  in  Mr  Jellett's  notation  the  four  constants 
0^9  C^9  C,,  C^  are  not  all  arbitrary,  for  such  a  relation  must  exist 
among  them  as  to  satisfy  his  equation  {d)  and  thus  reduce  them  to 
three  arbitrary  constants ;  and  this  should  be  the  case  since  equa- 
tion (<Z)  is  a  differential  equation  of  the  third  order. 

In  fact  Delaunay  by  this  mistake  omitted  that  part  of  Jacobi's 
memoir  which  forms  the  latter  part  of  Art  221,  in  which  Jacobi 
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intimates  that  his  results  will  really  involve  no  more  arbitraiy  con- 
stants than  they  ought ;  whereas  in  Delaunay's  process  there  would 
be  too  many  arbitrary  constants. 

It  is  possible  that  the  mistake  may  have  been  introduced 
through  Jacobi*s  statement  given  in  Art.  224  that  F^  =  0  is  satis- 
fied when  we  put  S'y  =  -* ;  but  Jacobi  has  expressly  said  a  little 

before  that  u  and  u^  are  to  have  the  meanings  already  assigned,  and 
when  u  and  u^  were  introduced  in  Art.  221  it  was  stated  that  the 
constants  occurring  in  them  were  subjected  to  certain  relations. 

233.  Delaunay  next  considers  the  case  in  which  questions  of 
relative  maxima  and  minima  are  proposed.  Mr  Jellett  says  on  page 
863  of  his  work  with  reference  to  this  part  of  Delaunay's  memoir, 
'^  the  reasoning  does  not  appear  to  me  to  be  quite  satisfactory,  and 
the  conclusion  is  far  less  perfect  than  in  the  case  of  absolute  maxima 
and  minima.*' 

234.  Delaunay  examines  four  problems  as  examples  of  Jacobi's 
criteria.  1.  The  shortest  line  between  two  points.  2.  The  brachis- 
tochrone.  3.  The  curve  of  given  length  which  includes  a  given 
area.  4.  The  curve  of  given  length  which  has  its  centre  of  gra- 
vity highest  or  lowest. 

235.  Lastly  Delaunay  demonstrates  the  statements  made  by 
Jacobi  respecting  three  differential  equations  given  in  Art.  221.  It 
may  be  observed  that  Jacobi*s  memoir  involves  two  points.  We 
have  on  the  one  hand  Jacobi's  own  method  of  exhibiting  the 
criteria  for  the  maxima  or  minima  values  of  an  integral ;  this  is 
described  by  Jacobi  in  Art.  224,  and  it  is  explained  by  Delaunay 
in  his  pages  209 — 234.  On  the  other  hand  since  the  method  of 
Jacobi  does  solve  the  problem  in  question,  it  may  be  inferred  that 
his  method  will  really  supply  the  solution  of  the  complicated  differ- 
ential equations  on  which  Legendre  had  made  the  problem  depend ; 
this  is  in  fact  what  Jacobi  states  in  Articles  220  and  221,  and  what 
Delaunay  explains  in  his  pages  234 — 237.  It  should  be  remarked 
that  Delaunay  here  notices  the  relations  which  must  exist  among 
the  constants,  according  to  Jacobi's  observation  at  the  end  of  Art. 

17 
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221.  The  second  point  in  Jacobins  memoir  will  thns  be  seen  to  be- 
long rather  to  the  subject  of  differential  equations  than  to  that 
of  the  Calculus  of  Variations. 

236.  Delaunay's  memoir  Is  interesting  and  valuable  and  de- 
serves especial  attention  as  being  the  first  which  gave  a  demonstra- 
tion of  the  whole  of  Jacobi's  method.  We  have  however  not 
thought  it  necessaij  to  reproduce  the  investigations  because  thej 
have  been  substantially  adopted  bj  writers  whose  works  are  readilj 
accessible;  see  Art.  231. 

237.  In  the  Journal  de  TEcoU  Poly  technique,  Cahier28, 1841, 
there  is  an  article  by  M.  J.  Bertrand  entitled,  Denumstratton  of  a 
theorem  of  M.  Jacobi;  the  article  extends  over  pages  276 — ^283. 
The  theorem  in  question  is  that  given  in  Art.  222.  Bertrand^s 
article  was  published  in  the  same  year  as  those  of  Lebesgue  and 
Delaunay,  but  whether  it  preceded  them  both,  or  followed  them 
both,  or  came  between  them,  does  not  appear.  The  proof  given  by 
Bertrand  depends  upon  a  knowledge  of  the  candiHon  ofintegrahiltty 
of  a  function ;  the  proof  is  valuable,  and  as  it  seems  possible  to  pre- 
sent it  in  a  clearer  form  than  Bertrand  has  done,  we  shall  exhibit  it 
here  with  some  modifications. 

238.  Let  a^,  rtj,  a,,  ...  a.,  denote  any  functions  of  a: ;  let  ^be 
any  fonction  of  a:,  and  let  y',  y", ...  y***,  denote  the  successive  differ- 
ential coefficients  of  y  with  respect  to  x.  Then  a  differential  expres- 
sion of  the  following  form  we  shall  call  a  differential  expression  of 
Jcicohi*  8  Jvrmy 

""^^   dx  +    &:*"■■*■  ~^~+-+~^^^ 

and  we  shall  denote  this  function  of  a;,  y,  and  the  differential  co- 
efficients of  y,  by  ^  (y) ;  and  if>  (t?)  will  denote  what  the  expression 
becomes  when  y  is  changed  to  t?. 

We  shall  now  prove  the  following  theorem ;  let  r  be  a  quantity 
such  that  v6{y)  is  an  exact  differential  coefficient,  then  it  is 
necessary  and  sufficient  that  v  should  satisfy  the  differential  equa- 
tion ^  {v)  =  0. 
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Bj  saying  that  v<l>{y)  is  an  exad  differential  coefficient  we  mean 
that  wl>  (y)  will  result  from  differentiating  with  respect  to  x  some 
function  of  x,  y,  and  the  differential  coefficients  of  y,  this  function 
remaining  unchanged  in  form  whatever  may  be  the  yalue  of  y  in 
terms  of  x. 

We  have 

v<l>  [y)  =  v<t>  {y)  -y<l>  (t?)  +  y4>  {v). 

Now  v^{y)  —yif>{v)  is  an  exact  differential  coefficient.  For 
consider  a  pair  of  terms  from  this  expression,  for  example 

d'a,y^       d'a.v^'^ 
d^'       ^    dx'    ' 

integrate  by  parts,  and  we  obtain 

C!m!^«    d^'^aW'^      f(dv  d^\y^^     dy  (i^V<^[  ^ 
^    dx^'       y    dx'-'        ]\dx    daf"     ^dx'~d^r^) 

The  term  still  under  the  integral  sign  may  be  integrated  again 
by  parts ;  and  so  on.  Then  after  r  integrations  by  parts  we  shall 
have  under  the  integral  sign 

^  frV^^  -  ^  Orv"^  \    that  18  zero. 

Thud  the  pair  of  terms  is  shewn  to  be  an  exact  differential 
coefficient  by  actually  finding  its  integral.  Similarly  each  pair  of 
terms  in  v^[y)  —  y^(i?)  is  an  exact  differential  coefficient,  and  there- 
fore v^{y)  —y<l>{v)  is  an  exact  differential  coefficient. 

Since  then  v^(y)  —y4>(v)  +y^(v)  is  to  be  an  exact  differential 
coefficient,  and  t?^(y)— y^(v)  is  such,  y^{v)  must  either  be  an 
exact  differential  coefficient  or  must  vanish.  The  former  cannot  be 
the  case,  since  it  is  impossible  that  y^(t?)  can  be  obtained  by  differ- 
entiating with  respect  to  x  any  function  of  y  and  its  differential 
coefficients  whatever  y  may  be ;  we  must  therefore  have  ^(r)  =  0. 

239.  We  shall  now  prove  the  converse  of  the  preceding  theo- 
rem, namely  the  following ;  if  any  linear  differential  expression  of 
an  even  order  has  the  property  that  it  is  made  an  exact  differential 
coefficient  when  multiplied  by  any  one  of  the  quantities  which 

17—2 
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make  the  differential  expression  vanish,  and  hy  no  other  mul- 
tiplier, that  differential  expression  can  be  put  in  Jacobins  form. 

The  proof  of  this  theorem  is  somewhat  indirect.  We  first  ex- 
amine the  nature  of  the  conditions  which  must  be  satisfied  in  order 
that  a  linear  differential  expression  of  an  even  order  may  be  capable 
of  being  put  in  Jacobi's  form. 

If  we  develope  the  expression  which  we  have  denoted  by  ^(y), 
we  obtain  for  it 

d^y       da^d^ff     fn{n^l)d'a,  \d^y 

^\    17273    "^  ■*"^'*"^^'"^;  2?"- ■*■••• 

The  chief  point  to  be  observed  here  is  that  the  coefficient  a^ 
does  not  occur  until  we  arrive  at  the  term  ^^ ,  and  then  it  does 

occur  in  the  simple  form  a^. 

Now  let  any  linear  differential  expression  of  the  order  indicated 
by  2n  be  denoted  thus, 

in  order  that  this  differential  expression  may  take  Jacobi's 
form  the  coefficients  must  agree  with  those  in  the  developed 
form  of  ^(y).  This  requires  that  we  should  be  able  to  find 
^n)  <^%^v  ^n^9  •••  a^y  so  as  to  satisfy  the  following  equations ; 

da^ 
n(n^l)d'a  _  n(n-l)  (n-2)  cTo,     ,      n^«-i^ 


It  will  not  be  necessary  for  us  to  do  more  with  respect  to  these 
equations  than  to  observe  the  following  two  points.  The  first, 
third,  fifth,...  of  these  equations  will  determine  successively  a^, 
^•-u  <^n^j  •••  «o>  whatever  the  coefficients  c^,  cv-i,  c^,^, ...  c,,  c^, 
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may  be ;  and  thej  assign  a  single  definite  value  to  each  of  the 
coefficients  a»,  a^^, ...  a^.  The  second,  fourth,  sixth,  ...  of  these 
equations  will  then  give  relations  involving  Cj,^j,  c^„  «„,_,, ...  o,,  Cj, 
which  these  coefficients  must  fulfil  in  order  that  it  may  be  possible 
for  the  proposed  differential  expression  to  take  Jacobi's  form. 

Now  let  the  differential  expression  which  is  under  consideration 
be  denoted  by  -^(y),  and  let  us  examine  the  nature  of  the  con- 
ditions which  must  be  satisfied  in  order  that  tr^(y)  may  be  an 
exact  differential  coefficient  when  v  is  such  that  '^  (v)  =  0  and  only 
then. 

In  order  that  t^(y)  may  be  an  exact  differential  coefficient  it  is 
necessary  and  sufficient  that 

da^    "    da^''     ^     daf^-^         dx  +^0*'-". 

This  follows  from  the  known  condition  for  the  integrability  of  a 

function  which  will  be  given  hereafter  in  this  work.    It  may  also  be 

deduced  from  a  known  theorem  in  the  differential  calculus,  namely 

d'y     d'yz         d-^  fdz\     r(r-l)    dT'  (   d'z\ 
daf~daf      ^daT'Vdx)^     1.2      dan  ^  da?) 

- +  (-i)'yS- 


Put  Cr  V  for  z  and  use  this  theorem  to  transform  every  term 
in  v^(y) ;  thus  we  shall  find  that  v^{y)  consists  of  a  series  of 
terms  each  of  which  is  an  exact  differential  coefficient  together  with 
the  term  (7y,  where 

^     d^c^v     d*^Ct^^v  ,  d^^Cti^v  dc^v  , 

^"'d^  ^^~^     da^-^  dx  '^^'^' 

Therefore  tr^iy)  cannot  be  an  exact  differential  coefficient 
unless  (7=0. 

Or  we  may  obtain  the  result  still  more  simply  thus.  Integrate 
by  parts  the  terms  of  tr^(y)  as  much  as  possible;  thus  we  shall 
find 

jv^{y)dx=  8+  jCydxy 
where  8  represents  a  series  of  terms  free  from  the  integral  sign. 
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Hence,  as  before,  tr^(y)  cannot  be  an  exact  differential  coefficient 
nnless  C^O. 

Now  by  hypotbesis  the  values  of  v  whicb  make  (7=0  must  be 
those,  and  those  only,  which  make  '^(v)=»0;  and  therefore  the 
differential  equation  C^  0  must  be  identical  with  the  differential 
equation  -^(v)  =  0.  Hence  comparing  the  coefficients  of  the  various 
dbSerential  coefficients  of  t?  we  must  have  the  following  relations 
satisfied, 

<W  ==  ^> 

2n(2n-l)  rf'c^,  1^  ^^M  r      ^c 

1.2         da?       ^^"^      ^^    dx   +^^-^*-' 

2ii(2n-l)  (2>»-2)  (Tc^      (2n-l)  (2n-2)  d*c^  dc^, 

lT2Ta  ctc»"         1.2  da?    +l^n-j;    ^  -c^ 


It  will  not  be  necessary  for  us  to  do  more  with  respect  to  these 
equations  than  to  observe  the  following  two  points.  The  second, 
fourth,  sixth,  •••  of  these  equations  will  determine  successively 

P*i-i>  ^W^>  ^W-6>  •••  ^»)  ^i>  ^^  terms  ot  c^,  c^m-^y  ^W^*  •••  ^»>  ^o»  ^^^ 
they  assign  a  single  definite  value  to  each  of  the  coefficients 
Cm-u  <W^>  <^  Of  •••  Cf»  <^f  1^1^^  first,  third,  fifth,  ...  of  these 
equations  will  then  give  relations  which  these  quantities  must 
satisfy,  and  by  substituting  the  values  of  these  quantities  the  re- 
lations will  only  involve  the  coefficients  with  the  even  suffixes.  It 
is  however  certain  that  these  relations  will  then  be  identically 
satisfied;  because  if  they  were  not  it  would  follow  that  some 
necessary  conditions  must  hold  among  the  coefficients  with  even 
suffixes  in  order  that  vy^(y)  may  be  an  exact  differential  coefficient 
when  V  satisfies  -^(v)  =0  and  only  then.  But  this  is  impossible; 
because  by  the  former  part  of  the  present  article  we  know  that 
whatever  the  coefficients  with  even  suffixes  may  be,  if  the  others  are 
properly  determined,  -^(y)  will  take  Jacobi's  form,  and  there- 
fore tr^(y)  be  an  exact  differential  coefficient  when  v  satisfies 
-^  (t?)  =  0  and  only  then. 
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Hence  we  infer  that  exactly  the  same  conditions  must  hold 
whether  we  require  that  v^(y)  should  be  an  exact  differential 
coefficient  when  -^  (r)  =  0  and  only  then,  or  whether  we  require 
that  yfr  (y)  should  be  capable  of  being  put  in  Jacobi*s  form.  For 
we  have  proved  in  the  preceding  article  that  when  the  second  of 
these  properties  subsists  the  first  follows ;  and  we  have  proved  in 
the  present  article  that  to  ensure  either  the  first  or  the  second  pro- 
perty, each  coefficient  with  an  odd  suffix  must  have  a  single 
definite  value  in  terms  of  the  coefficients  with  even  suffixes  which 
are  themselves  arbitrary. 

Thus  we  have  proved,  as  we  proposed^  the  converse  of  the 
theorem  proved  in  the  preceding  article. 

240.    We  shall  now  prove  Jacobi's  theorem  given  in  Art.  222. 

Let  ^  (fy)  denote  what  <f)  (y)  becomes  when  ty  is  put  for  y ;  and 
let  Y  denote  y^[ty)  —  ty4>{y)*  Then  Y  is  an  exact  differential 
coefficient  whatever  y  may  be ;  this  may  be  shewn  in  the  same 
manner  as  that  in  which  it  is  proved  in  Art.  238,  that 
r^(y)  —  y^(v)  is  an  exact  differential  coefficient.  Let  i?  stand  for 
the  integral  of  Y  and  let  A;  be  an  arbitrary  constant. 

Suppose  -J-  to  be  a  quantity  such  that  -j-  {Z—  h)  is  an  exact 
differential  coefficient.    We  have 

=  z{Z-k)-LYdx; 

thus  if -T-  {Z—k)  is  an  exact  differential  coefficient  ^Y"  is  so  also. 

But 

zY=yz{4>{it/)-t<l>{y)], 

and  <f>{ty)''Uf>{t/)  is  of  Jacobi's  form  with  respect  to  u  and  its 
differential  coefficients,  where  u=^ty.  Hence,  by  Art.  238,  ifzYis 
an  exact  differential  coefficient,  yz  must  be  one  of  the  values  of  u 

found  from  ^(w) -^</>(y)  =  0,  sayy«  =  M/,  therefore  ^  =  ^  (^^j  . 
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ThoB  the  multiplier  of  Z—  k  which  will  make  the  product  an  exact 
differential  coefficient  is  a  quantity  of  which  the  type  1^  7~  ( ~^ )  • 

We  must  now  indicate  some  properties  of  the  expression  Z—  Je. 
It  will  be  seen  on  examination  that  Fdoes  not  contain  t  itself  but 
only  the  differential  coefficients  of  t\  this  will  also  be  the  case 
with  Zy  which  is  the  integral  of  Y. 

For  suppose  the  differential  expression  Y  when  arranged  ac- 
cording to  differential  coefficients  of  <  to  take  the  form 

then  if  ^contained  I  at  all  it  could  be  only  by  reason  of  the  term 

Af  entering  into  Z\  and  then  -^  or  Y  would  contain  the  term 

dA  dA 

<-T-*,    And  -7-^  is  a  function  of  y  which  is  at  present  quite 

arbitrary,  so  that  -^  cannot  be  zero.  Thus  as  Y  does  not  con- 
tain t  but  only  its  differential  coefficients,  it  follows  that  Z  does  not 
contain  i  but  only  its  differential  coefficients. 

We  may  shew  that  Z  does  not  contain  %  in  another  way.  If 
we  integrate  each  pair  of  terms  in  F  in  the  manner  given  in  Art. 
238,  we  find  that  Z  consists  of  pairs  of  terms  of  which  tlie  type  is 

^      ^  \d3f      doT*  dixf     dx^'    J  ' 

and  on  effecting  the  differentiations  we  see  that  t  does  not  occur  in 
this  expression  but  only  differential  coefficients  of  t. 

If  then  we  put  t  for  ^  the  expression  Z-  h  wiU  be  a  differ- 
ential expression  of  the  order  2n  -  2  with  respect  to  t  and  its  differ- 
ential coefficients.  And  the  solutions  of  Z—  ifc  =  0  can  only  be  such 
quantities  as  render  Z  constant  and  therefore  Y  zero ;  that  is,  the 

values  of  t  must  be  those  of  which  the  type  is  ^  -  ("-M . 
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Thus  Z'-h  is  a  differential  expression  snch  tUat  any  multiplier 
of  it  which  renders  the  product  an  exact  differential  coefficient  must 
be  a  solution  of  Z—  i  =  0.  Hence,  by  Art  239,  this  differential 
expression  must  be  capable  of  being  put  in  Jacobins  form ;  that  is, 
omitting  the  arbitrary  constant,  the  integral  of  y^{iy)  —  ty^iif)  is 
of  the  form 

K  now  we  suppose  y  such  that  ^(y)  =  0,  we  have  the  integral 
o{y^{ty)  assuming  the  above  form.  This  is  the  theorem  enunciated 
in  Art.  222. 

241.  A  remark  may  be  added  to  obviate  a  possible  misconr 
ception  of  part  of  the  preceding  article.  The  equation  Fss  0  is  of 
the  order  2n  —  1  in  r  and  its  differential  coefficients ;  thus  the 
general  solution  of  it  will  involve  2n  —  I  arbitrary  constants.    This 

general  solution  would  make  Z  constant  since  it  makes  --r-  =  0 ; 

therefore  in  order  that  Z-rk  may  be  zero  a  relation  must  hold 
among  the  2n  — 1  arbitrary  constants.  Thus  in  effect  we  have 
only  2»  —  2  arbitrary  constants  in  the  solution  of  Z—  A;  =  0,  as  of 
course  should  be  the  case.  Particular  solutions  of  Z—  i  =  0  will 
then  be  obtained  by  giving  particular  values  to  any  or  all  of  these 
arbitrary  constants. 

242.  More  than  ten  years  elapsed  before  another  commentator 
upon  Jacobins  memoir  appeared.  We  have  next  to  consider  a 
memoir  published  by  Professor  G.  Mainardi  in  the  third  volume 
of  Tortolini's  Annali  di  Scieme  Mathemattche  e  FiaicJie^  1852. 
This  memoir  is  entitled  Researches  on  the  Calculus  of  Variations; 
it  occupies  pages  149 — 192  of  the  volume,  and  there  is  an  appendix 
which  occupies  pages  379 — 383. 

243.  Mainardi  begins  by  referring  to  what  had  been  done  by 
Poisson,  Ostrogradsky,  Cauchy,  Sarrus,  Jacobi,  Bertrand,  Lebesgue 
and  Delaunay ;  he  intimates  that  the  propositions  of  Jacobi  require 
yet  to  be  more  completely  developed,  and  he  says  that  with  respect 
to  the  criteria  which  distinguish  a  maximum  from  a  minimum  in 
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the  case  of  multiple  integrals  he  believes  nothing  had  been  added 
to  the  remarks  of  Legendre  and  Lagrange. 

244.  Mainardi's  memoir  is  divided  into  five  sections.  The 
first  section  occupies  pages  149 — 153;  tliis  section  contains  some 
illustrations  of  the  method  which  was  used  bj  John  and  James 
Bemouilli  in  solving  isoperimetrical  problems.  Poisson  in  his 
memoir  had  referred  to  this  old  method,  see  Arts.  88  and  97 ;  and 
Mainardi  intimates  that  he  will  hereafter  publish  his  researches  on 
the  comparison  of  the  old  and  modem  methods*  He  confines  him- 
self in  this  section  to  shewing  how  the  old  method  could  be  made 
to  give  the  terms  relative  to  the  limits  in  the  case  of  a  single  inte- 
gral, and  how  it  could  be  made  to  give  the  variation  of  a  double 
integral. 

245.  The  second  section  occupies  pages  154 — 171.  Mainardi 
says  that  in  this  section  he  proposes  a  new  method  for  distinguish- 
ing between  the  maxima  and  minima  values  of  integrals.  Speaking 
generally  this  method  may  be  described  as  L^ndre's  improved 
by  some  additions  borrowed  from  Jacobi.  Mainardi  considers  suc- 
cessively six  cases.     (1)  A  single  integral  involving  a:,  y,  and  ^ . 

(2)  A  single  integral  involving  x,  y,  ^ ,  and  ^ .     (3)  A  single 

integral  involving  ^>  y>  ^ >  ^ >  *^d    A.     (4)  A  double  integral 

involving  a;,  y>  «>  ;t-  >  and  -r- .     (5)  A  double  integral  involving 
dz     dz    d'z      d^z  j  ^^'^    i.      i      x      i  xi. 

particular  case  in  which  the  double  integral  involves  only  aj,  y,  «, 
£ '  I '  '^"^  dx^  •     (®)  ^  "^"Sle  integral  involving  x,  y,z,% 

and  J-.     Of  these  cases  (1)  and  (4)  may  be  considered  to  be  com- 
as; 

pletely  investigated,  (2)  and  (3)  nearly  completely,  and  the  others 

only  imperfectly.    We  shall  presently  give  a  moi-e  detailed  account 

of  some  of  these  cases. 
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246.  In  his  third  section  Mainardi  gives  an  investigation  of 
Jacobi's  theorem  enunciated  in  Art.  222,  using,  as  he  sajs,  Berfarand 
for  his  guide.  This  investigation  extends  over  pages  172 — 179, 
and  then  Mainardi  indicates  briefly  the  application  of  the  theorem 
to  the  Calculus  of  Variations.  Mainardi's  proof  does  not  seem  so 
good  as  Bertrand's;  the  principal  difference  consists  in  replacing 
the  indirect  reasoning  of  Art.  239  by  direct  reasoning.  But  a 
student  who  had  not  read  Bertrand's  proof  would  find  one  point  of 
Mainardi's  unsatisfactory.  For  on  comparing,  as  we  have  done  on 
page  262,  the  coefficients  of  the  various  differential  coefficients  of  t^, 
Mainardi  only  writes  down  what  we  have  called  the  second,  fourth, 

sixth, equations;   and  he  says  briefly  that  these  include  the 

others;  see  his  page  177  at  the  top.     This  amounts  to  omitting 
one  of  the  most  difficult  points  in  the  investigation. 

247.  In  his  fourth  section  Mainardi  applies  Jacobi's  method  to 
a  double  integral ;  this  section  extends  over  pages  183 — 185.  There 
is  no  difficulty  in  his  first  case  where  differential  coefficients  of  the 
first  order  only  occur;  but  in  his  second  case  where  differential 
coefficients  of  the  second  order  occur  Mainardi  himself  intimates  at 
the  end  of  the  section  that  he  has  accomplished  very  little. 

248.  The  fifth  section  extends  over  pages  185 — 192.  In  this 
section  Mainardi  says  that  he  will  collect  some  applications  of  the 
Calculus  of  Variations  which  afford  ground  for  some  remarks; 
accordingly  he  discusses  four  examples.  (1)  He  gives  a  theorem 
on  geodetic  curves ;  this  amounts  to  finding  the  first  integral  of 
the  equation  which  determines  such  a  curve  for  a  large  class  of 
surfaces.  (2)  He  speaks  of  Gauss's  theory  of  capillary  attraction 
as  affording  one  of  the  finest  modem  applications  of  the  Calculus 
of  Variations  ;  but  he  thinks  that  the  investigation  given  by  Gauss 
admits  of  great  simplification.  Accordingly  Mainardi  gives  an 
investigation  of  the  variation  of  the  function  which  Gauss  con- 
sidered ;  see  Art.  71.  Mainardi's  investigation  is  far  shorter  than  that 
of  Gauss,  but  it  would  not  be  very  easy  to  follow  unless  the 
student  had  previously  read  Poisson's  memoir  or  some  equivalent 
method.  (3)  Mainardi  forms  the  equation  furnished  by  the  Cal- 
culus of  Variations  for  the  form  of  a  flexible  surface  which  is 
in  equilibrium  under  the  action  of  gravity ;  this  problem  .will  be 
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firand  in  Mr  Jellett*8  Calculus  cf  VanatianSy  page  323.  •  (4)  Mai- 
nardi  sajs  that  Steiner  found  hy  a  geometrical  method  an  elegant 
property  of  the  polygon  of  given  perimeter  which  can  be  drawn  on 
a  given  anrface  so  as  to  have  a  maximum  area.  Mainardi  infers 
from  the  Calculus  of  Variations  that  when  such  a  polygon  is  to 
be  inscribed  in  a  given  polygon,  the  two  arcs  of  the  required 
polygon  which  meet  on  a  side  of  the  given  polygon  will  there  make 
equal  angles  with  that  side.  Mainardi  gives  no  reference;  a 
memoir  by  Steiner  will  however  be  found  in  the  sixth  volume  of 
Liouville's  Journal  of  Mathematics.  Steiner's  enunciation  of  his 
theorem  occurs  on  page  168,  and  the  enunciation  is  more  explicit 
than  Mainardi's,  namely,  the  two  arcs  which  form  a  part  of  the 
inscribed  figure,  and  meet  on  the  same  side  of  the  given  figure, 
either  cut  it  in  one  point  at  equal  angles  or  else  touch  it  in  two 
points. 

249.  We  have  thus  given  an  outline  of  the  whole  memoir, 
and  we  shall  now  return  to  the  second  section  of  it  and  examine 
more  particularly  the  method  proposed  by  Mainardi  for  distinguish- 
ing between  maxima  and  minima  values.  The  second  section  con- 
stitutes in  {euct  the  most  important  part  of  the  memoir,  and  although 
it  will  be  seen  that  the  investigations  are  incomplete,  they  are  not 
without  interest  and  value.  The  appendix  to  the  memoir  is  de- 
voted to  the  elucidation  of  part  of  the  second  section,  and  we  shall 
presently  have  occasion  to  refer  to  it.  We  may  remark  that  the 
whole  memoir  is  diificult,  and  that  it  is  disfigured  by  extreme 
inaccuracy  of  printing. 

250.  We  will  first  give  Malnardi's  method  for  distinguishing 
a  maximum  from  a  minimum  in  the  case  of  a  single  integral  in- 
volving Xftf,  and  -f  . 

Let  If  {xy  y,  y)  dx  denote   the   integral   which   is  to  be  a 

maximum  or  minimum.  Change  y  into  y  +  uo,  where  »  is  sup- 
posed to  be  an  indefinitely  small  constant  quantity  and  a  an  arbi- 
trary function  of  x.  Then  expand  the  new  value  of  F{Xy  y,  y') 
in  a  series  proceeding  according  to  ascending  powers  of  t ;   thus 


MAINARDI.  269 

the  new  value  of  the  integral,  that  is  JF {x,  y  +  ita,  y'  +  tto)  dx, 

is  equal  to 

JF{x,y,y')dx  +  I,t  +  I,'^-^... 

where  the  terms  not  expressed  involve  powers  of  i  higher  than  the 
second;  and 

The  expression  I^t  constitutes  the  variation  to  the  first  order  of 
the  proposed  integral ;  this  must  vanish,  and  thus  by  the  usual 
method  we  arrive  at  the  equation 

dF     d  dF  ^  .  K 

dy     'Sandy'"     ^ 

From  this  equation  we  must  suppose  y  to  be  found  in  terms 
of  a;,  and  when  this  value  (Ay  is  used,  let 

We  have  then  to  examine  the  sign  of 

|(^o)"  4-  2 Adcd'  +  Co)")  dx. 

Now  assume  that  we  have  identically 

then  we  must  have 

a  +  M'^A,    b-\-M=-S,    c^C (2). 

We  have  thus  three  equations  involving  the  four  unknown 
quantities  a,  by  c,  if,  so  that  we  are  at  liberty  to  make  one  more 
supposition  respecting  them ;  it  is  found  convenient  to  introduce 
another  quantity  and  to  make  two  more  suppositions. 

Let  0  denote  this  new  quantity,  and  suppose 

a^^6d'  =  0,  and  ft^  +  c^^O (3); 


ao) 
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thus  (2)  and  (3)  supply  five  equations  for  detennining  five  quan- 
tities. 

From  the  first  two  equations  of  (2)  combined  with  (3)  we 
obtain 

B0+Cff^Me,    Ae-vB6'^{M0Y (4); 

hence 

Ae^-Bff^{B0+CffY^O (5). 

From  this  difierential  equation  0  must  be  determined,  and  then 
firom  the  first  of  equations  (4)  we  have 

then  from  equations  (2)  we  must  obtain  a  and  h ;  also  it  appears 
from  (3)  that  ac  =  V^  so  that 

)*  +  2 Ja)G>'  +  CO)"  =  c  ( 0)'  H —  ft)  J . 

Also  c=  (7;  thus  finally 

[(^G>"  +  250)0)'  +  Co)'')  dx=Ma}''+jC  U'  +  ^ aXdx, 

where  M  has  the  value  just  assigned. 

Hence  if  G  retains  constantly  the  same  sign  between  the 
limits  of  the  integration,  and  jJfo)*  either  vanishes  at  the  limits 
or  gives  rise  to  a  result  of  the  same  sign  as  (7,  we  have  in 
general  a  maximum  or  a  minimum  according  as  the  sign  of  0  is 
negative  or  positive. 

It  may  be  observed  that  ^^  =  — r^-  =  ""  "S  • 

251.  The  above  article  contains  all  that  is  peculiar  to  Mai- 
nardi,  for  the  difierential  equation  (5)  is  solved,  with  the  assistance 
of  Jacobi,  in  the  following  manner;  see  Art.  221.  Let  the  value 
of  y  found  from  (1)  be  denoted  by /(a;,  y^,  7^),  where  7^  and  7, 
are  arbitrary  constants ;  then  we.  shall  have 

where  ^^  and  yS,  are  new  arbitrary  constants ;  this  we  shall  now 
prove. 

The  expression  7j  is  the  coefficient  of  i  in  the  expansion  of 
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the  varied  value  of  the  proposed  integral  IF{Xj  y,  y*)  efo,  and  I^ 

is  the  coefficient  of  -  in  the  same  expansion.    We  may  also  say 

that  /,  is  the  coefficient  of  i  in  the  expansion  of  the  varied  value  of 
/, ;  that  is,  if  in  I^  we  change  y  into  y  +  m,  and  expand  in  a  series 
proceeding  according  to  ascending  powers  of  t,  the  term  involving 
i  will  be  found  to  be  Iji.  Now  if  the  limiting  values  of  y  are  fixed, 
/j  will  vanish  whatever  may  be  the  values  ascribed  to  the  constants 
7,  and  7,,  so  that  /,  will  also  vanish  when  7^  is  changed  into 
7j  4-  87^ ,  and  7,  into  7j  +  S7, .     Thus  I^  vanishes  when 

and  I^  also  vanishes  when  y  receives  the  increment 

where  87^  and  87,  are  indefinitely  small ;  that  is,  il^  vanishes  when 

and  87,  and  S7,  are  indefinitelj  small. 

Now  we  may  modify  the  form  of  I^^  and  of  J,  by  integration  by 
parts,  and  thus  obtain 


r     dF     ,  f/dF     d  dF\      , 
J.     (d^F         d'F   \ 


+ 


nd*F     ,    d'F     ,      d  I  d}F         d*F   A)    J 


And,  as  before,  if  in  /,  we  change  y  into  y  +  m  the  term  involv- 
ing i  in  the  expansion  of  the  new  value  of /^  will  be  il^.  Hence 
we  infer  that  the  coefficient  of  «  under  the  integral  sign  in  /,  will 

vanish  when  ta>  =  ^  87,  +  t^  S7, . 

fix         *        ^9        " 

But  the  coefficient  of  m  under  the  integral  sign  in  the  last  form 
of  /,  is  a  linear  difierential  expression  of  the  second  order  in  q>, 
and  so  the  general  form  of  the  value  of  co  wliich  makes  this 
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coefficient  vanish  must  be  /9^tfi+ /9,u,,  where  /S^  and  fi^  are  arbitrary 
Gonstants  and  u^  and  u^  are  functions  of  x.  Hence  we  infer  that 
the  value  of  a>  which  makes  the  coefficient  of  a>  under  the  integral 
sign  in  the  last  form  of  ^  vanish,  must  be 

Thus  the  value  of  9  is  to  be  found  in  the  manner  already  stated. 

252.  The  solution  of  the  difierential  equation  (5)  of  Art.  250 
does  in  fact  constitute  one  of  the  most  important  parts  of  Jacobi's 
theory.  We  have  here  had  occasion  to  use  it  in  only  a  simple  case, 
namely  that  in  which  equation  (5)  of  Art.  250  is  of  the  second 
order;  the  method  however  is  perfectly  general  whatever  be  the 
order  of  the  equation  analogous  to  (5),  and  we  shall  have  to  apply 
it  again.  The  general  process  is  as  follows.  With  the  usual  nota- 
tion the  terms  of  the  first  order  in  the  variation  of  an  integral  will 
take  the  form/T^  <£r,  excluding  the  integrated  terms.  The  terms 
of  the  second  order,  with  the  same  exclusion,  will  take  the  form 

-  ISFSycfo,  where 

Now  suppose  that  the  solution  of  the  equation  V^  0  is 

y=/(a:,  7,,7„...), 

where  7^,  7,, ...  are  arbitrary  constants.  If  this  value  of  y  be  sub- 
stituted in  V  the  result  will  be  identically  zero,  so  that  we  may 
differentiate  V  with  respect  to  any  of  the  arbitrary  constants  which 

occur  in  f,  and  the  result  will  still  be  zero.    Let  J-  =  w,  then  by 

differentiating  V  with  respect  to  7^  we  obtain 

dV       dV  .     dV   ,, 
dy         dy  dy 

This  shews  that  S F=  0  is  satisfied  by  Zy  =  u)  and  therefore  it 
will  be  satisfied  by  By  =  ^u,  where  y9  is  an  arbitrary  constant. 
Hence  the  general  solution  of  SF=  0  will  be 
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253*  Next  let  the  proposed  integral,  whieh  is  to  be  a  maxi- 
mum or  a  minimum,  involve  a?,  y,  -¥-  and  ^ . 

Let  /P'Caj,  y,y,  y")  dx  denote  this  integral,  change  as  before  y 
into  y  +  ta>,  and  expand  the  new  valne  of  ^(2;,  y,  y\  y")  in  a  series 
proceeding  according  to  ascending  powers  of  t ;  then  the  new  value 
of  the  integral  may  be  denoted  by 

JF{x,y,y',y")dx  +  I,i^I,*l+ 

where  /,=J(^_a,  +  ^« +^,»  j(&, 

^     ((d}F  ,_^d^F  ^^ePF   ,^^^  d'F       . 

■^^^iW'^'^  WW""') 

Then  as  usual  /,  must  yauish ;  this  leads  to  the  equation 

dF     ddF     eP  dF  _  ,  . 

dy     dxdy'^da?dy"~^ ^'' 

From  this  equation  we  must  suppose  y  to  be  found  in  terms  of 
X,  and  when  this  value  of  y  is  used  let 

d*F_  .        d*F  _„         d*F_  ^ 
•^-^'     ^^'-^'        rfy-^' 

d'F_^      d*F       „      d*F_„ 

W"-^'  WW'~    '  WW~ 

We  have  then  to  examine  the  sign  of 

[(^«»  +  2fi»o)'  +  0»'»  +  Om*  +  2ifi»»"  +  2ir«  »")  die. 

Now  assume  that  the  expression  under  the  integral  sign  is  iden- 
tically equal  to 

+  a»'  +  2  Jew'  +  ca>'* + gvi'^  +  2A«ai"  +  2  W<»" ; 
T.  H.  18 
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then  we  must  have 

^=<y,  h  +  N^H,  k^P=K,] ^^^• 

We  have  thus  sic  equations  involving  the  nine  unknown  quan 
tities  Jfy  Ny  P,  a,  h,  c,  g^  A,  Ic^  so  that  we  are  at  liberty  to  mak< 
three  more  suppositions  respecting  them ;  it  is  found  convenient  t 
introduce  another  quantity  and  to  make  four  more  suppositions 
Let  0  denote  this  new  quantity  and  suppose 

g&* ^W ^-U ^^,  A:r  +  c^  +  6^  =  0,  A^'  +  6^  +  a^  =  0...(3); 

If 
also  suppose  c =0 (4). 

Thus  (2),  (3)  and  (4)  supply  ten  equations  for  determining  tei 
quantities. 

From  the  equations  (2)  combined  with  (3)  we  obtain 

Hence, 

From  this  differential  equation  0  must  be  determined,  and  the: 
from  equations  (2),  (3)  and  (4)  the  rest  of  the  unknown  quantitie 
must  be  foimd. 

Also  since  c =  0,  we  have 

9 

aw^  +  2J«Q)'  +  coi'*  +  5»"*  4-  2Ai»o>"  +  2k<o'o>" 
but  by  eliminating  0"  from  equations  (3)  we  obtain 
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80  that  since  J"  — ^(3  =  0,  we  hare  also  hk-^bg^Oj  and  V-^ag^O. 
Ther^re 

a©"  4-  2&oH»'  +  CO)'"  +  ^cd""  +  2/*»»"  +  2Jfe»'«" 

Also  g^G)  thus  finally, 

f (^o)*  +  2Bwo  +  (?«'"+  (?<»"»  +  2fliK»"  +  2Zi» V)  da? 

Hence  if  (7  retains  constantly  the  same  sign  between  the  limits 
of  the  integration,  and  the  integrated  part  either  vanishes  or  gives 
rise  to  a  result  of  the  same  sign  as  O^  we  have  in  general  a  maxi- 
mum or  a  minimum  according  as  the  sign  of  (7  is  negative  or 
positive. 

254.  It  remains  to  shew  how  to  determine  the  auxiliary  quan- 
tities a,  bj  0,  hj  kf  Jf,  Nf  Py  0  which  are  introduced  in  the  preceding 
article;  for  if  they  are  not  determined  we  shall  not  be  able  to 
ascertain  whether  they  remain  finite  or  not  between  the  limits  of 
the  integration.  The  value  of  0  is  determined  as  before;  see  Arts. 
251  and  252.     If  we  represent  the  solution  of  (1)  by 

where  7|,  79,  7s»  7«  *^®  arbitrary  constants,  we  shall  have 

where  i8,,  i8j,  i8g,  ^84  are  new  arbitrary  constants. 

It  is  with  respect  to  the  methods  which  he  proposes  for 
determining  the  remaining  auxiliary  quantities  that  Mainardi*s 
investigations  are  the  least  satisfactory.  He  proposes  in  fact  three 
methods  for  this  purpose. 

(1)  He  intimates  obscurely  that  h  and  k  may  be  determined 
thus ;  let  0  be  a  quantity  found  like  0  from  the  differential  equation 

18—2 
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(6)  of  the  preceding  article,  so  that  0  is  of  tlie  same  form  as  6  bat 
has  other  arbitrary  constants  instead  of  y9j,  y9,,  /3,  and  /3^;  then 
h  and  k  will  be  determined  by  the  equations 

Gff'-^kff  +  he^^O,     G<l>"  +  k<l/+h<l>  =  0 (7). 

Mainardi  seems  to  intimate  that  if  h  and  k  be  tlins  determined 
and  then  the  remaining  auxiliary  quantities  deduced  from  such  of  the 
equations  (2),  (3),  (4)  as  may  be  convenient,  the  remainder  of  these 
equations  will  be  satisfied.     See  his  page  157  at  the  bottom. 

(2)  Mainardi  however  seems  to  allow  that  the  statements  just 
made  require  to  be  proved ;  and  accordingly  he  proceeds  tp  verify 
them.  With  respect  to  this  verification  we  may  observe  that  it  is 
really  a  long  process,  and  in  consequence  of  it  Mainardi's  method 
loses  the  apparent  simplicity  which  constitutes  its  chief  recom- 
mendation. Moreover  in  this  verification,  on  the  sixth  line  of  his 
page  168  the  right-hand  member  of  his  equation  should  be  a  con- 
stant and  not  zero  as  he  gives  it ;  this  in  fact  is  the  same  mistake 
as  we  have  already  indicated  in  Art.  232.  Thus  h  and  k  cannot 
be  foimd  as  Mainardi  intimates  from  equations  (7)  where  the  four 
constants  in  ^  and  the  four  constants  in  0  are  all  arbitrary ;  there 
must  be  a  relation  between  these  constants. 

(3)  Mainardi  returns  to  the  point  in  the  appendix  and  offers 
another  i-eason  for  the  statement  that  h  and  A;  are  to  be  found  from 
equations  (7).  He  says  the  equations  (2)  of  Art.  253  really  ex- 
press the  conditions  that  must  hold  in  order  that 

{A^a)  a)'  +  2  (5-6)  oko'  +  (C-c)  a)"+  {G  ^g)  a)"« 

+  2  (ir-  A)  W  +  2  (^-.  k)  a)'o>" 

may  be  an  exact  differential  coefficient  Now  when  0  is  found 
from  equation  (6),  he  says  that 

AS"  +  2B0ff  +  Off'  +  Gff''  +  2H0ff'  +  2K0'ff' 
is  an  exact  differential  coefficient,  and 

a^  +  2b0ff  +  cff^  +ffff'^  +  2h0ff'  +  2kff0" 
vanishes.     Thus 
{A-- a)  ©•+2  (5-ft)  ©»'  +  ((7-c) «'»+  {G-g)  »"• 

+  2  {H"  h) ««"  +  2  (^-.  k)  o)'c»" 
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is  an  exact  differential  coefficient  when  to  —  Oy  and  when  o)  =  0, 
and  therefore  the  equations  (2)  must  be  satisfied  when  h  and  k  and 
the  remainder  of  the  auxiliary  quantities  are  found  in  the  way  pro- 
posed. This  however  is  quite  unsound ;  the  equations  (2)  express 
the  conditions  that  (^  —  a)  g>*  +  2  {B—h)  o)g>'+  ...  should  be  an  exact 
differential  coefficient  whatever  m  may  be,  and  to  say  that  this  ex- 
pression is  integrable  when  Q>=d  or =0  is  very  different  from  saying 
that  it  is  an  exact  differential  coefficient  whatever  to  may  be. 

255.  The  student  of  the  original  memoir  will  see  that  we 
have  not  kept  to  the  original  notation ;  that  notation  is  singularly 
perplexing  and  the   language  inaccurate.    We  will  indicate  one 

example  of  the  latter;  Mainardi  has  a  term  (c  —  •?)  F,  and  this 


6» 


term  vanishes  by  virtue  of  the  relation  c  —  ■>  =  0  which  he  esta- 
blishes ;  but  instead  of  saying  that  the  term  vanishes  he  says  that 
Y=  0,  which  is  not  the  case.     This  inaccuracy  occurs  repeatedly. 

256.  We  will  now  indicate  the  method  which  Mainardi  gives 
for  distinguishing  a  maximum  from  a  minimum  in  the  case  of  a 
double  integral  which  involves  differential  coefficients  to  the  first 
order  only. 

Let  1 12^(^)  y^  ^}  z\  z)  dxdy  denote  the  double  integral  which 

is  to  be  a  maximum  or  a  minimum,  where  z*  stands  for  -j-  and 

z^  for  -7-  .    Change  z  into  xj  +  ta>  where  ♦  is  supposed  to  be  an 

indefinitely  small  constant  quantity  and  to  an  arbitrary  function  of 
X  and  y.  Then  expand  the  new  value  of  F{x,  y,  «,  z\  z)  in  a  series 
proceeding  according  to  ascending  powers  of  t ;  thus  the  new  value 
of  the  double  integral  is 

where  I^^jj(^^to  +  ^^ to'  ^§to)  tixdy. 
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'•-Ill 


d*F  ,,  ^d*F       ,^^d*F 


The  expression  I^  must  vanish,  and  thus  in  the  usual  way  we 
arrive  at  the  equation 

dF      d  dF     d  dF  _^  .  y. 

dz      dx  dd     dy  dz^        

From  this  equation  we  must  suppose  2;  to  be  found  in  terms  of 
X  and  y,  and  when  this  value  of  2;  is  used  let 

^^A      .^-R    ^^L^r 
&•  "  ^'     dzdz' "  ^      dzdz^ "  ^' 

d'F     ^       d^F  _  „     ^_  ^ 

dz'^ "  ^'    dz'dz, "  ^'    cfo;  "■  ^' 

We  have  then  to  examine  the  sign  of 

+  2J5a>»'  +  2  CW,  +  Qi0^  +  2jBa)y  +  Ko^^  dxdy. 


IJiA.r 


Now  assume  that  the  expression  und^  the  integral  sign  is 
identically  equal  to 

{May  +  {Nto'^^  +  flw*  ^  26ftH»'  +  2c(»tt>,  +  Gw'^ + 2Haw^  +  Ka>* ; 

then  we  must  have 

a  +  M'  +  N,^A,    h-^M^B,    e  +  N^C (2). 

We  have  thus  three  equations  involving  the  Jive  unknown  quan- 
tities a,  by  Of  Mf  Nj  so  that  we  are  at  liberty  to  make  two  more 
suppositions  respecting  them ;  it  is  foimd  convenient  to  introduce 
another  quantity  and  to  make  three  more  suppositions* 

Let  0  be  this  new  quantity  and  suppose  that 

Gff  +  Hd^  +  be^O 

Hff  +  K0^  +  c0=^O  y (3). 

hff'\-c0^  +0^  =  0 
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From  (2)  and  (3)  we  obtain 

Hff  +  K0^+C0  =  N0  I (4); 

Bff+C0^  +  A0={M0)'  +  {Ne)} 
hence 

£0'+C0,-\-A0-^{Gff-\-H0^+B0)'^{H0'  +  K0^  +  C0\^O  (5). 

From  this  partial  differential  equation  6  must  be  found ;  then 
from  the  first  and  second  of  equations  (4)  we  obtain  M  and  N^ 
namely, 

M^l{Gff-\-H0,  +  B0),    N^l{Hff^K0^-\-'C0); 
and  from  equations  (3)  we  obtain  a,  6,  and  c*    Now  we  have 


and  the  coefficient  of  o>*  in  the  last  line  vanishes,  as  we  shall  find 
by  eliminating  ^  and  -^  from  equations  (3). 

Hence,  finally,  we  obtain 
I  f (^«*  +  2B<om  4-  2  (7o)(»,  +  (7a)'*  +  2J9f«'«,  +  Z«,*)  cforfy 

The  expression  in  the  first  of  these  two  lines  really  involves 
only  a  single  integral;  the  expression  in  the  second  line  is  a  double 


280  COMMENTATORS  ON  JACOBI. 

integral.    In  order  to  ensure  that  this  doable  integral  shall  retain 

the  same  sign;  that  is,  OK-^EP  mnst  be  positive.  Then  if 
OK'-EP  is  constantly  positive  throughout  the  limits  of  the  inte- 
gration we  shall  in  general  have  a  maximum  if  0^  be  constantly 
negative,  and  a  minimum  if  6^  be  constantly  positive.  These  results 
agree  with  those  obtained  in  Art.  213. 

257.  A  value  of  0  which  will  satisfy  equation  (5)  of  the  pre- 
ceding article  may  be  obtained  in  the  manner  explained  in  Art. 
251.  Suppose,  for  example,  a  solution  of  (1)  obtained  which  in- 
volves two  arbitrary  constants,  and  denote  it  by 

«  =/(i»>  yi  7,.  7i)> 

where  7^  and  7,  are  the  two  arbitrary  constants ;  then  the  partial 
differential  equation  (5)  will  be  satisfied  by 

where  /S^  and  /9,  are  arbitrary  constants. 

258.  Thus  it  will  be  seen  that  the  investigation  given  by 
Mainardi  of  the  question  discussed  in  the  preceding  two  articles 
may  be  considered  complete,  because  the  values  of  the  auxiliary 
quantities  introduced  can  be  really  found.  But  the  investigation 
is  not  preferable  to  another  which  Mainardi  gives  and  which  exactly 
follows  the  method  given  by  Jacobi  for  a  single  integral.  With 
this  other  investigation  we  will  close  our  account  of  Mainardi's 
memoir.    We  will  suppose,  as  is  usual  in  discussing  Jacobi*s 

dz  dz 

method,  that  the  limiting  values  of  «,  ^  and  -7-  are  given  so  that 

the  quantities  c^,  tOy  and  m^  vanish  at  the  limits.  With  this  sup- 
position it  will  be  found  that  the  expression  in  Art.  256  of  which 
the  sign  is  to  be  examined  may  be  written  thus, 
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We  may  prove  this  by  integrating 
jj{B<»  +  Gm  +  Hioytadxdy  and  [j  ( Cm + H(o'  +  Kfo)^  mdxdy 

each  once  by  parts,  and  then  we  shall  obtain  the  same  expression 
as  we  used  in  Art.  256.  Or  we  may  modify  the  form  of  I^  and 
then  deduce  that  of  i^  in  the  manner  explained  in  Art  251. 

Let  a  stand  for  A-^B'  ^G,\  then  the  expression  of  which  the 
sign  is  to  be  examined  may  be  written 

{{[am  -((?©'  +  Hmy  -  (fi»'  +  Km)\  wdxdy. 

Let  0  be  such  a  quantity  that 

ae'-{Gff'{-Hey-^{Hff^-K0y^O, 
and  assume  a>  =  t^.    The  above  double  integral  becomes 

{{[au0  -  ( fl^'^  +  Guff  +  Hufl  4-  Hudy 

-  {Hu0  4-  Huff  +  Ku,0  4-  Ku0)\  vJ0dxdy  ; 
and  this  on  reduction  will  be  found  eqiud  to 

Litegrate  by  parts  and  omit  the  terms  which  vanish  at  the 
limits ;  thus  this  double  integral  becomes 

[[|( Gu'  +  Hu)  ^v'  +  (fiv'  +  Ku)  O'uX dxdy, 
that  is, 

Hence,  finally,  we  have  in  general  a  maximum  if  GK—E}  is 
positive  and  G  negative  throughout  the  limits  of  the  integrations^ 
and  a  minimum  if  GK^E}  is  positive  and  G  positive. 

The  quantity  0  may  be  determined  in  the  manner  explained  in 
Art.  257. 
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259.  In  the  volame  of  Tortolini*s  Mathematical  Journal  which 
contains  Mainardi*s  memoir  there  is  a  short  article  on  onr  subject 
by  Professor  F.  Brioschi.  It  is  entitled,  On  a  theorem  afJacobVs 
relative  to  the  criteria  for  diatinguiahxng  the  maxima  from  the  mi-- 
nima  values  qf  integrals.  The  article  occupies  pages  322 — 326  of 
the  volume. 

Brioschi  refers  to  Mainardi's  method  for  distinguishing  maxima 
from  minima  values,  and  he  says  this  method  is  complicated,  by 
the  admission  of  Mainardi  himself.  Brioschi  then  says  he  will 
briefly  indicate  criteria  for  solving  the  problem  proposed.  Thus 
the  title  of  the  article  does  not  give  a  correct  idea  of  its  con- 
tents; for  there  seems  to  be  no  reference  to  Jacobi's  theorem, 
but  instead  of  that  a  new  method  is  proposed. 

260.  Brioschi  does  not  demonstrate  the  theorems  he  enim- 
ciates ;  the  theorems  themselves  are  enunciated  in  the  language  of 
determinants.  The  following  example  will  give  some  idea  of  the 
object  of  the  article. 

Consider  the  expression 

Afn?  +  Uo)'"  +  Cko*^  +  2^«o)'  +  2jR»©"  +  2  G^o)  V ; 

this  expression  can  be  put  in  the  form 

where  a,  ^8,  7  are  certain  functions  of  ^,  -B,  ...  fl^;  we  have  in 
fact  indicated  the  values  of  a,  y9,  7  in  Art.  256.  The  use  of  such 
a  transformation  is  that  we  can  thus  see  what  conditions  must 
hold  in  order  that  the  original  expression  may  be  incapable  of 
changing  its  sign;  if  a,  7  and  C  are  all  of  the  same  sign,  or 
if  a  and  7  are  zero,  the  proposed  expression  cannot  differ  in  sign 
from  (7.  Now  the  theory  of  determinants  furnishes  general  forms 
for  such  coefficients  as  we  have  denoted  by  a  and  7  whatever 
be  the  number  of  the  quantities  o),  «',  g>",  ...  which  occur  in  the 
original  expression.  It  is  this  part  of  the  theory  of  determinants 
which  Brioschi  introduces ;  and  he  indicates  its  use  in  the  ques- 
tion of  distinguishing  a  maximum  from  a  minimum  value  of  an 
integral  which  involves  x^  y,  and  z^  and  the  differential  coefficients 
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of  y  and  z  with  respect  to  a;  up  to  those  of  the  n***  order.  But 
as  we  have  stated,  the  results  are  briefly  enunciated  without  any 
demonstration. 

261.  The  introduction  of  the  theory  of  determinants  into  the 
subject  is  an  important  point,  and,  as  we  shall  see  hereafter,  this 
has  been  recognized  by  Hesse  and  Clebsch.  It  should  be  stated 
that  there  are  intimations  of  the  value  of  the  theory  of  determinants 
in  Mainardi's  memoir,  but  we  have  not  adverted  to  them  in  our 
account  of  that  memoir,  because  they  are  merely  intimations  which 
do  not  in  any  practical  degree  affect  the  nature  or  value  of  Mai-^ 
nardi's  investigations. 

262.  On  the  last  page  of  Brioschi's  article  there  are  two  ob- 
servations which  may  be  noticed.  The  first  is  historical;  Bri- 
oschi  states  that  the  formulae  for  the  complete  variation  of  a  double 
integral  were  given  by  Bordoni  in  his  treatise  on  the  higher 
Calculus  in  1831,  while  Foisson's  memoir  appeared  in  1833,  and 
Ostrogradsky's  in  1838.  Brioschi  however  refers  to  the  fact  that 
Foisson  had  himself  enunciated  his  formulas  in  1818.  This  tsjct 
seems  to  render  Brioschi^s  observation  altogether  superfluous. 
Moreover  Foisson  enunciated  his.  formulae  in  1816  and  not  in  1818 
as  Brioschi  states;  see  Art.  102.  Also  Ostrogradsky*s  memoir 
was  first  published  in  1836  in  Crelle's  Journal,  and  not  in  1838, 
as  Brioschi  states. 

The  second  observation  is  on  a  mechanical  point.  Mainardi 
had  applied  the  Calculus  of  Variations  to  determine  the  form  of  a 
flexible  surface  which  is  in  equilibrium  imder  the  action  of  gravity. 
Brioschi  states  that  Mainardi*s  result  is  only  true  on  the  supposi- 
tion that  the  tension  is  constant  in  every  direction  round  any  point 
of  the  surface;  he  says  that  this  follows  from  the  researches  of 
Foisson,  Cisa  de  Gresy  and  Mossotti.  Brioschi  gives  no  references 
to  the  places  in  which  these  writers  have  discussed  the  question, 
but  probably  the  following  are  the  works  he  has  in  view.  (1) 
Foisson's  memoir  in  the  MSmaires  de  VImtitut  for  1812,  entitled 
Mimoire  sur  Us  mrfacea  ilaatiquea,  (2)  A  memoir  by  Cisa  de 
Gresy  in  the  Memorie  detta  Reale  Accademia  delle  Scienze  di 
Torino,  Tomo  XXIU.  1818,  entitled  Cansidiraitons  sur  Viquilibre 
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des  suffooes  Jlexiblea  et  tnextermbles.     (3)  Mossotti's  Leziani  di 
Meccanica  Razionale^  Firenze,  1851. 

263.  The  next  memoir  we  have  to  consider  is  by  Eisenlohr, 
entitled  Researches  on  the  Calcalas  of  Variations ;  Unterstichungen 
Uber  Variatians-rechnung.  InauguraUDiaaertatum  von  Dr  Friedrtch 
Eisenlohr.  Manheim,  1853.  This  is  a  quarto  pamphlet  of  20  pages. 

264.  The  memoir  begins  with  a  few  introductory  observations ; 
the  author  says  that  his  object  was  to  give  a  simple  proof  of  the 
propositions  required  in  Jacobi's  method,  and  to  shew  that  in  a 
certain  case  that  method  might  be  extended  to  a  double  integral. 
He  says  that  so  far  as  he  knew  the  second  variation  of  a  double 
integral  had  not  yet  been  considered ;  on  this  point  Eisenlohr  was 
in  error,  as  appears  from  Articles  147,  213,  and  258. 

265.  The  memoir  is  divided  into  eleven  sections.  The  first 
section  contains  some  remarks  on  the  nature  of  the  Calculus 
of  Variations ;  and  Eisenlohr  here  objects  to  the  introduction  into 
the  subject  of  such  problems  as  we  have  considered  in  Art.  3. 
In  his  second  section,  Eisenlohr  gives  the  ordinary  investigation 
of  the  variation  of  a  single  integral.  In  his  third  section,  he  infers 
from  the  result  of  his  preceding  section  the  condition  that  must 
hold  in  order  that  a  given  ftmction  of  a;,  y,  and  the  differential 
coeJQScients  of  y  with  respect  to  a;,  may  be  an  ex<ict  differential 
coefficient.    In  his  fourth  section,  Eisenlohr  distinguishes  between 

the  maximum  and  minimum  of  {fi^^y^'^)  ^y  ^^^  ^  effect 

he  verifies  the  statements  of  Jacobi  in  Art.  220.  In  his  fifth 
section,  Eisenlohr  distinguishes  between  the  maximum  and  mini- 
mum of  Iflxyyy  -^  ,  -T^J  dx;  and  in  effect  he  verifies  the  state- 
ments of  Jacobi  in  Art.  221.  These  investigations  in  his  fourth  and 
fifth  sections  serve  as  Eisenlohr  says  to  prove  the  truth  of  Jacobi's 
solutions  a  posteriori,  and  the  length  to  which  they  extend  shews 
the  necessity  for  some  general  method  of  treatment.  Accordingly 
in  his  sixth  section,  Eisenlohr  gives  his  investigation  of  the  frmda- 
mental  theorems  of  Art.  222.    In  his  seventh  section,  he  shews 
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the  application  of  these  fiindamental  theorems  to  the  Calculos  of 
Variations.  In  his  eighth  section,  Eisenlohr  investigates  the  maxi- 
mum or  minimum  of  lf{Xj  y,  y\  y")  dx^  as  in  Jacobi's  process  of 

Art.  224 ;  Eisenlohr  also  illustrates  Art.  225  of  Jacobi's  memoir, 
in  the  case  where  we  have  to  find  the  maximum  or  minimum  of 

j/[a:,y,-^^j  dx.    In  his  ninth  section,  Eisenlohr  gives  the  ordi- 

naiy  investigation  of  the  variation  of  a  double  integral  arising 
from  the  variation  of  the  dependent  variable ;  he  confines  himself 
to  the  case  in  which  no  differential  coefficient  occurs  of  a  higher 
order  than  the  first  In  his  tenth  section,  Eisenlohr  gives  a  theorem 
respecting  linear  partial  differential  equations,  analogous  to  that 
which  he  proved  in  his  sixth  section.  In  his  eleventh  section  he 
distinguishes  between  the  maximum  and  minimum  value  of  a 
double  integral  in  which  no  differential  coefficient  occurs  of  a 
higher  order  than  the  first ;  this  investigation  is  equivalent  to  that 
by  Mainardi  which  we  have  given  in  Art.  258. 

It  may  be  observed  that  Eisenlohr  is  free  firom  that  mistake  as 
to  the  constants  which  we  have  noticed  in  Arts.  232  and  254. 

From  the  above  general  account  of  Eisenlohr's  memoir  it  will  be 
seen  that  the  only  points  of  novelty  which  it  presents  are  the  proof 
of  Jacobi's  theorems  in  the  sixth  section,  the  application  to  the  Cal«- 
culus  of  Variations  in  the  seventh  section,  and  the  extension  of 
Jacobi's  theorems  in  the  tenth  section ;  these  we  shall  now  give. 

266.  Eisenlohr  says  in  his  sixth  section  that  Jacobi's  method 
depends  upon  the  following  theorem ;  a  differential  expression  of 
the  form 

«y|«.«y+     &.     +     efo^     +••••+      -^ — I 

can  always  be  put  in  the  form 

^P*^    dx    ^     da?     +••••+     da?     ]' 

This  theorem  was  not  proved  by  Jacobi  himself;  proofs  how- 
ever   had   been   given  by  Delannay,  Lebesgne,  and  Bertrand. 
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Eisenlohr  sajB  that  Bertrand's  proof  is  the  only  one  that  is  satis- 
factory, and  that  is  very  long ;  (toarunter  nur  der  letztere  Beweis 
hefriedigendy  aher  auch  sehr  weitldufig  ist).  Eisenlohr  does  not  say 
what  objection  he  has  against  the  proofs  given  by  Delaunay  and 
Lebesgae.  He  then  produces  his  own  proof,  which  he  says  rests 
npon  the  same  principles  as  Bertrand's.  Eisenlohr  establishes  the 
following  theorem.  Let  there  be  any  linear  differential  expression 
which  involves  a:,  y,  and  the  differential  coefficients  of  y  with  respect 
to  X ;  let  it  be  multiplied  by  y  so  that  we  may  denote  the  product 

^y  y^(^>  y>  y>  y>  •••)•  ^^^  P^*  y  =  ^^^  where  w  is  any  function 
of  Xj  and  subtract  the  terms  which  involve  sf^  so  that  the  remainder 
may  be  denoted  by  zF^  {x,  «',  «", ...).  K  then  F^  {x,  z\  z\ ,..)  is  an 
exact  differential  coefficient  whatever  w  may  be,  the  expression 
ffF{x,  y,  y,  y",  •••)  can  be  put  in  the  form 

We  shall  denote  this  form  for  shortness  by  y4>(a:,  y,  y',  y",  ...). 
Now  if  i^(a?,  y.  y,  y", ...)  be  linear  and  of  an  order  not  exceeding 
2n  it  is  obvious  that  if  J^,  J^,  J,,  .,.  6^,  are  properly  chosen 

F{x,  y,  y,  /, ...)  -<>(aJ,y,  y,y', ...) 

can  be  made  to  involve  only  differential  coefficients  of  y  of  odd 
orders ;  that  is,  we  can  obtain  the  identity 

F{x,  y,  y,  y, ...)  -  ^(a?,  y,  y,  y, ...) =c,y + cjf"' +... + c^,y^*». 

(See  the  commencement  of  Art.  239.)  K  then  we  wish  to  prove 
that  F{x^yjy\  y", ...)  can  be  put  in  the  form  ^(a:,  y,  y',  y", ...), 
we  must  shew  that  c^,  c,, ...  (^^  all  vanish. 

We  suppose  it  given  that  if  in  yF{Xy  y,  y',  y"  ...)  we  change  y 
into  ti?«  and  subtract  the  terms  which  involve  z*  the  remainder 
when  divided  by  x?  is  an  exact  differential  coefficient  whatever  w 
may  be ;  and  we  shall  prove  that  y^{xy  y,  y',  y", ...)  possesses  the 
same  property.  For  when  we  change  y  into  wz  in  the  last  expres- 
sion we  obtain  a  series  of  terms  of  which  the  type  is 

d\b,{wzy^ 
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and  after  subtracting  all  tliat  inyolves  «*  we  obtain  pairs  of  terms  of 
which  the  type  is 

and  thus  after  dividing  bj  t  the  type  becomes 

and  this  expression  is  an  exact  differential  coefficient,  as  we  see  by 
the  method  used  in  Art.  238  and  referred  to  in  Art.  240. 

Thus  y4>(a?,  y,  y,  y,  •••)  does  possess  the  property  which  by 
hypothesis  yF{x^  y,  y,  %j\ ...)  possesses ;  hence  also 

y  {^(^>  y>  y>  y"» ...)  -*(^i  y»  y\  fy  •••)} 

possesses  the  property,  and  therefore  so  also  does  the  identical 
equivalent  of  this  expression,  namely 

y  ky  +  <^f2f"  +  -  +  <^,y^'% 

Thus 
w  [c^  {wzY  +  C3 {wzy'  +  ...  +  c,^  {wzY*^"'^] 

is  an  exact  differential  coefficient,  whatever  to  may  be,  or  else  it  is 
zero.  Now  apply  the  theorem  in  Differential  Calculus  which  we 
have  quoted  in  Art.  239,  to  every  term  in  the  former  part  of  the  last 
expression,  or  else  integrate  by  parts  as  much  as  possible ;  we  shall 
thus  find  that  the  whole  expression  consists  of  terms  which  are  im- 
mediately integrable  together  with  a  term  —  Ctoz^  where 

Now  C  does  not  contain  z  and  z  is  arbitrary,  so  that  Cwz  cannot 
be  an  exact  differential  coefficient ;  we  must  therefore  have  (7  =  0. 
And  as  G  must  vanish  whatever  w  may  be,  the  coefficients  of  the 
differential  coefficients  of  w  which  occur  in  C  must  separately 
vanish ;  thus  we  shall  obtain  in  succession 

Cfnj  =  0,  Cjuj  =  0,  .••  Oj  =  0,  Cj  =  0. 
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This  proves  Eisenlohr's  theorem.  Now  to  applj  this  theorem 
consider  the  expression 

change  y  into  ws^  subtract  the  part  involving  «*,  and  divide  by  z ; 
we  thus  obtain  pairs  of  terms  of  which  the  type  is 

uv, ^, uu>z .^. 

The  last  expression  is  an  exact  differential  coefficient,  as  we  see 
by  the  method  used  in  Art.  238  and  referred  to  in  Art.  240. 
Hence  by  Eisenlohr's  theorem  it  follows  that  the  expression 

«y|«.«y+     dx    ^     da?     ^"-^      (ic«     r 

which  is  of  the  form  yF{pe,  y,  y',  y",  ...),  where  F{x,  y,  y',  y", ...) 
is  linear,  can  be  put  in  the  form 

„fs^    d.\jr  d\Ky"        d\Kr\ 

267.  The  proof  in  the  preceding  article  is  that  given  by 
Eisenlohr  himself,  except  that  he  does  not  enter  into  any  detail 
respecting  the  relation  (7=0,  but  merely  intimates  that  it  follows 
from  the  known  condition  of  integrdbility  of  a  function.  It  may  be 
remarked  that  the  memoir  is  not  free  from  misprints  and  inaccu- 
racies; thus,  for  example,  Eisenlohr  uses  the  words  differential 
equation  repeatedly,  when  he  means  differential  expression^  and  he 
speaks  of  subtracting  the  coefficient  of  z*  when  he  means  subtracting 
the  terms  involving  z^. 

268.  In  his  seventh  section  Eisenlohr  shews  that  the  terms 
of  the  second  order  in  the  variation  of  an  integral  will  take  the 
form  which  Jacobi  gives;   see  Art.  224.     The  variation  to  the 

first  order  may  be  denoted  by  iViydx^  where  we  omit  the  in- 
tegrated terms ;  that  is,  we  suppose  the  limiting  values  of  x  and 
y,  and  of  the  differential  coefficients  of  y  to  be  fixed.    Then  the 


%oz 
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quantily  of  the  aeoond  order  which  we  have  to  examine  will 

be  \hVhydx.     We  have  then  to  ahew  that  SF  is  a  fonction  of 

hy  and  its  differential  coelQScIents  which  can  be  put  in  Jacobi's 
form.  This  will  follow  by  Eisenlohr's  theorem  since  we  shall 
prove  that  SF  has  the  following  property;  in  hVhy  change  iy 
into  whz  where  w  is  any  function  of  x^  and  subtract  the  terms 
involving  (Sis)*,  then  divide  by  hz^  and  the  quotient  will  be  an 
exact  differential  coefficient  whatever  w  may  be. 

For  suppose  that  /  Viydx  becomes  i  VJk  dx  by  thechange  of  y  into 

,  then  by  the  same  change  \hVh/dx  must  become  \hV^tzdKy  that 

iSy  iVhy  becomes  8 V^z  by  the  change  of  hy  into  whz.   The  part  of 

dV 
iVfiz  which  involves  (&)*  is  -^  (&)*;  hence  the  expression  which 

is  to  be  shewn  to  be  an  exact  differential  coefficient  is 

^{sFSy.f^^, 

that  is,  8F,-^»&. 

Now  suppose  that  (/(a;,  z^  z\  ...)  db  represents  the  integral  of 
which  the  variation  to  the  first  order,  excluding  the  integrated 
terms,  is  /  V^dx\  then  T^  — ^  is  an  exact  diffisrential  coefficient; 

and  so  also  is  SV^-^B-j-.    Hence  we  have  only  to  shew  that 

B  4- T^Bz  is  an  exact  differential  coefficient.    Now  if  we  de* 

dz      dz 

velope  jB-^dx  by  the  ordinary  process  of  the  Calculus  of  Vari- 
ations we  shall  find  that  we  obtain  a  series  of  terms  firee  firom 
the  integral  sign,  together  with  the  term 


m-i§-M'->^- 
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df 
where  j^  stands  for  -j-.    And  the  last  integral  will  be  found  to 

be  \-j^ Bz dx,  so  that  h-y-—  -j-^ Sz  is  an  exact  diflferential  coeffi- 
J  M  az      dz 

cient. 

Hence,  hVhy  does  possess  the  required  property,  and  there- 
fore by  Eisenlohr's  theorem  SFcan  be  put  in  Jacobi's  form. 

269.  The  following  is  the  theorem  which  Eisenlohr  gives  in 
his  tenth  section,  analogous  to  that  in  his  sixth  section. 

Let  J?'(a?,  y,i8?, «',  5?^, ...)  be  any  linear  differential  expression 
in  Zj  and  its  partial  differential  coefficients  with  respect  to  x  and 
y,  where  as  usual  accents  above  z  indicate  differentiations  with 
respect  to  x^  and  accents  helow  z  indicate  differentiations  with  re- 
spect to  y.  Multiply  the  expression  by  z,  put  z^wt  where  w  is 
«ny  function  of  x  and  y,  and  subtract  all  the  terms  which  involve 
f.  If  every  term  of  the  remainder  when  divided  by  ^  is  susceptible 
of  at  least  one  integration  with  respect  to  a?  or  y  whatever  to  may 
be,  F{xy  y,  «,  z\  z^y ...)  can  be  put  in  the  form 

+ ^  {A^" + By,  +  c^  J  +  ^  {By  +  oy + JS>J 

+  ...... 

The  proof  is  similar  to  that  in  Art.  266.  We  denote  the 
eccpression  last  given  by  ^  (a;,y, «, «',  «^, ...). 

Then  in  the  first  place  we  observe  that  by  properly  choosing 
the  coefficients  A^  -4^,  B^y  (7^,  -4,,  ...  we  can  obtain  the  following 
identttyy 

'zF{x,  y,  z,  «',  z^, ...)  -  z^{x,  y,  z,  z\  «^, ...)  =z^r{x,  y,  z\  «,, ...), 

where  '^{x,  y,  «',  «,,...)  is  a  linear  fonction  of  the  differential  co- 
efficients o{z  of  odd  orders. 

In  the  second  place  we  prove  that  z^{xyi/y «,  /,  0^, ...)  possesses 
the  property  which  l^  supposition  zF{Xj  y,  z,  z\z^j ...)  possesses. 
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For  change  z  into  tot  and  subtract  all  that  involves  ^  and  then 
divide  by  ^ ;  we  thus  obtain  terms  which  may  be  arranged  in  pairs, 
and  by  pairing  them  suitably  we  shall  obtain  expressions  which  are 
integrable  either  with  respect  to  x  or  y.  For  example  a  part  of  the 
result  is 

and  we  arrange  these  terms  in  the  following  pairs, 

"'^^»("")'~«'*^^>«''» 

«  ^  A  («")'  -  »« ^  A  «. ; 

I 

the  first  of  these  four  expressions  is  exactly  integrable  witli  respect 
to  X  and  the  second  with  respect  to  y;  the  third  expression  is 
equal  to 

and  the  fourth  to 

and  thus  every  term  is  susceptible  of  exact  integration  either  with 
respect  to  a;  or  y. 

The  general  process  which  is  exemplified  in  the  first  and 
second  of  these  four  expressions  presents  no  diflSculty ;  that  which 
is  exemplified  in  the  third  and  fourth  of  these  expressions  will 
be  now  given. 

Let  us  denote  one  of  the  terms  in  z^{xj  y,  «,  z\  fi?^, ...)  by 

19—2 
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where  r  +  s^p  +  assm;  then,  as  we  sappose  r  not  equal  to  f>, 
there  will  abo  be  the  term 


z 


V'Wd?)' 


dafdjf'X     dardy'i 

Now  change  z  into  wt  and  subtract  all  that  involyes  i^^  and  divide 
bj  U    We  thns  obtain 

Now  by  repeated  integration  bj  parts  we  have 

where  i9  represents  a  series  of  terms  free  from  the  integral  sign. 
Then  if  we  integrate  both  members  of  the  last  equation  with  respecl 
to  y,  we  shall  find  that  the  only  term  on  the  right-hand  side  thai 
remains  under  the  double  integral  sign  is 


(-.)■//, 


d^w    y^  d^wt     ,    • 


dafdj/"      dafd%f 

And  this  term  is  the  only  term  that  will  remain  under  th< 
doMt  integral  sign  when  we  integrate 

c?*      ( y^  d^w  \ 


wt 


?\^  dafdi/)' 


dafdy* 

Hence  the  first  pair  of  terms  written  above  is  such  that  it  consist 
of  parts  which  are  susceptible  of  exact  integration  either  with  re 
spect  to  :c  or  y.  And  the  same  holds  with  respect  to  the  seconc 
pair  of  terms.  Thus  «*  (a?,  y,  «,  «',  «^, ,..)  does  possess  the  property 
in  question. 

In  the  third  place  it  will  follow  that  z^{xy  y,  «',  «^, ...)  mus 
also  possess  the  property  in  question  or  else  vanish  identically 
and  from  this  it  will  follow  that  "9  {x^  y,  ^'j  «^, ...)  does  vanisl 
identically. 

If  for  example  ^  (a?,  y,  0^,  «^, ...)  does  not  involve  diflerentia 
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coefficients  of  a  higher  order  than  the  third,  we  should  have  for 
£^  {x,  y,  z\  z^j ...)  an  expression  of  the  form 

z  jjf/  +  M^z^  +  N^z'''  +  N^z'/  +  iV>,;  +  N,z^]^  . 

Hence  the  following  expression  must  be  susceptible  of  inte- 
gration with  respect  to  x  or  y,  or  else  vanish  identically^ 

By  reducing  the  terms  of  the  first  line  by  integration  by  parts 
with  respect  to  x  or  y,  we  arrive  at  an  unintegrated  expression  of 
the  form  Ct  where  G  does  not  contain  t ;  this  must  vanish  since 
it  cannot  be  an  exact  integral  with  respect  to  x  or  y.  And  as  0 
must  vanish  whatever  w  may  be,  we  shall  find  in  succession  that 
N^y  N^j  N^f  N^f  JM^,  M^  must  all  vanish. 

Thus  Eisenlohr's  theorem  is  established. 

The  theorem  is  applied  to  the  purposes  of  the  Calculus  of  Vari- 
ations in  a  manner  similar  to  the  application  of  the  theorem  in 
Eisenlohr*8  sixth  section. 

270.  The  next  work  we  have  to  consider  is  by  Spitzer,  en- 
titled On  the  criteria  Jar  maxima  and  minima  in  prchlems  of  the 
Calculus  of  Variations.  This  work  consists  of  two  memoirs 
which  were  communicated  to  the  Academy  of  Sciences  at  Vienna ; 
the  memoirs  were  published  in  1854  in  the  Sitzungsberichte  of  the 
Academy.  The  first  memoir  extends  over  pages  1014 — 1071  of 
the  12th  volume,  and  the  second  over  pages  41 — 120  of  the  14th 
volume  of  the  Sitzungsberichte, 

Spitzer  refers  in  the  beginning  of  his  first  memoir  to  the 
memoirs  of  Jacobi  and  Delaunay,  which  we  have  already  noticed ; 
and  then  he  says,  that  he  has  sought  to  deduce  Jaoobi's  criteria  in 
another  manner,  and  believes  that  this  new  way  may  deserve 
some  consideration. 

271.  The  two  memoirs  consist  altogether  of  thirty  sections, 
of  which  thirteen  are  contained  in  the  first  memoir,  and  the 
remainder  ixi  the  second.     The  first  section  gives  the  ordinary 
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inYestigation  of  the'terms  of  the  first  order  in  the  variation  of  an 
integral  which  inTolves  x^  y,  and  the  differential  coefficients  of  y 
with  respect  to  x.  The  second  section  gives  an  investigation  of 
the  terms  of  the  second  order  in  the  variation  of  the  integral. 
The  third  section  shews  how  Legendre  transformed  the  terms  of 
the  second  order  so  that  the  existence  of  a  maximum  or  minimum 
might  be  recognized ;  Spitzer  writes  the  equations  at  fiill  for  the 
case  in  which  the  integral  involves  only  the  first  differential 
coefficient  of  y,  for  the  case  in  which  it  involves  both  the  first 
and  second  differential  coefficients  of  y,  and  for  the  case  in  which 
it  involves  the  first  second  and  third  differential  coefficients  of  y. 
In  his  fourth  section  Spitzer  makes  some  remarks  on  the  equa- 
tions given  in  his  third  section ;  he  shews  that  the  equations  take 
the  complicated  form  that  has  been  indicated  in  Arts.  220  and  221, 
and  he  says  that  Jacobi  had  succeeded  in  integrating  these  equa- 
tions by  a  refined  and  difficult  analysis,  and  that  he  himself  had 
solved  the  equations  in  a  much  simpler  manner.  The  fifth  sec- 
tion contains  that  part  of  Jacobi's  theory  which  we  have  given 
in  Art.  252.  The  sixth  section  indicates  briefly  the  general  way 
in  which  Spitzer  proposes  to  solve  the  problem  under  discus- 
sion. The  seventh  section  contains  a  complete  investigation  of  the 
general   criteria  for  the  maximum  or  minimum   of  an  integral 

VdXf  where   V  involves  a?,  y,  and  y'.    The  eighth  section  con- 


/, 


tains  a  discussion  of  that  particular  case  in  which  -j-j^  is  zero. 
The  ninth  section  contains  a  complete  investigation  of  the  ge- 
neral criteria  for  the  maximum  or  minimum  of  an  integral  |  *  Vdx 
where  V  involves  x,  y,  y',  and  y".    The  tenth  section  contains  a 

discussion  of  that  particular  case  in  which  -7-775  is  zero.     The 

**y 

eleventh  section  contains  a  complete  investigation  of  the  general 

criteria  for   the  maximum  or  minimum  of  an  integral    )   *  Vdx 

where  V  involves  x,  y,  y',  y",  and  y"\  The  twelfth  and  thirteenth 
sections  contain  a  discussion  of  that  particular  case  in  which 

d^V 

-jn^tt  is  zero.    The  fourteenth,  fifteenth,  and  sixteenth,  sections 
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t^ontain  some  additional  investigationa  respecting  the  partictdar 
cases  which  are  discussed  in  the  eighth,  tenth,  twelfth,  and  thir- 
teenth sections.  .The  seventeenth  section  gives  the  ordinary  in« 
vestigation  of  the  terms  of  the  first  order  in  the  variation  of  an 
integral  which  involves  x,  y,  z,  and  the  differential  coefficients  of 
y  and  e  with  respect  to  x.  The  eighteenth  section  gives  an  inves« 
tigation  of  the  terms  of  the  second  order  in  the  variation  of  the 
integraL  The  nineteenth  section  shews  how  the  terms  of  the 
second  order  axe  to  be  transformed  so  that  the  existence  of  a 
maximum  or  a  minimum  may  be  recognised;  the  necessary  equa- 
tions are  given  at  full  for  the  case  in  which  the  differential  co- 
efficients which  occur  do  not  rise  above  the  first  order,  and  for  that 
in  which  they  do  not  rise  above  the  second  order.  The  twentieth 
section  generalises  the  theorem  given  in  the  fifth  section.  The 
twenty-first  and  twenty-second  sections  contain  a  complete  inves- 
tigation of  the  general  criteria  for  the  maximum  or  minimum  of 

an  integral  I     Vdx  where  V  involves  a:,  y,  z,  y'  and  z\    The  re- 

maining  sections  contain  discussions  of  the  particular  cases  which 
occur  when  V  assumes  particular  forms. 

272.  Speaking  generally  we  may  describe  Spitzer's  work  in 
the  terms  we  used  with  reference  to  Mainardi's,  namely,  as  Le- 
gendre's  method  improved  by  additions  borrowed  from  Jacobi; 
see  Art.  245.  Spitzer  was  acquainted  with  Mainaxdi's  memoir, 
for  he  refers  to  it  on  page  62  of  the  14th  volume  of  the  Sitzungs' 
herichte.  The  investigations  of  Spitzer  however  are  much  more 
complete  than  those  of  Mainardi ;  Spitzer  does  not  shrink  from 
the  labour  of  working  out  the  solutions  of  his  equations  com- 
pletely. Spitzer  was  the  first  who  developed  completely  the 
second  variation  of  an  integral  involving  aj,  y,  y',  y",  and  y'";  the 
preceding  writers  had  confined  themselves  to  the  case  in  which 
the  integral  involved  only  a?,  y,  y'  and  y".  Spitzer's  investigation 
of  this  problem  is  extrem^y  complex,  and  occupies  twenty  large 
octavo  pages;  besides  seven  more  pages  which  relate  to  certain 
special  cases.  In  fact  it  seems  improbable  that  any  student 
would  verify  the  lonjg  calculations  contained  in  Spitzer's  twelfth 
and  thirteenth  sections,  and  in  his  sections  comprised  between  the 
twenty-first  and  thirtieth  inclusive. 
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It  should  be  ol>served  that  the  memoir  is  well  and  correctly 
printed ;  some  mistakes  at  the  ends  of  sections  8,  10,  and  13  are 
corrected  by  the  author  himself  in  *a  note  to  section  14.  A  mis- 
take occurs  in  the  second  line  of  page  1032  of  the  12th  volume  of 
the  Sitzungsberichtef  for  the  sign  of  the  right-hand  side  of  the 
equation  must  be  changed;  this  mistake  leads  to  two  more  on 
the  same  page,  and  it  appears  again  on  page  44  of  the  14th 
volume. 

273.  We  will  now  give  some  specimens  of  the  investigations 
and  conclusions  of  Spitaser. 

In  Arts.  250  and  251  we  have  shewn  how  in  general  we  may 
distinguish  between  the  maximum  and  minimum  of  /  Vdx,  where 
V  involves  x^  y,  and  y'.  Now  suppose  for  a  particular  case  that 
j-12  s  0,  then,  excluding  the  integrated  terms,  the  value  of  I^  on 
page  271  will  take  the  form 


J\dy^  '^dxdydy')^ 


Thus  for  a  maximum  or  minimum  it  is  necessaiy  that 

d^V     d  fV 
dj^     €&  dy  dy' 

should  be  respectively  constantly  negative  or  constantly  positive 
throughout  the  limits  of  the  integration. 

d^V 
Smce  ^-yj-  =  0,  it  is  obvious  that  Fmust  be  of  the  form 

^(a?,y)+yXa?,y); 

thus  the  differential  equation  fix)m  which  y  is  to  be  found,  namely, 

dV^d^dV^^ 
dy     dx  dy*       ^ 

dy     dx 
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This  gives  y  as  a  fonction  of  x  without  anj  arbitrary  constant. 
ThuSy  adopting  geometrical  language,  the  limiting  points  between 
which  the  required  curve  is  to  be  drawn  cannot  be  taken  arbitrarily; 

they  must  lie  on  the  curve  determined  by  ^2.—  -^  -.  o,  or  else  the 
problem  will  be  impossible. 

In  the  next  place  let  us  suppose  that  besides  --r-^  &=  0,  we  have 

cPV     d    d*V  .  ^ 

also  -y-j — -7-   ,    T  1  =  0;  Spitzer  in  his  fourteenth  section  deter* 

mines  what  the  form  of  Fmust  then  be,  in  the  following  manner. 

d*V 
Since  -j-a  =  0,  we  must  have  Fof  the  form^  (a?,y)  -{•t/f^  (^iy)« 

Now  suppose  X(^>y)  Mid  ^(a?,  y)  expanded  in  series  proceeding 
according  to  ascending  powers  of  y,  and  let 

Thus      ^=1.2-4,  +  2.8^,y  +  8.4^,y"+... 

+  y'(1.25,  +  2.8-B.y  +  8.45,y*+...); 
j^=5,  +  25.y  +  85.y«  +  45,y»+...; 


dydt/ 


^w"^''-'^*'^"''^''^"'*^*'^-'- 


And  since 


+y'  (1 .  2P.  +  2 .  35,y  +  3 .  iBy+  ...). 
<rr      d    d'V 


rfy*       dx  dytbf' 
we  most  have 

Thus     F-A+^.y+§^y*+§^y*+f-y+... 
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This  gives  for  V  the  following  form, 

or  we  maj  express  our  result  without  any  loss  of  generality  thus, 

With  this  value  of  Fwe  have 

\Vdx  =  ^{x,y)  +jyx(^)  ^; 

thus  in  S I  Vdx  the  unintegrated  part  is  \x{^)hf^i  ^^^  ^^^  ^^^ 

not  vanish  unless  x  (^)  vanishes.    Then  i  Vdx  is  exactly  integrable, 
and  its  maximum  or  minimum  can  be  sought  by  ordinary  methods. 

274.    Besides  Spitzer's  method,  we  may  use  another  for  finding 
the  form  of  V  in  order  that  we  may  have 

d}V    ^       .    ,     d'V     d    d'V      ^ 
^  =  0,  and  also  ^-^^^  =  0. 

The  latter  result  is  the  condition  of  integrdbiUty  of  the  function 

dV  dV 

-=- ;  so  that  we  must  have  -3—  an  exact  diflFerential  coefficient  of 

dy  dy 

some  function  of  x  and  y.     Thus 

^={/(-,y)}'. 

We  do  not  introduce  y'  into  the  function  /(a:,  y) ,  because  if 

dV 
we  did  -T-  would  contain  y";  and  this  is  impossible,  because  since 

d^V      ^ 

— j  =  0,   we  know  that  F  is  of  the  form  /(a?,  y)  +y'/9(«,  y), 

and  so  -j-  does  not  involve  y'\ 

rrv,  dV     df       .df 

Thus  -7-  =  :r^  +  y  x"  > 

dy     dx     ^  dy^ 

therefore  F=  /-^  dy  +  y'  1-^  dy. 


SPITZER.  299 

Now  let  F{x,  y)  be  saoh  a  fimetion  of  x  and  y,  that 

dF     [dfj 

80  that .  -^  =f{x,  y)  -  Xi  H, 

where  Xi(^)  i^  an  arbitrary  function  of  a;. 

where  Xa(^)  ^^  another  arbitrary  function  of  a?. 
Therefore        ^=^+y-^  +  yXi'(^)  +X.(«) 

And  this  agrees  with  Spitzer's  form  of  F. 

275.    We  will  in  the  next  place  shew  the  manner  in  which 
Spitzer  investigates  the  criteria  for  the  maximum  or  minimum  of 

/  Vdx,  where  V  involves  a?,  y,  y^  and  y".    We  have  first  to  find 

in  the  ordinary  manner  the  terms  of  the  first  order  in  8  /  Vdx  and 

to  make  them  vanish.    Then  to  distinguish  between  a  maximum 
and  a  minimum,  we  must  investigate  the  sign  of 

where  w  is  put  for  8y. 

« „„  w    dV^.dV.dV 

Suppose  ^=-^«'+^«'+^«'' 

then  the  above  expression  which  we  hare  to  examine  is  equivalent 

to 

(dW    (dW\\       ,dW 


to 


+ 


/{^-(f)'^(f)>- 
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The  coincidence  of  the  two  expressions  is  easily  shewn  hj  in* 

tegrating  jl-j-rj^^  o^^ce  hj  parts,  and  /(-^-?r)  todx  twice  hj 

parts. 

Now  assume  that  these  terms  of  the  second  order  can  be  put 
in  the  form 

/cPV 
-j-TJl  {to"  +  \to'  +  fAwY  dXf 

where  v,  v^,  v^,  \  and  /a  are  at  present  nndetermined. 

In  order  that  this  transformation  may  be  possible  the  following 
eqoatbns  mnst  be  satisfied : 


We  may  observe  that  if  X  and  fi  are  known  the  last  three  of 
these  five  equations  will  find  in  succession  v^  v^,  and  v. 

We  do  not  propose  to  give  the  long  process  by  which  Spitzer 
solves  these  equations ;  we  will  however  briefly  indicate  the  prin- 
ciple on  which  he  proceeds. 

Let  u^  denote  a  value  oiw  oxZy  which  makes  the  unintegrated 
terms  of  the  second  order  in  the  variation  vanish,  that  is,  which 
makes 

f-(^'^(^"-» <"' 
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then  we  may  infer  that  this  will  make  vi*  +  \vi + yM  yanishi  that 
iS|  we  ahall  have 

t«;'  +  Xu/  +  /Attj  =  0 (2). 

Similarly,  let  ii,  be  another  such  value  of  vo  or  Sy,  then 

t«,"  +  X<  +  /iw,=0 (3). 

Then  from  (2)  and  (3)  we  can  find  X  and  /a  in  terms  of  u^  and 
U|  and  their  first  and  second  differential  coefficients;  and  when  v,  v^, 
and  v^  are  expressed  in  terms  of  X  and  /i  from  the  last  three  of  the 
five  equations  given  above,  it  remains  to  shew  that  the  first  two  of 
these  five  equations  are  satisfied. 

When  the  equation  (1)  is  developed  it  takes  the  form 

This  is  a  differential  equation  of  the  fourth  order,  so  that  u, 
and  u^  in,2kj  each  involve  four  arbitrary  constants.  But  practically 
to  find  u^  and  u^  we  do  not  require  to  solve  this  differential  equa- 
tion ;  for  we  use  the  principle  explained  in  Art.  252. 

Spitzer  does  shew  that  when  X  and  /i  are  found  in  the  manner 
indicated,  and  then  v,  t;^,  and  t;,  deduced,  the  first  two  of  the  five 
equations  given  above  are  satisfied,  provided  a  certain  relation 
subsists  among  the  eight  constants  which  occur  in  u^  and  u^  This 
agrees  with  Jacobins  statements  in  Art  221. 

Since  the  above  five  equations  lead  by  the  elimination  of  X 
and  /x  to  three  differential  equations  of  the  first  order  for  finding 
V,  v^y  and  v,,  it  follows  that  if  the  most  general  values  of  these  quan* 
titles  are  obtained  three  arbitrary  constants  should  be  involved. 
And  Spitzer  shews  that  the  eight  constants  which  occur  in  u^  and 
u^  do  combine  in  such  a  manner  as  to  leave  finally  three  independ- 
ent arbitrary  constants  in  the  values  of  v,  v^,  and  v^.    This  gives  a 
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• 

completeness  to  the  inyestigations  whicli  is  desirable,  bnt  it  is  not 
absolutely  necessary.  For  all  that  is  required  in  order  that  the 
proposed  transformation  of  the  terms  of  the  second  order  in  the 
variation  may  be  effected,  is  that  certain  differential  equations 
should  be  satisfied;  and  it  would  have  been  of  no  importance  if 
the  number  of  arbitrary  constants  had  been  less  than  the  extreme 
number  which  the  most  general  solutions  would  supply. 

276.  The  general  results  at  which  Spitzer  arrives  in  the  in- 
vestigations noticed  in  the  preceding  article  are  the  same  as  those 
of  Jacobi  given  in  Art.  224 ;  but  in  addition  to  these  he  discusses 
some  particular  cases,  and  these  we  will  now  consider. 

Suppose  then  that  we  have  ;7-?7i  =  0;  then  V  must  be  of  the 
form 

/i(^>y>y)+yV.(^>y>y)- 

In  this  case  the  differential  equation  in  y,  which  is  formed  by 
equating  to  zero  the  terms  of  the  first  order  in  8 1  Vdx^  is  a  dif- 
ferential equation  of  the  second  order.  We  will  suppose  its  inte- 
gral to  be  y  =  <^  (a?,  a^,  a^. 

Now  assume  that  the  terms  of  the  second  order  which  we  have 
to  examine  can  be  put  in  the  form 

W  +  2t?itin(?' +  t?,n?'*  +  I  P  (w' +  Xw)' cfe ; 
and  put  for  shortness 

77  =  A        jTIO"-^' 


dydy"     ^'      dydy' 
Then  we  require  that 
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ThoB  we  must  have 


D=:r., 


Now  let  «*  =  Cj  ^  +  G^-^  J  where  C^  and  C,  are  arbitrary 


constants ;  and  assume  X  such  that  t^'  +  Xt^  =  0 ;  we  shall  then 
examine  if  we  can  satisfy  the  above  five  equations.  The  third 
and  fourth  give  immediately  t?j  =  -E,  t?,  =  2> ;  then  the  second  and 
fifth  give 

P=B-2JS^-2y, 

u  ^  ' 

it  remains  to  try  if  the  values  thus  obtained  satisfy 

^=t;'  +  PX«. 

This  requires  that 

that  is 

(^-p'+^'>+w'(2^'+iy'-p')+tt"(2^+2y-p)=o.  • 

This  equation  is  in  fact  what  equation  (4)  of  the  preceding 

d*V 
article  becomes  when  ;T-7r«=  0,  with  u  in  the  place  of  w;  and  from 

Art.  252  we  know  that  the  value  assigned  to  u  does  satisfy  it. 

Thus  the  unintegrated  part  of  the  terms  which  we  are  ex- 
amining, that  is, 

jp{w'  +  \wydx, 
becomes 
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hence  for  a  maximtim  or  mlnimtim  B^  ^E-^iy  must  be  respec- 
tively negative  or  positive  throaghoat  the  limits  of  the  inte- 
gration. 

Next,  suppose  that  we  have 

^  =  0,  andalso^-2^^.^^^j=0. 
The  unintegrated  part  of  the  terms  of  the  second  order  is  now 

and  thus  for  a  maximum  or  minimum  ^  —  ^'  +  E"  must  be  re- 
spectively negative  or  positive  throughout  the  limits  of  the  in- 
tegration. 

In  this  case  the  equation  -5 ("T^)  +  ( "T^ )  =  Oi  ^  ^^ 

longer" a  differential  equation  for  finding  w,  because  to'"\  to"\  %o\ 
and  vi  disappear  from  it.    This  suggests  that  the  equation  obtained 

by  putting  the  terms  of  the  first  order  in  h\Vdx  equal  to  zero 

will  not  be  a  differential  equation  in  y^  but  an  ordinary  equation ; 
and  this  will  be  found  to  be  the  case. 

For  Spitzer  shews  in  the  same  manner  as  in  Art.  273,  that 
the  form  of  F  must  in  this  case  be 

and  as  in  Art  273,  we  shall  obtain  for  determining  y  the  equation 

dy     dx 
Lastiy,  suppose  that  we  have 

rf'F        d^v  ^  d'v    (dyv_\_ 

dy""'''       dy^     ^dydy"     [dy'dy")^^' 
and  also 

^-  /  rf'F  Y     f  rf'FV_ 

rfy"     V^^V-     Uyrfyv" 

Spitzer  shews  in  the  same  manner  as  in  Art.  273,  that  the 
form  of  V  must  in  this  case  be 

y<l>  {x)  +  {^  {x,y)Y  +  {x  {x,  y,  y')Y; 
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thus  in  BJ  Vdx  the  onintegrated  part  \&  /^  {x)  iydx^  and  this  will 

not  vanish  unless  ^  [x)  vanishes.    Then  /  Vdx  is  ezactlj  integrablei 
and  its  maximum  or  minimum  can  be  sought  by  ordinaiy  methods. 

277.  We  may  also  obtain  the  results  of  the  preceding  article 
by  another  method.  Suppose  ^-^  =  0,  then  the  left-hand  member 
of  equation  (4)  of  Art.  275  takes  the  form 

where  A^  J?,  D,  Ej  i^have  the  same  meaning  as  in  Art.  276.    The 
above  expression  may  be  written  thus 

{(2^+ JO'  -  B)  w']'  +{A^F'-\-  E")  w, 

so  that  we  have  to  determine  the  sign  of 

j[{{2E+  n-'B)  w'Y  +  (^  -  ^'  +  E'')  w\  iodx. 
Suppose  u  such  a  quantity  that 

Then  the  expression  which  we  have  to  examine  may  be  written 

I  r{(2^+  iy  -  5)  w'\  -  {(2jE+ zy  -  ^  w'}'  ^1  todx. 

Integrate  by  parts ;  then  the  terms  remaining  under  the  integral 
sign  will  be 

jr(5--2^-.2>0t^'»-(J?--2jE--i)')w'(^)l&?i 
that  is,  j {B^2E'' D')  (w' ^^wj dx. 

This  agrees  with  the  result  at  the  bottom  of  page  303. 

278.  In  his  sixteenth  section  Spitzer  examines  some  excep- 
tional cases  which  occur  in  finding  the  maximum  or  minimum  of 

20 


306  COMMENTATORS  ON  JACOBI. 


/ 


Vdxj  when  V  involves  a?,  y,  y\  y",  and  y'".    He  does  not  here 

prove  that  V  must  have  specific  forms  in  certain  cases,  but  he 
assumes  specific  forms  for  V  and  shews  that  certain  exceptional 
cases  do  thence  arise.  The  following  four  forms  for  V  are  ex- 
amined. 

1-   <f>  (^,  y,  y,  f)  +  y"  i^  (^,  y,  y',  y")- 

2.    ^  (a?,  y,  y )  +  y"  -^  (a?,  y ,  y')  +  [x  (a?,  y,  y',  y")]'. 

8.  4> («>  y)  +yX^> y)  +  bcii^^ y>  y )]'  +  [x.(^»  y>  y'»  y")]'- 
4.  y<f>  {x)  +  [xi(^>  y)]'  +  [xi(^>  y.  yO]' + [x.(^,  y,  y'l  y")]'. 

279.  In  concluding  our  account  of  Spitzer's  memoirs,  we  may 
state  that  the  most  interesting  and  valuable  portion  of  them  con- 
sists in  the  examination  of  certain  special  cases  in  which  the 
general  results  obtained  by  Jacobi  require  to  be  modified;  and 
tiiese  special  cases  appear  to  have  been  examined  by  no  other  writer. 

280.  The  next  memoir  we  have  to  consider  is  by  Otto  Hesse ; 
it  is  entitled,  On  the  criteria  for  the  maxima  and  minima  of  single 
Integrals.  It  was  published  in  the  54th  volume  of  Crelle's  Mathe- 
matical Journal  in  1857,  and  occupies  pages  227 — 273  of  the 
volume.  In  the  beginning  of  his  memoir  Hesse  refers  to  the 
following  authors  who  have  written  commentaries  on  Jacobi's 
memoir,  Lebesgue,  Delaunay,  Bertrand,  Eisenlohr  and  Spitzer; 
he  makes  special  mention  of  Spitzer,  and  commends  his  acutcness 
and  industry.  It  seems  probable  that  Hesse  was  led  to  turn  his 
attention  to  the  subject  by  seeing  Spitzer's  investigations. 

281.  The  first  twenty  pages  of  Hesse's  memoir  contain  inves- 
tigations of  Jacobi's  theorems.  Although  there  is  little  that  is 
substantially  new  here  given,  the  investigations  are  well  worthy 
of  study  fxom  their  complete  and  systematic  form. 

282.  In  the  next  seven  pages  the  result  obtained  by  Jacobi's 
method  is  developed  by  the  aid  of  the  theory  of  determinants,  so 
BS  to  present  the  unintegrated  part  of  the  second  variation  in  a 
more  explicit  form  than  that  in  which  Jacobi  leaves  it.    These 
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seven  pages  constitute  the  most  important  portion  of  the  memoir ; 
and  we  will  give  here  the  result  obtained  by  Hesse.    Suppose 

that  /  Vdx  is  to  be  a  maximum  or  minimum,  where  Feontains  a?,  y, 

and  the  differential  coefficients  of  y  up  to  the  n^  inclusive.  Let  z 
stand  for  Sy ;  then  the  terms  of  the  second  order  which  we  have 

to  examine  can  be  put  in  the  form  l'^{z)zdx.    This  is  proved 

by  Hesse ;  it  is  equivalent  to  the  statement  in  Art.  223,  that  the 

terms  of  the  second  order  can  be  put  in  the  form  /  S  Viydx.    Now 

let  ti,  V,  t(7, ...  be  values  of  z  which  satisfy  the  equation  '^(«)  =  0 ; 
we  suppose  n  of  these  solutions  obtained,  and  Aey  will  be  all  of 
the  same^^>r9n,  but  differ  in  the  values  of  the  2n  arbitraiy  constants 
which  each  of  them  involves.  Now  adopting  the  usual  notation  of 
determinants  let 


V  = 


t         n 


u 


(«•) 


V 


(*» 


Wf  to',  W"f t(7*** 


Zy    Z,    Z  f 


An) 


and 


V»  = 


u 


(•-1) 


V 


,(»-l) 


w 


(•-1» 


where  accents  denote  as  usual  differential  coefficients.  Thus  v  is 
a  determinant  of  the  (n  + 1)^  order  and  Vn  ^  ^  determinant  of  the 
n^  order.    Then  Hesse  proves  that  the  terms  of  the  second  order 

which  we  have  to  examine  can  be  put  into  the  form  /  N^dx, 

where  N  is  the  second  differential  coefficient  of  V  with  respect 

dy 


to 


dx* 
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Moreover  Hesse  draws  particulaif  attention  to  the  fact  that 
certain  relations  most  hold  among  the  arbitrary  constants  involved 
in  u,  17,  t£^,...  See  Arts.  221  and  232. 

283.  The  remainder  of  Hesse's  memoir  is  devoted  to  the 
examination  of  three  particular  cases,  that  in  which  the  integral 
involves  a?,  y,  y\  that  in  which  the  integral  involves  x,  y,  y\  y", 
and  that  in  which  the  integral  involves  a?,  y,  y',  y",  y"'.  These 
cases  are  treated  very  fullj,  and  the  relations  which  hold  among  the 
arbitrary  constants  are  completely  exhibited.  No  notice  however 
is  taken  of  the  exceptions  to  the  general  theory  which  Spitzer 
considered ;  see  Arts.  273,  274,  276.  In  connexion  with  the  first 
of  the  three  particular  cases  which  he  examines,  Hesse  gives  a 
good  discussion  of  the  remarks  made  by  Jacobi  relating  to  the 
extreme  limits  which  may  be  assigned  to  an  integral  in  order  to 
ensure  a  maximum  or  a  minimum ;  see  Art.  225. 

284.  The  memoir  by  Hesse  forms  the  most  elaborate  commen- 
tary that  has  yet  appeared  on  Jacobi's  theorems  and  method.  The 
student  who  masters  this  and  examines  what  Spitzer  has  given  on 
the  exceptional  cases  will  not  require  any  further  information  on 
the  maxima  and  minima  of  single  integrals  which  involve  one 
dependent  variable.  Hesse  uses  the  theory  of  determinants,  but 
a  student  who  is  acquainted  with  the  elements  of  that  subject  will 
not  find  any  serious  difficulty  in  Hesse's  memoir. 

285.  We  have  next  to  consider  a  memoir  by  A.  Clebsch ;  it 
is  entitled  On  the  reduction  of  the  second  variation  to  its  simplest 
form.  It  was  published  in  the  55th  volume  of  Crelle's  Mathemati- 
cal Journal  in  1858,  and  occupies  pages  254 — 273  of  the  volume. 

This  is  the  first  of  three  memoirs  by  this  writer  on  the  Calculus 
of  Variations.  He  begins  by  referring  to  Jacobi's  results,  and  to 
the  excellent  memoir  published  by  Hesse  respecting  them.  He 
then  indicates  the  points  in  which  Jacobi's  results  require  still  to 
be  generalised,  namely,  that  similar  investigations  should  be  sup- 
plied for  the  case  of  a  single  integral  which  involves  more  than 
one  dependent  variable,  and  for  the  case  of  a  multiple  integral,  and 
for  the  case  in  which  equations  are  given  connecting  the  variables 
involved  in  the  integral.    The  present  memoir  proposes  to  supply 
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some  of  these  required  investigations.  Thus,  Clebsch  states  that 
the  memoir  solves  the  following  problem ;  to  reduce  the  second 
variation  of  a  single  integral  so  as. to.  make  it  depend  upon  the 
Smallest  number  of  variations,  the  integral  involving  any  number 
of  dependent  variables  and  their  differential  coefficients  to  any 
order,  and  also  any  number  of  equations  being  given  connecting 
the  variables.  In  addition  to  the  solution  of  this  problem,  there  is 
a  short  section  on  the  subject  of  multiple  integrals,  but  this  is  of 
no  great  importance;  the  writer  however  intimates  that  at  the 
time  of  printing  he  had  succeeded  in  overcoming  the  difficulties  of 
this  part  of  the  subject,  and  would  publish  a  memoir  on  it,  and  in 
fact  the  third  memoir  fulfils  this  promise. 

As  an  example  of  his  method,  Clebsch  gives  the  ordinary  case 
of  one  dependent  variable  without  any  connecting  equations,  and  he 
arrives  at  the  result  obtained  by  Hesse ;  see  Art  281. 

286.  The  second  memoir  by  Clebsch  is  entitled  On  those 
problems  in  the  Calculus  of  Variations  which  involve  only  one  in^ 
dependent  variable.  It  was  published  in  the  55th  volume  of 
Crelle's  Mathematical  Journal  in  1858,  and  occupies  pages  335— -355 
of  the  volume. 

This  memoir  may  be  said  to  consist  of  two  parts.  The  first 
part  is  occupied  in  proving  that  the  solution  of  any  problem  in  the 
Calculus^  of  Variations  in  which  there  is  only  one  independent 
variable  may  be  made  to  depend  on  the  solution  of  a  certain  partial 
differential  equation  of  the  first  order.  It  had  been  intimated  by 
Jacobi  that  this  proposition  was  true  in  a  certain  case,  so  that  a 
problem  in  the  Calculus  of  Variations  could  be  treated  in  a  manner 
analogous  to  the  treatment  of  dynamical  problems  by  the  methods 
of  Hamilton  and  Jacobi.  Clebsch  easily  proves  the  proposition 
which  he  enunciates. 

The  second  part  of  the  memoir  is  occupied  in  shewing  that 
this  mode  of  treating  a  problem  in  the  Calculus  of  Variations 
presents  great  advantages  in  the  discussion  of  the  terms  of  the  second 
order  with  the  view  of  discriminating  between  maxima  and  minima 
values.    This  part  of  the  memoir  is  extremely  complicated  and 
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requires  the  reader  to  possess  a  good  knowledge  of  the  theoiy  of 
determinants. 

287.  The  third  memoir  by  Clebsch  is  entitled  On  the  second 
variation  of  Multiple  Integrals.  It  was  published  in  the  66th 
volume  of  Crelle's  Mathematical  Journal  in  1859,  and  occupies 
pages  122 — 148  of  the  volume. 

The  object  of  the  memoir  is  to  shew  how  to  discriminate  be- 
tween the  maxima  and  minima  values  of  multiple  integrals ;  like 
the  second  memoir  by  the  author  it  is  extremely^complicated,  and 
requires  the  reader  to  possess  a  good  knowledge  of  the  theory  of 
determinants. 

288.  We  have  been  compelled  to  pve  very  brief  accounts  of 
the  memoirs  by  Hesse  and  Clebsch.  From  the  nature  of  the 
memoirs  it  seems  impossible  to  present  any  abridgement  of  them 
or  any  extract  from  them  which  will  be  easily  intelligible ;  and 
moreover  the  memoirs  belong  rather  to  the  Theory  of  Determinants 
than  to  the  Calculus  of  Variations.  As  however  these  memoirs 
have  been  published  so  recently  they  can  be  readily  obtained,  and 
thus  there  is  less  need  of  a  detailed  account  of  them  than  in  the 
case  of  works  which  are  more  difficult  of  access. 
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289.  The  preceding  chapter  contains  an  account  in  chrono- 
logical order  of  the  writings  of  commentators  on  Jacobi's  memoir ; 
the  present  chapter  consists  of  some  miscellaneous  articles  bearing 
on  certain  parts  of  Jacobi's  memoir. 

In  Art.  228  we  have  given  Jacobi*s  remarks  on  the  shortest 
line  that  can  be  drawn  on  a  surface ;  these  remarks  are  connected 
with  those  in  Art.  225.  We  have  also  intimated  that  some  of  the 
commentators  on  Ja<;obi's  memoir  have  considered  these  parts  of 
it ;  see  Arts.  265  and  283.  There  is  a  note  bj  J.  Bertrand  entitled 
On  the*  shortest  distance  between  two  points  on  a  surface^  which  was 
published  in  1855  in  the  second  volume  of  the  third  edition  of 
Lagrange's  Micanxque  Analytique^  pages  350 — 352.  We  will  give 
this  note  in  the  next  article. 

290.  When  a  material  point  moves  on  a  fixed  surface,  and 
has  an  initial  velocity  but  is  acted  on  bj  no  force»  Lagrange  proves 
that  its  velocity  is  constant  and  the  curve  which  it  describes  is  the 
shortest  that  can  be  drawn  between  two  of  its  points.  In  order  to 
prove  this  proposition  the  illustrious  author  shews  that  the  varia- 
tion of  the  arc  Jds  ib  zero,  and  therefore  there  is  either  a  maximum 
or  a  minimum ;  but  he  says  there  cannot  be  a  maximum  and  there- 
fore there  must  be  a  minimum.  This  manner  of  reasoning  is  in- 
admissible, because  we  know  that  the  variation  of  an  integral  may 
be  zero  while  the  integral  is  neither  a  maximum  nor  a  minimum. 
However  in  the  particular  case  in  question  Lagrange's  statement 
is  exact,  as  we  may  shew  in  a  few  words. 
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The  differential  equation  wliich  expresses  that  the  yariation  of 
the  integral  jda  \a  zero  proves^  as  is  well  known,  that  the  oscu- 
lating plane  of  the  curve  is  at  everj  point  normal  to  the  surfiEuse. 
But  if  we  suppose  the  two  extremities  of  the  arc  considered  to  be 
indefinitely  close,  among  all  the  arcs  drawn  on  the  surface  joining 
the  extremities,  the  leasts  that  in  fact  which  differs  least  from  the 
chord,  will  evidently  be  the  arc  which  has  the  least  curvature, 
that  is,  the  arc  which  has  the  greatest  radius  of  curvature.  But 
the  arcs  whick  unite  two  points  of  the  surface  indefinitely  dose 
may  be  considered  as  having  the  same  tangent,  and  therefore,  by 
the  well-known  theorem  of  Meunier,  that  of  which  the  osculating 
plane  is  normal  to  the  surface  has  the  greatest  radius  of  curvature, 
and  is  consequently  the  shortest 

The  proposition  entmciated  by  Lagrange  is  exact  as  we  have 
just  seen  for  any  indefinitely  small  arc,  but  it  would  cease  to  be 
so  if  we  considered  an  arc  of  finite  size.  There  exists  a  curious 
theorem  on  this  subject  enunciated  by  Jacobi  without  demonstra- 
tion, which  gives  a  general  method  for  determining  with  respect 
to  every  line  traced  upon  a  surfieu^  and  satisfying  the  conditions  of 
a  minimum,  the  limits  between  which  it  is  really  the  shortest 
line. 

Let  AMA  he  mch  a  line ;  proceed  along  this  line  from  the 
point  A  which  is  fixed  totoards  the  following  points  of  the  curve. 
If  we  take  one  of  these  points  as  a  second  limit  it  may  happen  thai 
between  this  point  and  the  first  another  curve  can  be  drawn  which 
satisfies  the  analytical  condition  for  a  minimum  as  well  as  the  first; 
then  the  line  considered  will  cease  to  be  a  minimum  between  the 
point  A  and  the  second  extremity  considered^  at  a  point  for  which 
the  second  line  coincides  with  (se  confond)  the  first. 

This  theorem  has  not  been  demonstrated  by  the  mathematicians 
who  have  explained  the  celebrated  letter  in  which  it  is  enunciated. 
We  think  that  it  will  be  useful  to  indicate  briefly  how  it  follows 
from  the  analysis  of  Jacobi. 

The  integral  considered  being  \f[x,  y,  -^]  dx^  the  variation 
takes  the  form   I  Vhydx^   V  being  the  function  which  by  being 
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equated  to  zero  fomislies  hj  integration  the  solution  of  the  pro- 
blem. 

That  there  may  be  a  minimum,  the  function  ^-^  must  remain, 

constantly  positive  during  the  limits  of  integration.  This  con* 
dition  will  certainly  be  fulfilled  whatever  the  limits  may  be,  be- 
cause we  have  seen  that  there  is  always  a  minimum  between  any 
two  limits  whatever  if  they  are  sufficiently  close.  Besides  this  we 
must  have  according  to  Jacobins  analysis  another  condition  ful- 
filled. Let  y  denote  the  expression  deduced  fix>m  the  equation 
Fs=  O9  then  y  contains  two  constants  a  and  b  suppose ;  let  a  and 
fi  be  two  other  constants,  and  let 

Then  the  other  condition  is  that  it  must  be  possible  to  take  the 
constants  a  and  fi  so  that  the  expression 


may  not  become  infinite  between  the  limits  of  integration,  or, 
which  comes  to  the  same  thing,  u  must  not  vanish  between  these 

limits.    Hence  it  is  clear  that  for  each  value  of  —  if  the  expressiou 

for  u  becomes  zero  in  two  points  of  the  minimum  line  furnished 
by  the  Calculus  of  Variations,  then  between  these  two  points  we 
can  affirm  that  the  integral  is  a  minimum.  Ilow  two  such  points 
will  possess  the  property  indicated  by  Jacobi,  that  is,  it  will  be 
possible  to  draw  between  them  two  lines  indefinitely  close,  each 
of  which  has  the  minimum  property.  For  we  observe  that  the 
expression 

is  the  general  integral  of  the  linear  equation  SV=  0,  in  which  Sy 
is  the  unknown  quantity.  (See  Jacobi's  Memoir.)  If  then  we 
put  instead  of  y  the  value  y  +  u,  where  a  and  )3  are  so  chosen  as 
to  make  u  indefinitely  small,  which  is  allowable,  the  expression  V 
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will  yanish,  because  by  snppoBition  y  makea  it  vanish  and  the 
indefinitely  small  increment  u  renders  its  variation  zero. 

Thus  there  are  two  lines  indefinitely  close  joining  the  same 
two  points,  for  which  the  relation  F=  0  is  fulfilled,  that  is,  two 
lines  which  equally  satisfy  the  conditions  of  minimum. 
■  The  proposition  thus  demonstrated  is  not  identical  with  that  of 
Jacobi,  but  it  is  perhaps  allowable  to  suppose  that  the  illustrious 
author  went  a  little  too  far  in  the  rapid  sketch  which  he  gave  of 
his  results;  it  is  clear,  for  example,  that  the  conditions  found  by 
him  are  sufficient  but  not  necessary  for  the  existence  of  a  minimum* 
^here  is  therefore  no  ground  for  affirming  that  the  minimum  ceases 
to  exist  because  the  function  u  becomes  zero ;  but  this  would  be 
necessary  in  order  that  the  enunciation  should  take  the  completely 
affirmative  form  given  above. 

We  may  observe  before  closing  this  note  that  Jacobi's  memoir 
contains  the  enunciation  of  another  very  remarkable  theorem ;  if  at 
every  point  of  a  surface  the  two  curvatures  are  in  opposite  directions 
the  line  which  saiisfies  the  analytical  conditions  of  a  minimum  is 
always  really  the  shortest.  We  confine  ourselves  to  recalling  this 
theorem  to  the  attention  of  mathematicians;  a  more  detailed  dis- 
cussion of  the  geometrical  problem  which  is  the  object  of  this  note 
would  be  out  of  place  here. 

291.  Bertrand  in  the  first  paragraph  of  his  note  says  that 
Lagrange  is  right  in  asserting  that  there  is  necessarily  a  minimum 
in  the  case  considered ;  in  the  third  paragraph  of  his  note  he  says 
that  Lagrange's  statement  is  not  necessarily  exact  except  for  an 
indefinitely  small  arc. 

The  remarks  which  Bertrand  then  makes  on  Jacobi's  theorem 
coincide  in  substance  with  those  of  other  writers  on  this  subject ;  see 
for  example  Mr  Jellett's  treatise,  pages  90  and  98.  These  remarks 
depend  on  the  following  consideration ;  Jacobi's  method  reduces  the 
unintegrated  part  of  the  terms  of  the  second  order  to  the  form 

1  frfV/l  du^       dhyW 

and  thus  we  cannot  be  sure  of  a  minimum  if  u  vanishes  between 
the  limits  of  integration.  Bertrand  however  is  alone  in  pointing 
out  that  this  does  not  prove  so  much  as  Jacobi  asserts  in  the 
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particniar  problem  under  consideration,  for  Jacobi  asserts  that  there 
will  not  be  a  minimum ;  and  Bertrand  conjectures  that  Jacobi  here 
overstated  his  resnlts.  But  it  has  since  been  shewn  by  Ossian 
Bonnet  that  Jacobi  was  quite  correct;  the  proposition  to  which 
Bertrand  calls  attention  at  the  end  of  his  note  is  also  proved  bj 
Bonnet. 

Two  notes  have  been  written  by  Bonnet  on  the  point  we  are 
considering.    The  first  note  is  entitled  On  some  properties  of  geo» 

desic  lines.     It   was  published  in  the  Comptes  Bendua de 

VAcademie  des  Sciences,  Vol.  40,  1855,  pages  1311 — 1313.  We  will 
give  it  in  the  next  article. 

292.  A  line  traced  upon  a  surface  is  called  a  geodesic  UnSf 
when  its  osculating  plane  is  always  normal  to  the  surface. 

An  arc  of  a  geodesic  line  is  the  shortest  line  that  can  be 
drawn  on  a  curved  surface  between  its  two  extremities,  provided 
the  arc  be  comprised  within  certain  Umits  which  have  been  fixed 
by  Jacobi  in  the  following  manner.  Consider  a  geodesic  line  AM 
which  starts  from  the  point  A,  and  let  A'  be  the  point  where  this 
line  is  met  by  another  geodesic  line  AM'  which  also  starts  from 
the  point  A  and  is  indefinitely  close  to  AM.  Between  the  points 
A  and  A'  the  line  AM  will  always  be  a  minimum*  line ;  but  beyond 
the  point  A'  the  line  AM  will  generally  be  neither  a  maximum  nor 
a  minimum.  Assuming  this,  let  p  denote  the  variable  distance 
MM'  between  two  indefinitely  close  geodesic  lines  AM  and  AM\ 
'By  a  formula  due  to  Gauss,  p  considered  as  a  function  of  the 
arc  AM  will  satisfy  the  differential  equation  of  the  second  order 

ds^^RR     ^' 
where  ^  Jf  =  9,  and  B,  R  axe  the  principal  radii  of  curvature  of  the 

surface,  and  in  addition,  when  «  =  0  we  have  t?  =  0  and  -f-  =  the 

as 

angle  d0  between  the  geodesic  lines  AM  and  AM',  which  will 
completely  determine  p.     Now   suppose  that  the  surface  is  of 

1 

opposite  curvatures ;  -^jp  will  be  negative,  and  we  can  assume 


MR'^     a*' 


where  a  is  a  real  constant. 
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Let  OS  take  the  equation 

and  integrate  it   bo   that  when  « =  0  we  may  have  p,=0  and 
-^  =  d0:  we  shall  obtain 

<18 


a  .^ 


But  from  a  theorem  demonstrated  by  M.  Sturm  in  his  excellent 
Memoir  on  differential  equations  of  the  second  order,  it  is  known, 
that  for  any  interval  whatever  starting  from  «  =  0,  the  value  of  p^ 
must  vanish  at  least  as  often  as  that  of  p ;  but  p^  never  does 
vanish,  and  so  p  cannot  vanish.  Thus  in  a  surface  of  opposite 
curvatures  a  geodesic  line  is  always  a  minimum  throughout  its 
length.  This  beautiful  theorem  was  enunciated  by  Jacobi,  but 
it  had  not  been  demonstrated  up  to  the  present  time  so  far  as 
I  know. 

Suppose  in  the  next  place  that  -^^  is  positive  and  less  than  -§ « 
Cionsider  the  equation 

and  integrate  it  so  that  when  «=0  we  may  have  p,==0  and  -<■  =  d0 ; 
we  shall  obtain 

»,  =  adO  sin  - . 

But,  from  a  second  theorem  demonstrated  by  M.  Sturm,  it  is 
known  that,  starting  firom«=sO,  p  will  vanish  before  p/,  but  p, 
vanishes  when  8  =  Tra,  therefore  p  vanishes  before  a  =  va.  Hence 
we  infer  that,  in  the  case  considered,  a  geodesic  line  cannot  be 
generally  a  minimum  line  throughout  a  greater  length  than  ira. 
Consequently  the  shortest  distance  between  any  two  points  on  a 
convex  surface  is  less  than  ira  where  a*  is  a  number  greater  than 
the  product  BIH  of  the  principal  radii  of  curvature  for  all  points 
of  the  surface. 
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293.  The  theorem  dae  to  Gauss  which  Bonnet  quotes  in  the 
preceding  article  is  contained  in  the  Diaqatsitianes  generales  circa 
superficies  curvas.  This  memoir  was  presented  by  Gtiuss  to  the 
Boyal  Society  of  Grottingen  on  October  8th,  1827,  and  was  published 
in  1828  in  the  sixth  volume  of  the  Camfnentaiianes  Reeentiores  of 
that  Society.  This  memoir  is  reprinted  in  Liouville's  edition  of 
Mongers  Application  de  T Analyse  h  la  Giomitrie, 

The  theorem  in  question  is  also  proved  by  Ossian  Bonnet  in 
his  memoir  on  the  general  theory  of  surfaces  in  the  Journal  de 

TEcole  Polytechniquej  Cahier  XXXII,  1848. 

The  memoir  by  Sturm  to  which  Bonnet  refers  will  be  found  in 
the  first  volume  of  Liouville's  Journal  of  Mathematics. 

The  second  note  by  Bonnet  is  entitled  Second  note  on  geodesic 
lines.  It  was  published  in  the  Comptes  Bendus. ..YoL  41,  1855^ 
pages  32 — 35.    We  give  it  in  the  next  article. 

294.  In  a  note  presented  to  the  Academy  on  the  18th  of  June, 
I  established  some  general  properties  of  geodesic  lines.  My  in- 
vestigations depended  on  the  following  theorem  due  to  Jacobi. 

Let  AM  be  any  geodesic  line  which  starts  from  the  point  A^  and 
suppose  A  to  he  the  point  where  this  geodesic  line  is  met  by  a  geodesic 
line  which  also  starts  from  the  point  A  and  is  indefinitely  near  to 
the  first;  then  the  line  AM  will  be  a  minimum  betioeen  the  points 
A  and  A\  and  will  cease  to  be  a  minimum  beyond  the  point  A\ 

Jacobi  did  not  demonstrate  his  theorem ;  he  merely  said  that 
it  might  be  easily  deduced  from  the  general  rules  which  he  gave 
for  distinguishing  maxima  from  minima  in  questions  which  de- 
pend upon  the  Calculus  of  Variations.  M.  Bertrand  has  given  a 
proof  of  the  first  part  of  the  theorem  in  the  notes  which  he  has 
added  to  his  excellent  edition  of  the  Micanique  Analytique;  that 
is,  he  has  proved  that  between  the  points  A  and  A'  the  line  AM 
is  a  minimum.  In  the  mode  of  proof  M.  Bertrand  has  followed 
the  indications  of  Jacobi.  With  respect  to  the  second  part  of  the 
theorem  M.  Bertrand  thinks  that  it  may  not  be  exact,  and  that 
at  all  events  the  method  of  Jacobi  is  not  competent  to  decide  the 
point.  It  is  in  fact  certain  that  the  general  conditions  found  by 
Legendre  and  completed  by  Jacobi,  for  distinguishing  between 
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maxima  and  minima  in  problems  which  depend  upon  the  calcnlns 
of  variations  are  sufficient  but  not  necessary.  I  have  succeeded 
in  proving  bj  particular  considerations  both  parts  of  Jacobi's 
theorem.  I  request  permission  from  the  Academy  to  communicate 
mj  demonstration,  which  thus  removes  the  difficulties  which  re- 
late to  an  important  question,  and  at  the  same  time  gives  more 
precision  to  the  results  of  mj  previous  investigations. 

Let  A  MB  be  an  arc  of  a  geodesic  line  which  starts  from  A 
and  ends  at  B.  (The  reader  is  requested  to  make  the  figure  for 
himself.)  Draw  any  line  AM^B  indefinitely  close  to  AMB  and 
having  the  same  extremities.  I  proceed  to  estimate  the  difference 
of  the  lengths  of  AMB  and  AMJS  as  far  as  small  quantities  of  the 
second  order ;  for  this  purpose  I  draw  through  the  different  points 
of  AMB  geodesic  curves  normal  to  AMB,  and  I  denote  in  general 
by  fi>  the  portion  of  these  curves  comprised  between  AMB  and 
AM^B.  Suppose  the  element  MN  of  AMB  =  e&,  and  the  corre- 
sponding element  M^N^  of  AM^B  =  da^ ;  then 

P  being  the  point  in  NN^  such  that  NP  =  MM^ .     But 

and  JfjP  is,  by  a  theorem  due  to  Gauss,  the  integral  of  the  equation 

diL  

which  for  o)  =  0  satisfies  the  conditions  u^ds^  ^  =  0.    Therefore 

if  we  neglect  powers  of  ©  above  the  second.    Therefore 

or  more  simply,  to  the  order  of  approximation  which  we  want, 


A.  =  e&(l+i«'*-|^). 
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Therefore  the  difference  between  AM^B  and  AMB^  that  is  the 
second  variation  of  the  integral  jda^  will  be 


\k^-m)^ • w- 


We  see  immediately  that  if  RR  be  negative  this  second  varia- 
tion is  always  positive ;  this  proves  the  first  theorem  which  I  have 
established  in  another  manner  in  my  first  note;  in  any  aurfixce  cf. 
opposite  curvatures  a  geodesic  line  is  a  minimum  throughout  its 
length. 

Now  let  ns  call  p  the  distance  comprised  between  the  line  AMB 
and  another  geodesic  line  indefinitely  close  to  it  which  also  startd 
from  A,  so  that  we  have 

and  when  «  =  0  we  have  |>  =  0  and  ^  =  the  indefinitely  small  angle 

dO  between  the  two  geodesic  lines ;  the  expression  (I)  can  be  put 
in  the  form 


But,  if  p  does  not  vanish  within  the  limits  of  integration, 

P 
for  (k>  is  zero  at  the  limits ;  thus  the  second  variation  is  reduced  to 


m^-"' 


i/(-'-li)'*- 


that  is,  to  a  positive  result.  I  conclude  therefore,  that  so  long  as 
the  extremity  B  is  not  beyond  the  point  A'  where  the  line  AMB  is 
met  by  the  geodesic  line  indefinitely  close  to  it  which  also  starts 
from  the  point  A^  the  arc  AMB  of  the  geodesic  line  is  a  minimum 
between  the  point  A  and  the  point  B\  this  is  the  first  part  of 
Jacobi's  theorem. 
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If  the  point  B  is  beyond  A\  then,  since  o  is  only  subject  to  the 
condition  of  vanishing  at  the  points  A  and  J3,  we  can  take  for  »  a 
value  which  satisfies  an  equation  of  the  form 

where  Tc  is  real,  and  which  is  such  that  o>  =  0  and  ^  =  ^  when 
a  =  0.    This  follows  from  the  fact  that  in  an  equation  of  the  form 

when  G  is  diminished  continuously  the  roots  of  the  equation  |7  =  0 
increase  continuously,  (p  and  ^  retaining  the  same  valuesfor  «=0). 
We  have  then  for  this  particular  value  of  o> 

but,  since  a>  is  zero  at  the  limits,  we  have  also 


therefore 


/(-'-:hp)*-/»(-"+^)*'' 


Thus  the  second  variation  of  the  integral  ^da  can  become  nega- 
tive, and  the  arc  AMB  is  neither  a  maximum  nor  a  minimum 
between  the  point  A  and  the  point  B.  The  second  part  of  Ja- 
cobi's  Theorem  is  thus  established. 

We  have  said  above  that  when  once  Jacobi's  Theorem  is  fully 
demonstrated  we  can  give  more  precision  to  the  enunciation  of  the 
results  contained  in  the  note  of  the  18th  of  June.  In  fact  we  can 
say  that  if  in  any  convex  surface  the  product  BB!  of  the  principal 
radii  of  curvature  is  less  than  the  constant  a*,  the  shortest  distance 
from  one  point  to  another  upon  the  surface  will  always  be  less 
than  Tra.  Hence  it  follows  that  every  convex  surface  in  which 
the  principal  radii  of  curvature  do  not  become  infinite  is  neces- 
sarily a  closed  surface. 
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295.  Although  so  many  proofs  have  been  giyen  of  Jacobi's 
theorems  that  it  maj  appear  superfluous  to  present  others,  yet  the 
following  proo&  are  of  interest  as  they  depend  on  the  principles  of 
the  Calculus  of  Variations  itself.  They  were  published  in  an 
article  entitled  Observationa  on  JacobCs  Memoir  on  the  Calculus  of 
VaHationSj  by  E.  Heine,  in  Crelle's  Mathematical  Journal,  Vol.  54, 
1857,  pages  68 — 71.     They  will  occupy  our  next  two  articles. 

296.  The  proposition  which  Jacobi  published  in  the  17th 
volume  of  Crelle's  Journal  and  which  was  proved  by  Lebesgue  and 
by  Delaunay  in  the  6th  volume  of  Liouville's  Journal  may  be 
demonstrated  also,  without  much  trouble,  in  the  following  way, 
which  depends  on  very  different  principles. 

Let  A  be  any  given  function  of  x^  u  any  function  of  x^  and 
let  u',  u", ...  denote  the  differential  coefficients  of  u  with  respect 
to  X.    Put 

^z^^-iylAu^'vr^dx (1), 

where  «'"'  stands  for  -^ ;  then 


=  (-ir/ 


Now  by  integrating  by  parts  in  the  ordinary  way  SZ  can  be 
separated  into  two  portions,  namely,  one  which  is  free  from  the  in- 
tegral sign,  and  which  we  will  call  Z,  and  another  portion  which 
remains  under  the  integral  sign,  namely. 

Let  y  denote  any  given  function  of  Xj   and  put  u^yt,  so  that 
Bu=ySt]  thus 

BZ^L+jy^l^^Stdx (2).' 

Now  we  must  obtain  an  equivalent  value  for  SZ  if  we  first 
put  yt  for  u  in  (I),  and  then  effect  the  variation;  the  form  how- 
ever of  the  expression  for  SZ  will  differ  from  that  in  (2) ;  and 
this  difference  in  form  accompanied  with  equivalence  of  value  will 
give  a  proof  of  Jacobi's  Theorem. 

21 
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Pat  yt  for  u,  then  u^^  takes  the  form 

where  a,  or^,  •••  are  simple  functions  of  y  and  therefore  functions  of 
X.  Thus  Au^u^*^  will  consist  of  a  series  which  we  may  denote  by 
%fii^^i^  where  the  indices  m  and  p  may  take  all  values  between  0 
and  n^  and  the  functions  denoted  by  /3  will  be  like  a,  ol^^..»i  given 
functions  of  x.  Put  this  expression  for  -4u***m*"*  in  (1),  then  we 
shall  shew  that  2^  can  be  put  in  the  form 

2Z=  Jf+JcC^^-  (7/<'+  a/r-...±  a<**>Odb (3), 

where  M  contains  no  integral  sign,  and  CJ,,  (7^, ...  are  given  fono- 
tions  of  X. 

For  2  W^^^dx  consists  partly  of  terms  for  which  m  =jp,  which 

thus  have  already  the  form  in  (3),  and  partly  of  terms  in  which  w 
and  p  are  different.  Suppose  then  p  greater  than  m,  and  first  let 
^  =  m  +  1 ;  for  such  terms 


and  thus  we  obtain  again  terms  of  the  form  in  (3).  Next  suppose 
p  —  m  greater  than  unity ;  then  by  using  the  following  formula 

jfit'^^H^^dx = pr^i^^^  i^'r^^-''  dx  -  ipr^'^^'^  dx, 

as  often  as  necessary,  we  shall  obtain  terms  In  which  the  Indices  of 
t  are  either  equal  or  differ  by  unity ;  and  thus  finally  we  obtain 
terms  of  the  form  in  (3). 

Now  take  the  variation  of  Z  expressed  as  in  (3) ;  then  by  the 
ordinary  formula)  of  the  Calculus  of  Variations  the  terra  in  hZ 
which  remains  under  the  integral  sign  is 

/fo.£^.^l^.....£^).^. ,, 
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The  expression  (4)  must  therefore  be  equal  to  the  integral 
in  (2) ;  thus 

The  quantity  C^  is  equal  to  y  — v/  ^  •    For  since  u  =  yt,  we 
have 

thus  the  term  y  — ^  ^    ^ 

is  the  only  term  which   can  contribute  any  portion  to  C^tj   and 
thus  obviously 

We  can  now  prove  Jacobi's  Theorem. 

where  ^q,  -4^, ...  are  given  functions  of  x.    Put  u=yt  where  y  is  a 
given  function  of  x ;  then  from  what  has  been  proved 

yu-.ii^-\-   ^   + +    ^     , 

where  B^,  B^, ...  are  known  functions  oix,  like  C„  G^, ...  were. 

thus  when  y  is  so  chosen  that  it  is  an  integral  of  the  differential 
equation  U=  0,  we  have  5j  =  0 ;  and  then 

as  Jacobi's  Theorem  asserts. 

Remark.     In  order  practically  to  determine  the  values  of  JB^, 
5,,  ...  which  do  not  come  into  consideration  in  Jacobi's  memoir, 

21—2 
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the  method  may  be  modified  hj  first  integrating  hj  parts  and  thos 
reducing  jAu^^u^^dx  to  I  v     \^    '  dx.  Now  put  ty  for  u,  and  then 

we  have  to  consider  integrals  of  the  form  Wtt'^dxj  and  not  as  be- 
fore integrals  of  the  form  Ifit^'^^tf^dx. 

297.  Jacobi  published  another  proposition  in  his  Memoir,  of 
which  Delaunay  has  given  a  long  demonstration  in  the  place  already 
named.    This  is  the  proposition ; 

let     /=j'/(a?,3^,y',...y^»)^, 
then  SJ  consists  of  a  part  firee  from  the  integral  sign  together  with 
the  integral  I  VSy  dx^  where 

This  is  well  known ;  then  Jacobi  asserts  that  S  V  may  be  put  in 
the  form 

^^,ii^,...,£l^.w. («,. 

We  proceed  to  prove  this.  Let  S  and  0  be  symbols  of  variation 
which  are  independent  of  each  other ;  then  the  double  variation  S  0J 
will  be  equal  to 

2//'(3r,3^)  {^^'Oy'^+eir'h^')  dx (7), 

where  the  sign  of  summation  refers  to  all  values  of  m  aud^  which 
are  comprised  between  0  and  n.  But  on  the  one  hand  this  expres- 
sion must  be  of  the  form 

L-\-hv0ydx] 

for  if  we  vary  J  with  the  symbol  0  we  should  obtain  an  integrated 
part  and  the  imintegrated  part  I  V0y  dx ;  and  if  we  now  vaiy  the 
result  with    the   symbol  S  we  obtain  for  the  unintegrated  part 
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Moreover  the  expression  given  above  for  Z0J  can  be  put  in 
the  form 

M+j{Aiydy^A,hy'ey'+  ...  ±  AJ^dy'^  dx (8), 

as  we  shall  shew  presently.     Now  by  the  ordinaiy  method  of 
integrating  by  parts  the  unintegrated  part  of  the  last  expression  is 

found  to  be  I  WOydx^  and  thus 

which  was  to  be  proved. 

We  have  then  only  to  shew  that  8  0J  really  has  the  form  (8). 
The  terms  in  (7)  for  which  m  =jp  have  already  the  required  form ; 
suppose  then  j!?  greater  than  m,  and  first  let  p  =  m  + 1.  Then  it  is 
plain  that  by  single  integration 

//8  (Sy«»>^y**«  +  Sy<-^%<->)  dx 
is  referred  to  the  form 

ISp  be  greater  than  m  + 1,  then  by  single  integration  we  make 


depend  on 


and 


{p  {Sy^Oy'^"^  +  By'^^Oy^)  dx ; 


and  by  proceeding  thus  we  shall  ultimately  arrive  at  the  form 
in  (8). 

298.    There  is  an  article  by  Minding  entitled,  On  the  trans^ 
formations  which  serve  for  distinguiahing  maxima  from  minima  in 
the  Calculus  of  Variations.    It  was  published  in  Crelle's  Mathe- 
matical Journal,  Vol.  55.  1858,  pages  300—309.     The  object  of 
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this  article  is  to  demonstrate  two  theorems  used  in  Jacohi's  memoir; 
namely,  the  theorem  in  Art.  222  in  the  form  in  which  it  is  given 
in  Arts.  229  and  231,  and  the  theorem  respecting  the  form  of  SF 
in  Art.  223.  The  demonstrations  are  somewhat  complex,  but  per- 
fectly satisfactory;  as  they  consist  however  almost  entirely  of 
ordinary  algebraical  transformations  it  will  be  imnecessary  to  enter 
upon  them  here. 

299.    We  will  close  this  chapter  by  giving  two  examples  of 
the  investigation  of  a  maximum  or  minimimi  value. 

For  the  first  example  we  will  apply  Jacobi*s  method  to  the 

expression  /  Vdx  where  V=  (l>  +  ^)  »  +  (2c  +  ct/^  x.    This  is  in 

fjEU^  the  example  given  on  page  108 ;  the  quantities  which  were  there 

denoted  by  r,  2>,  ^  are  now  denoted  respectively  by  x,  y,  p.    The 

expression  of  the  second  order  which  determines  whether  there  is  a 
maximum  or  a  minimum  is  here 

/{» (^)«  +  2^  +  (^^^  +  ^)  (^y)  j  ^• 
Let  ^  =  «^-«^^(p  +  |)' 

therefore  S/8  =  coc^  ""^^(^"*")' 

therefore    jSfiSjfdx^jcxiSyYdx -jxSy^(Sp  +  ^) 
=  -x8y(Sp  +  ^)+fcx{Byydx+j(Sp+^)^^ 

Thus  we  see,  since  the  limits  are  supposed  fixed,  that  the  terms 
which  we  have  to  examine  can  be  put  in  the  form  ISfiSi/dx;  this 
is  in  accordance  with  Jacobi's  theory. 
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Now  I  hfiSydx  ==  I  uifi  —  dx,  where  u  is  at  present  undeter- 
mined ;  also  if  u  be  properlj  determined  we  shall  have 

for  this  onlj  requires  that 

d  (     dSy        ^    du] 

rf  /    dSy\  ^    diy  du      d  f   •,   di^  ^ 

"        ^\    dxj         dx  dx     dx\    ^  dxj  * 

that  is,  we  must  have 

Suppose  then  that  u  is  taken  to  satisfy  this  differential  equation ; 
then  we  get 

/«.i^&,-/.-x{|(^)f*.; 

neglecting  the  terms  free  from  the  integral  sign,  which  vanish  at 
the  limits  if  no  infinite  quantities  occur. 

Now  u  is  such  a  quantity  that  if  put  for  By  in  B/3  we  get 
Sfi=^0;  hence  the  value  of  v  is  known  by  Jacobi's  theory ;  see 

Art.  220.    The  value  of  y  which  makes  S I  Vdx  s  0  is  in  the 

dz 
present  case  to  be  obtained  by  finding  -j-  from  the  value  of  z  on 

page  IO85  and  then  changing  r  into  x.    Thus  it  is 

A  ^  [ V*^«-  d<o  +  5^  f V*^«-  log  {x  sin« »)  da> ; 

and  therefore  the  value  of  u  is  in  the  present  case  of  the  same  form, 
with  A  and  B  replaced  by  new  constants.    The  second  constant 
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must  be  supposed  zero  in  order  that  u  msj  not  be  infinite  when 
x  =  0;  hence  finally 

u  =  a/  6r«^«** cos cwJiw, 

where  a  is  an  arbitrary  constant. 

This  value  of  u  however  vanishes  when  a5  =  0,  so  that  the  ex- 
pression under  the  integral  sign  in  the  value  of  I  BfiSydx  becomes 

infinite  when  x^O.  Hence  we  are  not  certain  that  in  this  case  we 
really  have  obtained  a  minimum. 

300.  The  next  example  is  intended  to  draw  attention  to  the 
case  in  which  we  have  to  discriminate  between  the  maximum  and 
minimum  of  a  function  when  the  limits  are  not  fixed.  Writers  on 
the  calculus  of  variations  appear  frequently  to  intimate  that  the 
&ct  of  the  limits  being  variable  does  not  really  render  the  problem 
more  difficult ;  this  however  does  not  seem  correct. 

Let  us  consider  the  problem  of  the  brachistochrone  in  which 
the  moving  particle  is  to  pass  from  one  given  curve  to  another, 
starting  with  an  assigned  velocity.  Take  the  axis  of  x  vertically 
downwards ;  let  A  be  the  height  due  to  the  initial  velocity,  x^  and  x^ 
the  abscissae  of  the  starting-point  and  the  final  point  respectively. 

Then  we  have  to  find  the  minimum  value  of  I   *Fdb,  where 

F=   /X         _    X  and2>  =  -^.    ^®  shall  treat  the  problem  in 

what  seems  the  best  way ;  we  shall  attribute  no  variation  to  the 
independent  variable  x  but  shall  obtain  the  requisite  generality  in 
our  formulae  by  changing  the  limits  of  the  integration.  Suppose 
then  that  p  receives  the  variation  hp^  and  that  the  limits  x^  and  x^ 
become  respectively  x^  +  dx^  and  oj,  +  dx^.  In  consequence  of  the 
change  in^  and  x^  a  change  takes  place  in  F,  and  to  the  second 
order  F  becomes 
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Hence  the  variation  of  the  integral  is 

the  limits  in  the  last  line  being  x^  +  dx^  and  x^  +  dx^. 

Now  we  observe  that  if  in  an  integral  I     ^{x)dx  the  upper 
limit  is  increased  by  c2r,  the  integral  is  increased  bj 

to  the  second  order ;  and  if  the  lower  limit  is  increased  bj  dx^  the 
integral  is  diminished  by 

to  the  second  order.    Thus  the  above  variation  becomes  to  the 
second  order 

dV 
where  F'  stands  for  the  complete  differential  coefficient  -7- ,  and 

the  suffixes  1  and  2  indicate  that  x  is  made  equal  to  x^  and  x^ 
respectively. 

•By  reducing  the  second  of  the  above  three  lines  the  variation 
becomes  to  the  second  order 


2 

+  -5 —  dx,  r  dx 
^dx^      ^) 
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fdV 

The  tenn  I  -^  Spdx  o{  the  variation  becomes  by  integration 
by  parts 

(f)>-(f).^.-/i(f)^^ 

dV 
Hence  we  infer  that  we  most  have  -^  equal  to  a  constant,  in 

order  to  obtain  a  minimum. 

We  have  now  to  examine  the  remaining  terms  of  the  variation. 
We  shall  first  transform  Sy,  and  Sy^. 

Suppose  y  =  X  (a;)  the  equation  to  the  upper  limiting  curve,  and 
y  —  '^{x)  the  equation  to  the  lower  limiting  curve.  Then  the 
co-ordinates  a;,,  y^  satisfy  the  latter  equation,  and  so  also  must  the 
co-ordinates  of  the  new  extreme  point  which  is  obtained  by  changing 
the  curve  and  the  limits.  The  abscissa  of  the  new  extreme  point 
is  a;,  +  dx^ ;  the  ordinate  of  the  new  extreme  point  will  be  found 
by  changing  x^  into  x^  +  dx^  in  the  function  y,  +  Sy^,  so  that  it 
will  be 

in  which  we  must  suppose  x  put  equal  to  x^.    Thus  to  the  second 
order  the  ordinate  in  question  is 

and  this  must  be  equal  to  '^{x^  +  dx^  estimated  to  the  second 
order.    Hence  we  get 

A  similar  expression  holds  for  Sy^. 

With  these  values  of  Sy^  and  Sy,  we  shall  find  that  the  variation 
reduces  to  the  following  terms  of  the  first  order, 

(f).k'«)-i}.^.-(f).{^(-)-i}> 


V^x^  —  V^dx^  +  dx^  I     -J-  dx\ 
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togefher  with  the  following  terms  of  the  second  order, 

l(TD.(*"('>-S).(*«J'-(f).*.^+^.'W 

The  interpretation  of  the  terms  of  the  first  order  is  well  known, 
but  we  will  give  it  here  to  render  our  investigation  complete. 

Equate  to  zero  the  coefficient  of  dx^\  thus 

[dV  .,,  ,     dVdy  ,  ^1      ^ 

dV 
substitute  the  values  of  Fand  -t-  ,  and  we  obtain 

Thus  {p^*{x)  +  1},  =  0,  which  shews  that  the  curve  described 
cuts  the  lower  limiting  curve  at  right  angles. 

Next  equate  to  zero  the  coefficient  of  dx^\  thus 

(dV  ,,  .      dV  dy  ^   ^       f'^dV  ^       ^ 

•^^^  xr  =  "7r^ — ^^>  ^^  ^7  supposition  -=-  is  equal  to 
a  constant,  that  is  -777- — rrrTT x  =-7-8*7; 

hence  »•  = 7 r^— ,   l+p  = 7 -. 

-^      a  — A  — ic  +  iCj  ^      a  — A  — aj  +  a?j 

rpi  dV  si  a 

ihus  -7—  = ' — i 1; 
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and  /■^di  =  _^^(iZ*i:£±5)^ L_. 

J  dx^  V«V(A  +  i»  — a?J        p^/a 

Hence  f"^dir  =  -4  f  1-i). 

ThuB  our  equation  becomes 

V«        ftva     V«  \P«    ft/ 

Therefore  ;^'  (asjft  +  1=0,  and  thus  the  tangents  to  the  limiting 
curves  at  the  points  where  the  described  curve  meets  them  are 
paralleL 

We  have  now  remaining  in  the  variation  only  terms  of  the 
second  order;  by  reduction  they  become 

Kf).K'-)-S}.«'-Kf).l^''^'-S}.(^)- 

Now  it  is  by  no  means  evident  that  the  above  expression  is 
necessarily  positive,  so  that  we  are  not  sure  of  the  existence  of  a 
minimum  as  asserted  by  Legendre ;  see  Art.  203.  Nor  do  Jacobi*s 
investigations  give  us  here  any  assistance.  The  above  expression 
shews  that  cceteria  parilma  the  suppositions  that  '^"  {x^  is  positive 
and  that  x^^d  ^  negative  are  favourable  to  the  existence  of  a 
minimum.  This  makes  the  lower  limiting  curve  convex  to  the 
axis  of  X  and  the  upper  limiting  curve  concave  to  the  axis  of  x  at 
the  points  where  the  described  curve  respectively  meets  .them;  and 
it  is  obvious  from  a  figure  that  these  circumstances  are  favourable 
to  the  existence  of  a  minimum. 


+  2 
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MISCELLANEOUS   MEMOIRS. 

301.  The  present  chapter  contains  an  account  in  chronological 
order  of  various  articles,  memoirs,  and  treatises,  connected  with  the 
Calcolos  of  Variations. 

302.  Poisson,  Mimoires  de  VInatitut,  1812,  page  224. 
Poisson  here  finds  the  differential  equation  to  the  surface  of  con-* 

stant  area  which  makes  1 1  V(l  +i>*  +  2^  f-+->J&?e?ya  minimnm, 

where  p  and  p'  are  the  principal  radii  of  curvature  at  the  point  {x,y,  z) 
of  the  surface.    He  adds  that  the  equation  obtained  would  also  be 

obtained  if  we  required  that  /  /  V(l  +JP*  +  2*)  ( 7]  ^^y  should 

be  a  minimum,  or  that  I  |V(1  +1^'  +  2^  (""a  +  '■h\dxdy  should  be  a 

minimum ;  for  /  (S  — — =^ — —  dx  dy  vanishes,  so  far  as  the  terms 

JJ  pp 

under  the  sign  of  double  integration  are  concerned.  There  are 
two  misprints  in  Poisson*s  remarks,  but  there  can  be  no  doubt 
that  his  meaning  is  what  we  have  here  given. 

303.  Bodrigue.  BuUetm  dea  Sciences  par  la  SocUU  Fhilo' 
matique  de  Faria^  1815,  pages  34 — 36. 

This  paper  is  on  certain  properties  of  double  integrals  and  of 
the  radii  of  curvature  of  surfaces.    It  is  stated  -that  the  variation 

of  the  double  integral  //^(/>,  q)  {rt-^f)  dxdy  contains  only  terms 
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307.  Minding.  OreHis  Mathematical  Journal,  VoL  5,  pages 
297 — ^304,  1830.  This  article  is  entitled  On  curves  of  ehorteet 
perimeter  on  curved  aurfacea;  it  contains  a  discussion  of  a  problem 
proposed  in  the  third  volume  of  Crelle's  Journal  by  Crelle  himselfl 
The  problem  is  to  find  the  shortest  curve  which  can  be  drawn  on 
a  given  surface  so  as  to  include  a  given  area.  Minding  obtains 
the  following  results.  If  the  given  surface  be  a  sphere  the  required 
curve  is  a  plane  curve,  and  therefore  a  circle.  He  obtains  the  re- 
quired curve  when  the  surface  is  a  right  cone.  He  remarks  that 
if  the  surface  be  any  developable  surface,  the  required  curve  must 
be  such  as  will  become  a  circle  when  the  surface  is  developed; 
this  follows  firom  the  known  fact  that  of  all  plane  figures  a  circle 
is  that  of  least  perimeter  which  bounds  a  given  plane  area. 

Minding  also  establishes  the  following  result.  Whatever  be 
the  surface  the  curve  required  has  this  property ;  the  cosine  of  the 
angle  between  the  osculating  plane  of  the  curve  at  any  point  and 
the  tangent  plane  of  the  surface  at  that  point  is  proportional  to 
the  radius  of  curvature  of  the  curve  at  that  point.  This  property 
has  since  been  proved  by  other  writers  who  have  discussed  the 
problem,  namely,  Delaunay,  Bonnet,  Jellett,  and  Schellbach. 

The  last  five  pages  of  the  article  are  occupied  with  an  investi- 
gation respecting  another  property  of  the  curve ;  Minding  appears 
to  have  here  fallen  into  an  error,  and  some  detail  will  be  required 
to  illustrate  the  point. 

A  geodesic  line  is  a  curve  drawn  on  a  surface  so  that  at  every 
point  its  osculating  plane  contains  the  normal  to  the  sur&ce  at 
that  point.  Now  suppose  a  series  of  geodesic  lines  starting  from 
a  common  point  on  a  surface,  and  let  a  series  of  curves  be  drawn 
cutting  these  geodesic  lines  at  right  angles.  The  latter  curves 
may  be  called  geodesic  circles^  because  it  can  be  proved  that  the 
length  of  the  geodesic  line  drawn  from  the  common  starting-point 
to  any  point  of  one  of  these  curves  is  constant.  This  property  of 
a  geodesic  circle  from  which  its  name  is  derived  is  proved  by 
Minding,  although  he  does  not  use  this  name.  The  name 
is  used  in  Price's  Infinitesimal  Calculus^  Vol.  ii.  and  the  pro- 
perty is  there  proved;  see  also  Bonnet's  Memoir  on  the  general 
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theory  of  surfaces  in  the  Journal  de  VEcole  Folytechntque^  Cahier 
32,  page  74. 

The  property  then  which  Minding  considers  that  he  proves  is 
that  the  curve  of  least  perimeter  which  can  be  drawn  on  a  given 
surface  so  as  to  include  a  given  area  is  a  geodesic  circle*  This  is 
in  fact  true  for  any  developable  surface  in  virtue  of  the  remark 
already  made;  but  it  does  not  appear  to  be  generally  true.  It  is 
however  remarkable  that  Bonnet  and  Schellbach,  who  both  seem  to 
allude  to  Minding's  solution,  take  no  notice  of  this  part  of  it. 

We  will  indicate  the  grounds  for  considering  this  part  of 
Minding*s  article  to  be  erroneous.  Let  p  be  the  radius  of  curvature 
at  any  point  of  the  required  curve,  0  the  angle  which  the  osculating 
plane  at  any  point  of  the  curve  makes  with  the  tangent  plane  to 
the  surfeu^  at  that  point.    Then  the  characteristic  property  of  the 

required  curve  is  that  ^  =  a  constant.    If  then  Minding's  result 

were  correct  it  would  follow  that  this  properly  must  necessanly 
belong  to  a  geodesic  circle.  Suppose,  for  example,  that  we  consider 
an  ellipsoid ;  let  the  semiaxes  be  a,  &,  c  in  descending  order  of  mag- 
nitude ;  and  suppose  we  require  the  curve  of  least  perimeter  which 
can  be  drawn  on  the  surfeu^  so  as  to  enclose  an  area  equal  to  half 
that  of  the  ellipsoid.  It  would  appear  obvious  that  the  required 
curve  must  in  this  case  be  the  ellipse  which  has  b  and  c  for  its 

semiaxes ;  for  this  curve  satisfies  the  condition =  a  constant, 

P 
since  cos  d=s  0,  and  it  encloses  an  area  equal  to  half  that  of  the 

ellipsoid.    It  is  however  also  obvious  that  this  curve  cannot  be 

a  geodesic  circle,  for  if  it  were,  the  pole  of  the  circle  must  be  the 

extremity  of  the  longest  axis  of  the  ellipsoid,  and  the  lengths  of 

geodesic  lines  fix)m  this  point  to  the  ellipse  in  question  are  not  all 

equal. 

We  will  however  examine  Minding's  solution.  Let  a  series  of 
geodesic  lines  be  drawn  on  a  given  surface  all  starting  from  a  fixed 
point.  Let  s  denote  the  length  of  a  portion  of  one  of  these 
measured  from  the  fixed  point,  ^^  the  angle  which  the  selected 
geodesic  line  makes  at  starting  with  some  fixed  line  on  the  surface; 

22 
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thus  8  and  y^  serve  as  co-ordinates  to  determine  a  point  on  the 
surface. 

Now  let  <l>  be  such  a  function  of  s  and  y^  that  <f)dy^  represents 
the  length  of  an  element  of  the  geodesic  circle  which  passes  through 
the  point  {e,  y^) ;  then  ^  will  be  a  known  function  because  the 
surface  is  supposed  a  given  surface.  With  this  notation  it  will 
readily  follow  that  the  length  of  the  perimeter  of  any  curve  is 

expressed  by  the  integral  |V<^*(rf'^)"  +  (c&)"  between  suitable  limits; 

and  the  area  of  the  enclosed  surface  is  expressed  by  ll<f>dy^d8 

between  suitable  limits.  Hence  by  the  usual  considerations  we 
have  to  find  the  minimum  of 

where  A  is  a  constant. 

Minding  then  proceeds  thus.  We  have  for  determining  the 
curve  of  shortest  perimeter  the  equation 

As[v^«(rf^)« +(&)•+  S  [[<^^  (&  =  0. 

For  brevity  put  rfP'=^'(e?'^)'+ (e&)",  and  suppose  that  only  -^ 
varies  since  it  is  known  that  the  two  equations  which  are  obtained 
by  varying  s  and  -^  must  coincide ;  thus  we  obtain 

this  gives  the  following  as  the  differential  equation  of  the  curve  of 
least  perimeter, 

This  equation  will  be  satisfied  by  the  supposition  <&  =  0,  as  it  is 
easy  to  sec.     For  it  follows  from  this  supposition  that  dP^  ^d'^^ 

so  that  the  differential  equation  becomes  ( ^  J  ^V^  —  ^  =  0,  and 

this  is  identically  true,  whether  ^  depends  on  '^  or,  as  in  some 
cases  may  happen,  is  independent  of  y^. 
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This  is  Minding'a  process.  It  appeats  from  this  process  that 
when  we  take  the  variation  of  the  proposed  expression,  the  term 
remaining  under  the  integral  sign  is 

Hence  the  equation  for  determining  the  required  curve  is 

Minding  in  effect  multiplies  the  expression  on  the  left-hand  side 
of  this  equation  by  -jj  ,  and  then  puts  -7-r  =  0  as  a  solution.  This 

is  of  course  unsound. 

We  may  put  the  solution  in  a  slightly  different  form.  Minding 
really  takes  a  as  the  independent  variable;  it  is  however  more 
natural  to  take  y^  as  the  independent  variable.   The  double  integral 

jj<f>dy^d8  may  be  reduced  to  a  single  integral  by  supposing  the 

integration  /^e&  effected;  denote  j(j>ds   by  v,  where  v  will  be  a 

function  of  a  and  '^.     We  have  then  to  find  the  minimum  of 


l{W  I' *{^)' *'}**■ 


Hence  in  the  usual  way  we  obtain 

Now  this  equation  cannot  be  generally  satisfied  by  supposing 
-rr  =  0 ;   for  this    supposition   leads   to  j-  +  A  ^  =  0,  that  is, 

if>-\-h  ^  =  0 ;  Ai^d  since  ^  is  a  function  of  s  and  '^  this  equation 

connects  s  and  ^^^  and  shews  that  «  is  a  function  of  '^,  so  that 

ds  . 
-j-r  IS  not  zero. 

22—2 


340  GOLDSCHMIDT. 

308.  Goldsclimidt.  Determinatto  superficiei  minimm  rotoHane 
curvcB  dcUa  dvu>  puncta  jungentia  drca  datum  axem  otUb.  Auctore 
Benjamin  Ooldschmidt.    Gottingen,  1831. 

This  essaj  obtained  a  prize  from  the  university  of  Grottingen  in 
1831 ;  it  occupies  32  quarto  pages.  The  problem  discussed  is  to 
find  the  curve  joining  two  given  points  which  by  revolving  round 
a  given  axis  will  generate  a  minimum  surface.  The  problem  is 
solved  in  three  different  ways  by  using  different  formul»  for  the 
area  of  a  surface  of  revolution,  and  the  result  is,  as  is  well  known, 
that  the  surface  is  in  general  that  obtained  by  the  revolution  of  a 
catenary  round  its  base.  The  author  then  investigates  the  pos- 
sibility of  drawing  a  catenary  which  shall  have  a  given  base  and 
pass  through  two  given  points.  The  conclusion  is  that  sometimes 
two  such  catenaries  can  be  drawn,  sometimes  only  one,  and  some- 
times no  catenary.  When  no  catenary  can  be  drawn  it  is  inferred 
that  the  surface  consists  of  two  planes  formed  by  the  revolution 
round  the  axis  of  the  perpendiculars  from  the  given  points  on  the 
axis ;  these  planes  may  be  supposed  connected  by  means  of  the 
portion  of  the  axis  which  they  intercept  between  them.  There 
is  no  investigation  of  the  terms  of  the  second  order  to  shew  that  a 
minimum  really  is  obtained. 

In  the  course  of  the  essay  some  interesting  properties  of  the 

catenary  are  noticed ;  thus  on  page  17  is  given  a  simple  geometrical 

method  of  drawing  a  tangent  to  a  catenary ;  on  page  18  it  is  shewn 

that  all  the  curves  formed  by  varying  the  parameter  c  in  the  equa- 
te     -.  • 
tion  2y  =  c  (6*  +  6  •)  touch  two  straight  lines  passing  through  the 

origin ;  on  page  26  is  given  a  simple  geometrical  method  of  deter- 
mining the  vertices  of  the  two  catenaries  which  have  a  given  axis 
and  pass  through  two  points  equally  distant  from  that  axis. 

A  short  account  of  Goldschmidt  will  be  found  in  the  Monthly 
Notices  of  the  Royal  Astronomical  Society.  Vol.  12,  page  84. 

309.  Poisson.  Crelle^s  Mathematical  Journal,  Vol.  8,  pages 
861, 362.     1832. 

This  article  is  entitled  Note  on  the  surface  of  which  the  area 
hetween  given  limits  is  a  minimum.    We  give  a  translation  of  it. 

One  of  the  first  applications  which  Lagrange  made  of  the  Cal- 
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cuius  of  Variations  was  to  determine  the  surface  of  which  the  area 
between  given  limits  is  a  minimum.  This  was  a  very  favourable 
example  for  shewing  the  advantage  of  his  new  calculus  over  the  in- 
genious methods  which  had  preceded  it;  for  it  would  have  been 
difficult  to  extend  these  methods  to  the  maxima  and  minima  of 
double  integrals,  and  therefore  to  questions  concerning  surfistces. 
The  equation  which  Lagrange  found  is,  as  is  well  known,  a  partial 
differential  equation  of  the  second  order.  Monge  integrated  it  in 
a  finite  form,  but  hj  considerations  which  appeared  inadmissiblci 
and  which  gave  rise  to  long  discussions  between  him  and  Laplace. 
Legendre  afterwards  obtained  the  same  integral  by  a  transforma* 
tion  applicable  to  a  large  class  of  equations  of  the  second  ordeTi 
so  that  no  doubt  remained  as  to  the  correctness  of  the  result. 
(Lacroix,  Differential  and  Integral  CalculuSy  Vol.  2,  page  622.) 
Unfortunately  no  advantage  could  be  drawn  from  this  integral, 
which  involved  imaginary  quantities  and  was  expressed  by  a 
system  of  three  equations  between  two  auxiliary  variables  and  the 
current  co-ordinates  of  the  surface.  But  besides  the  difficult 
which  results  from  this  form  of  the  general  integral,  in  which  it 
appears,  to  say  the  least,  very  difficult  to  determine  the  arbitrary 
functions,  there  is  another  difficulty  arising  from  the  number  of 
these  frmctions  which  the  question  can  admit. 

In  fact  the  problem  of  a  minimum  area  comprises  two  dis- 
tinct  questions ;  either  two  closed  curves  are  given  and  we  require 
to  connect  them  by  a  zone  of  sur&ce  of  which  the  area  shall  be 
the  least  possible,  or  else  only  one  closed  curve  is  given  and  we 
have  to  find  a  surface  such  that  the  area  of  the  portion  bounded 
by  this  curve  shall  be  a  minimum.  When,  for  example,  an  aper- 
ture is  made  in  the  surface  of  a  vessel  which  contains  a  fluid,  the 
area  of  the  surface  by  which  we  must  multiply  the  velocity  and  the 
time  of  the  movement  in  order  to  calculate  the  volume  of  the  fluid 
discharged  is  precisely  the  minimum  area  corresponding  to  the 
second  case  of  the  problem,  which  thus  presents  a  useful  application. 

In  the  first  case  the  question  and  the  complete  integral  which 
has  been  found  have  the  same  degree  of  generality,  and  the  two 
given  curves  determine  implicitly  the  two  arbitrary  functions  which 
this  integral  includes.     In  the  second  case,  on  the  contrary,  the 
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given  curve  can  only  serve  to  determine  one  arbitrary  fiinction. 
One  of  these  functions  will  then  remain  undetermined,  and  tiie 
integral  will  thus  have  more  generality  than  the  question  which 
it  serves  to  solve.  If  the  given  curve  is  plane  the  surface  required 
is  the  plane  of  this  curve.  If  it  is  a  curve  of  double  curvature  this 
surface  is  not  known  h  priori^  but  it  ought  to  be  some  definite 
single  surface,  and  the  problem  is  not  solved  so  long  as  there 
remains  anything  undetermined  in  the  equation. 

In  order  to  resolve  this  diflSculty  I  have  considered  specially 
the  case  in  which  the  required  surface  does  not  deviate  much  fixnn 
a  given  plane.  By  putting  the  integral  of  the  partial  differential 
equation  under  a  form  which  differs  from  that  hitherto  used,  I  have 
found  that  the  expression  of  one  of  the  current  co-ordinates  as  a 
function  of  the  other  two  contains  terms  which  become  infinite  at  a 
point  of  the  minimum  area,  in  the  second  of  the  two  cases  of  the 
problem ;  and  these  must  be  suppressed  as  foreign  to  the  problem. 
In  the  first  case  these  terms  retain  a  finite  value  through  the  whole 
extent  of  the  zone  of  surface  which  is  to  be  determined,  so  that 
while  they  are  to  be  suppressed  in  the  other  case  they  are  to  be 
retained  in  this.  By  this  means  the  expression  for  the  ordinate 
of  any  point  of  the  surfiu^  has  in  each  case  the  degree  of  gene- 
rality which  the  question  requires.  Then,  by  the  method  which  I 
have  used  in  other  memoirs,  all  the  arbitrary  quantities  which 
enter  into  this  expression  are  determined,  by  means  of  the  two 
limiting  curves  of  the  minimum  zone  in  the  first  case,  and  by 
means  of  the  single  curve  which  bounds  the  minimum  area  in  the 
second  case. 

In  this  manner  the  solution  of  the  problem  is  completely 
finished  in  the  two  parts  which  it  presents,  and  which  form  two 
distinct  questions  with  reference  to  the  determination  of  the  arbi- 
trary functions,  although  they  depend  upon  the  same  differential 
equation. 

The  Memoir  from  which  this  note  is  extracted  will  appear  in 
another  number  of  this  Journal. 

[The  memoir  in  question  seems  never  to  have  been  published.] 

310.  Pagani.  Crelle's  Mathematical  Journal^  Vol.  15,  pages 
84—99,  1836. 
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This  article  is  entitled  SoltUton  of  a  problem  relating  to  the 
Calculus  of  Vartatians.  The  problem  considered  is  that  which  was 
solved  by  Gknss ;  see  Chapter  iii.  Before  considering  the  problem 
Pagani  gives  a  brief  investigation  of  the  variation  of  a  multiple 
integral.  He  arrives  at  the  formulae  contained  in  Ostrogradsky's 
Memoir ;  see  Art.  128.  He  then  gives  some  remarks  on  the  inte- 
gration of  the  expressions  when  the  number  of  the  variables  does 
not  exceed  three.  The  Memoir  contains  nothing  that  will  not  be 
found  in  Ostrogradsky,  and  from  its  brevity  it  would  be  difiScult 
for  a  student  who  had  not  access  to  other  works  on  the 
subject. 

311.  Bjorling.  Calculi  Variationum  Integralium  Dupliciufn 
Exercitationes,    Auctore  Em,  Oabr.  Bjorling,    Upsal,  1842. 

This  treatise  contains  57  quarto  pages.  The  author  refers  to 
the  memoirs  by  Poisson  and  Ostrogradsky,  and  expresses  his 
surprise  that  neither  of  these  mathematicians  applied  his  general 
formulae  to  the  question  of  determining  the  surface  of  minimum 
area.  He  proposes  to  consider  this  problem.  He  gives  by  way 
of  introduction  an  investigation  of  the  variation  of  a  double  inte- 
gral, with  some  remarks  on  the  limiting  equations  which  must  be 
satisfied  in  order  that  the  variation  may  vanish.  This  part  of  the 
treatise  is  taken  from  Ostrogradsky.  This  introductory  part  occu- 
pies the  first  19  pages. 

The  author  then  proceeds  to  the  problem  of  the  surface  of 
minimum  area,  and  he  arrives  at  the  well-known  result  that  such 
a  surface  must  be  determined  from  the  equation 

(1  + /)  t  -  2pq8  +  (1  +  j^  r  =  0, 

where  the  usual  notation  is  adopted.  Before  considering  this  equation 
generally  he  gives  two  special  examples  in  which  it  is  satisfied ;  one 
example  is  a  surface  of  revolution,  and  the  other  a  ruled  surface.  The 
discussion  of  these  examples  occupies  pages  20 — 28.  Then  pages 
29 — 50  are  devoted  to  the  solution  of  the  general  partial  differ- 
ential equation  given  above.  Bjorling  quotes  Monge's  solution; 
but  by  means  of  transforming  the  variables  he  obtains  the  solution 
under  another  form,  which  he  considers  more  suitable  than  that  of 
Mongc  when  we  have  to  determine  the  arbitrary  functions  involved. 
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The  author  refers  for  Monge's  solution  to  Monge's  Appltcaiian  de 
r Analyse  h  la  OSomStrtey  and  to  Lacroix,  li'aitS  du  Calc.  Diff.  ei 
Inteff.  Vol.  2,  page  630.  Monge's  result  is  also  established  in 
De  Morgan's  Differential  and  Integral  CalculuSy  pages  47d|  474. 

The  last  seven  pages  of  the  treatise  form  an  appendix  in  which 
the  author  briefly  discusses  a  particular  case  of  the  problem  of 
determining  a  solid  which  has  a  maximum  volume  while  the  area  of 
the  surface  is  given. 

It  will  be  seen  from  this  account  of  the  treatise  that  it  con- 
tains very  little  which  strictly  belongs  to  the  Calculus  of  Variations; 
in  fact  it  should  rather  be  considered  as  an  essay  on  the  integration 
of  the  partial  differential  equation  given  above.  We  may  observe 
that  the  part  of  the  treatise  which  relates  to  the  integration  of  the 
equation  is  reproduced  by  the  author  in  an  article  in  Gnmert*B 
Archiv  der  Mathematik  und  Fhysik,  Vol.  4,  pages  290 — ^315,  1844. 

The  following  four  points  of  interest  may  be  noticed  in  the 
treatise. 

(1)  The  author  before  considering  the  general  problem  takes 
the  case  of  a  surface  of  revolution ;  he  then  arrives  at  the  known 
result  that  the  surface  must  be  that  which  is  formed  by  the 
revolution  of  a  catenary  round  its  base.  Supposing  that  the 
surface  is  to  connect  two  given  circles  which  have  their  planes 
perpendicular  to  the  axis  of  revolution  and  their  centres  on  this 
axis,  he  obtains  equations  for  determining  the  constants  involved 
in  the  equation  to  the  catenary.  He  then  asserts  that  the  surface 
thus  obtained  is  that  which  has  the  minimum  area  out  of  oZZ 
possible  surfaces  that  can  be  drawn  so  as  to  connect  the  two  given 
circles,  and  not  merely  the  minimum  area  out  of  all  surfaces  of 
revolution.  He  does  not  explain  this  remark.  Perhaps  he  means 
that  we  are  first  to  conclude  that  in  the  case  considered  the  sur£ace 
must  be  one  of  revolution ;  suppose,  for  example,  we  divide  it  into 
two  parts  by  a  plane  containing  the  axis,  then  if  the  two  parts  are 
not  symmetrical  one  of  them  will  generally  be  of  greater  area  than 
the  other,  we  can  then  replace  the  part  which  has  the  greater  area 
by  a  part  symmetrically  equal  to  the  other  part,  and  thus  obtain 
a  less  total  area  than  that  which  was  assigned  as  the  minimum. 
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Or  perhaps  the  author  argues  that  as  the  surface  of  revolution 
which  he  has  obtained  satisfies  the  general  partial  differential 
equation  of  the  problem,  and  also  satisfies  the  limiting  conditions, 
it  must  be  the  surface  required. 

(2)  Bjdrling  discusses  another  particular  example  before  con- 
sidering the  general  equation,  namely,  among  all  surfaces  which 
can  be  formed  bj  the  motion  of  a  straight  line  which  always 
remains  parallel  to  a  fixed  plane,  to  determine  that  of  minimum 
area. 

Take  the  plane  of  {x,  y)  as  that  to  which  the  generating  line 

is  always  to  be  parallel ;  then  we  have  to  find  a  relation  between 

x^  j/y  and  Zy  so  that  the  following  partial  differential  equations  may 

be  satisfied, 

fr  -  2pq8  +jpV  =  0, 

(1 +^")  < -2pjr«  +  (1  +  2*)r  =  0. 
The  result  is 

a;  —  a  =  (y  -  J)  tan  — r—  . 

This  result  is  however  more  general  than  appears  firom  Bjorling's 
treatise.  It  has  been  shewn  by  Catalan  that  out  of  aU  ruled  sur- 
faces the  surface  determined  by  the  equation  just  given  is  the  only 
one  which  satisfies  the  condition  for  a  minimum  area;  see  Liou- 
ville's  Mathematical  Journal^  Vol.  7,  pages  203—211,  1842.  This 
theorem  is  also  proved  by  Bonnet  in  the  Journal  de  VEcole  Poly^ 
technique^  Cahier  32,  page  134,  1848;  it  is  there  ascribed  to 
Meunier. 

(3)  In  the  appendix  which  extends  firom  page  51  to  the  end, 
Bjorling  considers  the  following  problem;  among  all  surfaces  of 
revolution  to  find  that  which  has  a  given  area  and  includes  a 
maximum  volume.  He  obtains  the  differential  equation  to  the 
generating  curve,  and  shews  that  this  curve  is  that  which  is  traced 
out  by  the  focus  of  a  conic  section  when  the  conic  section  is  made 
to  roll  on  a  fixed  line.  This  resxdt  he  states  is  due  to  Delaunay; 
and  he  refers  to  the  Journal  called  L'lnstttuty  Number  394,  1841. 

(4)  On  page  4  of  his  treatise  Bjdrling  points  out  an  important 
misprint  in  Poisson's  Memoir;  see  Art.  107. 
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312.     Bertrand.      Liouville's  Mathematical  Jaumalf  VoL  7, 
pages  55 — 58,  1842. 

This  article  is  entitled  Note  on  a  point  in  the    Ocdculus   of 
Variations. 

Suppose  we  have  to  find  the  maximum  or  minimum  of  /  Udx, 
while  Vdx  is  to  remain  constant ;  then  the  rule  which  was  given 
by  Euler  is  that  we  must  find  the  maximum  or  minimum  of 
{V-hcU)  dx  where  c  is  a  constant.     Bertrand's  object  is  to  prove 


/' 


this  rule.  He  says  that  his  proof  is  not  so  simple  as  that  which  is 
commonly  given,  and  which  involves  no  calculation ;  but  the  com- 
mon proof  appears  to  him  unsatisfactory,  for  it  only  shews  that  the 
solutions  obtained  do  satisfy  the  conditions  of  the  problem,  but  not 
that  they  are  the  only  possible  solutions. 

Suppose  then  that  /   Udx  is  to  be  a   maximum  while  I    Vdx 

J  a  J  a 

rb 
remains    constant;   then  we   know   that   the   variation  8  I    Vdx 

must  be  zero  whenever  the  variation  8  I  Vdx  is  zero.  Sup- 
pose for  simplicity  that  the  terms  outside  the  integral  signs  in 
the    ordinary   expressions    for    these   variations    vanish.     Then 

I  oDudx  must  vanish  whenever  /  a>t>  dx  vanishes,  where  u  and  v 

J  a  J  a 

are  certain  functions  derived  in  the  well-known  manner  firom  CTand 
F  respectively,  and  co  admits  of  all  values. 

Now  it  is  obvious  that  we  can  satisfy  this  condition  by  putting 
u=cv,  where  c  is  a  constant ;  for  then  the  two  integrals  have  a 
constant  ratio  whatever  u  may  be,  and  therefore  they  vanish 
simultaneously.  But  we  wish  to  prove  that  this  relation  u  =  ct;  is 
not  only  suflScient  but  necessary. 

Suppose  then  that  -  is  not  a  constant,  and  let  -  ^f{x) ;  then 
we  shall  shew  that  there  cannot  be  a  maximum.  For  we  shall 
shew  that  it  is  possible  to  take  a>  such  tliat  j  wvdx  vanishes  while 


/, 
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b 

^vf{x)  dx  does  not  vaniBh.    For  we  may  suppose  that  ct>  is  zero 


for  all  values  of  x  except  when  x  lies  between  \  and  A,  or  between 
Aj  and  h^ ;  then  we  can  take  to  such  that 


I    ft)w  fife  +  I 


For  we  can  suppose  that  h^^\  is  so  small  that  the  sign  of  v 
does  not  change  while  a:  lies  between  h^  and  A,:  and  also  that  A^— A, 
is  so  small  that  the  sign  of  v  does  not  change  while  x  lies  between 
A,  and  A^ ;  then  we  can  make  to  have  an  unchangeable  sign  during 
each  interval,  and  choose  the  same  sign  or  contrary  signs  for  the 
two  intervals  according  as  v  has  contrary  signs  or  the  same  sign. 
By  properly  choosing  A^,  A,,  A,,  andA^  we  can  ensure  that /(a?)  does 
not  change  sign  while  x  lies  between  A^  and  A,  or  between  A,  and  A^, 
and  that  the  value  of  f(x)  throughout  one  of  these  intervals  is 
always  greater  than  throughout  the  other.     Thus 


\    (ovf{x)  dx  +  /    mvf(x)  dx 


will  not  be  zero  when  the  values  of  to  are  adopted  which  we  have 
supposed  used  to  make 

I    (ovdX'\'\    mvdx 
J  hi  JAb 

zero.     Thus  there  is  not  a  maximum. 

Therefore  there  cannot  be  a  relative  maximum  or  minimum 
unless  -  is  constant. 

V 

Bertrand  then  considers  the  case  in  which  the  terms  outside  the 
integral  sign  in  the  two  original  variations  do  not  vanish.  It  is 
however  unnecessary  to  notice  this  part  of  his  article ;  for  what  has 
been  already  given  shews  that  there  cannot  be  a  solution  at  all  of 

the  problem  proposed  unless  -  is  constant,  and  the  ordinary 
method  shews,  as  Bertrand  himself  admits,  that  we  can  get  a  solu- 
tion by  supposing  -  constant. 
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313.  Bertrand.  Liouville*s  Mathematical  Jaumalj  VoL  7, 
pages  212— 214,  1842. 

This  article  is  entitled  Note  an  a  Theorem  in  Mechanics,  The 
following  theorem  is  proved;  let  there  be  two  corves  with  their 
concavities  downwards  and  terminated  at  the  same  extremities; 
then  a  particle  moving  under  the  action  of  gravity  will  take  a 
longer  time  to  describe  the  upper  curve  than  the  lower  curve, 
the  initial  velocity  being  supposed  the  same  in  the  two  cases. 

Take  the  axis  of  y  vertically  downwards,  and  the  origin  so  that 
'/2gy  may  be  the  velocity  when  the  ordinate  of  the  particle  is  y. 
Then  the  time  t  of  describing  the  arc  is  determined  by  the  equation 

Now  from  the   usual  expression  for  St   we  shall  obtain   by  re- 
duction 


•''.y*(i 


+  y'«)»2y 


Now  y"  is  positive  because  the  concavity  of  the  curve  is  sup- 
posed downwards ;  and  since  we  pass  from  the  upper  curve  to  the 
lower  by  assigning  a  positive  value  to  Sy,  it  follows  that  in  pass- 
ing from  the  upper  curve  to  the  lower  St  is  negative.  Thus  the 
time  of  motion  is  diminished  in  passing  from  one  curve  to  another 
which  is  infinitesimally  lower;  and  therefore  h fortiori  the  time  of 
motion  is  diminished  in  passing  from  one  curve  to  another  which 
is  at  a  finite  distance  below  the  first,  provided  the  passage  can  be 
effected  through  a  series  of  curves  indefinitely  close  to  each  other 
all  having  their  concavities  downwards,  that  is,  provided  the  two 
extreme  curves  themselves  both  have  their  concavities  downwards. 

Bertrand  uses  the  same  method  to  shew  that  a  convex  arc  is 
shorter  than  another  which  encloses  it ;  and  he  intimates  that  the 
same  method  may  be  applied  to  shew  that  the  area  of  a  convex 
surface  is  smaller  than  the  area  of  another  which  has  the  same 
boundary  and  which  encloses  the  first. 

314.  Delaunay.  LioumUe^s  Mathematical  Journal^  Vol.  8, 
pages  241—244,  1843.     . 
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This  article  is  entitled  Note  on  the  line  of  given  length  which 
includes  a  maximum  area  on  a  surface.  The  area  is  supposed  to 
be  bounded  on  three  sides  bj  curves  which  project  on  the  plane  of 
(x^  y)  into  straight  lines,  two  of  them  parallel  to  the  axis  of  y  and 
the  other  parallel  to  the  axis  of  x ;  the  fourth  boundary  of  the  area 
is  supposed  to  be  the  curve  required,  which  is  to  have  a  given 
length  and  to  include  with  the  other  boundaries  a  maximum  area. 

The  integral  to  be  a  maximum  is  therefore  I  dx  j    rfy  V(l+i>'+?*)> 

where  the  superior  limit  in  the  integration  relative  to  y  is  the 
ordinate  for  any  point  of  the  required  curve.  Moreover  the  length 
of  the  cmrve  is  supposed  given. 

Thus  the  problem  coincides  with  that  discussed  by  Minding 
and  others ;  see  Art.  307. 

315.  Bonnet.  Journal  de  VEcole  Polytechnique.  Cahier  32, 
pages  1 — 146,  1848. 

This  Memoir  is  entitled  On  the  general  theory  of  Surfaces. 
It  contains  many  interesting  results  with  respect  to  geodesic  lines, 
but  it  is  not  veiy  closely  connected  with  oiur  subject;  there  are 
however  three  points  which  may  be  noticed  here. 

(1)  On  pages  37 — 39  the  equation  to  the  geodesic  lines  on  any 
surface  is  obtained  by  means  of  the  Calculus  of  Variations. 

(2)  On  pages  44—46  the  problem  is  solved  by  means  of  the 
Calculus  of  Variations  which  had  been  considered  by  Minding  and 
Delaunay ;  see  Arts.  307  and  314. 

(3)  On  pages  134 — 136  is  a  note  relative  to  the  ruled  surface 
which  has  at  eveiy  point  its  principal  radii  of  curvature  equal  and 
of  opposite  signs.  It  is  stated  that  Meunier  was  the  first  person 
who  proved  that  the  hdlifotde  gauche  is  the  only  ruled  surface  which 
has  the  property  in  question.  Beference  is  made  to  solutions  by 
Legendre  and  Olivier ;  and  it  is  stated  that  other  solutions  have 
been  given  by  writers  in  Liouville's  Journal.  Bonnet  then  gives 
a  geometrical  proof  of  the  theorem  originally  established  by 
Meunier. 

Bonnet's  treatment  of  the  problems  (1)  and  (2)  by  the  Calculus 
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of  Variations  is  very  interesting,  but  it  is  too  closelj  connected 
with  the  notation  and  results  of  his  Memoir  to  be  extracted. 

316.  Homstein.  Disaertatto  de  Maximis  et  Minimis  ifUegra- 
Hum  muUiplicium  quam  pro  gradu  Doctoratus  in  ceUherrima  Vhi- 
versitate  JBonnensi  consequendo  elaboravit  aiicior  C.  Hornatein. 
Vienna,  1850. 

This  treatise  consists  of  26  quarto  pages.  No  reference  is  given 
to  preceding  writers,  but  the  treatise  is  obviously  constructed  under 
the  guidance  of  the  memoir  by  Cauchy  which  we  have  described 
in  Chapter  Yiii.  Homstein  adopts  that  modification  of  Cauchy*s 
notation  which  we  have  given  at  the  bottom  of  page  214. 

The  treatise  consists  essentially  of  two  investigations.  (1)  An 
investigation  of  the  variation  of  a  double  integral :  this  is  such  an 
investigation  as  we  have  given  in  Arts.  183  and  184.  Homstein 
gives  completely  the  terms  which  arise  firom  differential  coefficients 
up  to  the  second  order  inclusive,  and  indicates  some  of  the  terms 
which  arise  from  differential  coefficients  of  a  higher  order.  (2)  An 
investigation  of  the  variation  of  a  triple  integral ;  Homstein  gives 
completely  the  terms  which  arise  from  differential  coefficients  up  to 
the  second  order  inclusive.  This  is  similar  to  the  investigation 
which  we  have  given  in  Art.  195,  so  far  as  the  terms  arising  firom 
differential  coefficients  up  to  the  fiirst  order  inclusive. 

The  investigations  are  given  veiy  clearly,  and  the  complicated 
expressions  which  necessarily  occur  have  been  veiy  accurately 
printed. 

317.  Ostrogradsky.  Mimoire  sur  lea  Sqtmtiona  diffireniidlea 
relativea  au  prohUme  dea  laopirimMrea. 

This  Memoir  was  read  to  the  Academy  of  Sciences  at  St 
Petersburg,  on  November  29th,  1848,  and  was  published  in  1850, 
in  the  Memoirs  of  the  Academy.  The  volume  which  contains  the 
memoir  belongs  to  the  sixth  series ;  it  is  the  fourth  volume  of  the 
department  of  mathematical  and  physical  sciences,  and  the  sixth 
volume  of  the  combined  departments  of  mathematical,  physical,  and 
natural  sciences.  The  memoir  occupies  pages  385 — 517  of  the 
volume. 
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Suppose  F  to  be  a  function  of  an  independent  variable  t,  and  of 
the  variables  a?^,  a?,, ...  a?^,  which  are  supposed  to  be  functions  of  ty 
and  of  the  differential  coefficients  of  these  functions  with  respect  to 
t  Moreover  suppose  that  V  involves  differential  coefficients  of 
each  function  aj^,  a?,, ...  a?«  up  to  that  of  the  n*^  order  inclusive.    K 

I  Vdt  is   to   be  a  maximum  or  minimum  S  j  Vdt  must  be  zero. 

By  the  known  principles  of  the  Calculus  of  Variations  this  leads 
to  m  differential  equations  each  of  the  order  denoted  by  2n. 
Now  it  is  shewn  by  Ostrogradsky  that  these  differential  equations 
are  equivalent  to  a  certain  set  of  27nn  partial  differential  equations 
of  the  first  order.  The  object  of  the  first  part  of  Ostrogradsky's 
Memoir  is  thus  the  same  as  that  which  was  afterwards  considered 
by  Clebsch  in  the  first  part  of  his  second  Memoir ;  see  Art.  286. 

Ostrogradsky  then  enters  at  great  length  into  the  subject  of  the 
integration  of  the  equations  which  are  thus  obtained,  and  the 
consideration  of  some  remarkable  properties  connected  with  the 
equations. 

The  memoir  is  rather  difficult  and  not  very  correctly  printed. 
It  is  very  slightly  connected  with  the  Calculus  of  Variations ;  its 
proper  place  is  among  the  series  of  modem  researches  on  the 
equations  of  Dynamics,  and  on  the  theory  of  the  variation  of  the 
arbitrary  constants ;  to  these  subjects  Ostrogradsky  often  alludes. 

The  following  points  of  interest  may  be  noticed.  In  pages 
419 — 430  Ostrogradsky  makes  some  observations  on  that  part  of 
the  MScanique  Analytique  in  which  Lagrange  deduces  the  equa- 
tions of  motion  in  Dynamics  from  the  principle  of  Least  Action 
combined  with  the  principle  of  Vis  Viva,  Ostrogradsky  says  that 
Lagrange's  analysis  is  inexact  (page  424).  The  principle  on  which 
Ostrogradsky  founds  his  objection  is,  that  by  virtue  of  the  equation 
of  Vis  Viva  there  is  a  relation  between  certain  variations  which 
Lagrange  assumes  to  be  independent  (page  423).  The  part  of  the 
Mecanique  Analytique  to  which  Ostrogradsky  refers  is  that  on  page 
296  and  the  following  pages  of  the  first  volume;  in  one  place 
Ostrogradsky  refers  to  page  229,  which  must  be  a  misprint  for 
page  299. 
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In  pages  472—480  Ostrogndskj  applies  his  general  theoiy  to 
some  examples ;  these  are  of  great  use  as  illustrations  of  his  theoij. 
In  a  note  he  sajs  that  he  omits  other  iUostrations  becaose  he  has 
found  during  the  printing  of  his  memoir  that  it  was  possible  to 
generalise  and  simplify  these  applications^  and  also  that  the  general 
theoiy  could  be  simplified  and  receive  some  development ;  this  he 
promises  to  shew  in  a  future  memoir. 

On  page  512  Ostrogradskj  indicates  an  important  application 
of  a  formula  originallj  obtained  by  Poisson,  which  application 
Poisson  himself  appears  not  to  have  observed. 

318.  Schellbach.  CreOe's  Mathematical  Journal,  YoL  41, 
pages  293—363,  1851. 

This  Memoir  is  entitled  Problems  of  the  Calcubis  of  Variations. 
The  author  states  that  students  of  mathematics  often  find  the 
Calculus  of  Variations  a  difficult  subject ;  he  aocordinglj  considers 
some  problems  which  are  usually  treated  by  the  Calculus  of  Varia- 
tions and  solves  them  without  using  the  methods  of  that  Calculus. 
His  processes  resemble  those  which  were  used  by  the  early  writers 
who  solved  such  problems  before  the  Calculus  of  Variations  was 
reduced  to  a  system.  The  memoir  is  interesting  and  instructive, 
especially  for  a  student  who  is  examining  the  foundations  of  the 
subject. 

The  memoir  consists  of  35  sections;  we  will  indicate  briefly 
the  contents  of  these  sections,  and  then  give  some  specimens  of  the 
investigations. 

(1)  The  ordinary  formulae  for  solving  problems  of  maxima 
and  minima  are  quoted  from  the  Differential  Calculus.  (2)  A  curve 
of  given  length  is  to  be  drawn  between  two  fixed  points  so  as 
to  include  with  the  axis  of  x  and  the  bounding  ordinates  a 
minimum  area.  The  problem  is  solved  by  first  considering  the 
case  of  a  polygon,  forming  the  necessary  equations  by  (1),  and 
then  proceeding  to  the  limit.  (3),  (4),  (5)  contain  other  solutions  of 
the  problem  in  (2).  In  (6)  the  problem  is  modified  by  supposing 
that  the  ends  instead  of  being  fixed  are  to  lie  on  given  curves. 
(7)   The  problem  we  have  solved  in  Art.  99  after  Poisson.    (8)  To 


\  . 
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find  the  curve  which  joins  two  |^yen  points  and  by  revolution, 
round  an  axis  in  its  plane  generates  a  minimum  sur&ce.  (9)  To 
find  the  curve  which  by  revolution  round  an  axis  in  its  plane 
generates  a  maximum  or  minimum  volume,  the  ends  of  the  curve 
lying  on  given  curves.  (10)  A  general  discussion  which  amounts 
to  finding  the  usual  equation  for  a  maximum  or  minimum  in  any 
integral  expression  with  one  dependent  variable.  (11)  To  find  a 
curve  such  that  the  area  between  the  curve  and  its  evolute  may  be 
a  minimum.  (12)  The  solid  of  revolution  of  least  resistance.  (13), 
(14),  (15),  (16)  and  (19)  The  brachistochrone  and  allied  problems.: 
(17)  The  problem  discussed  by  Minding  and  others;  see  Art.  307. 
Schellbach  states  that  it .  has  been  discussed  by  another  mathe- 
matician besides  Minding  and  Delaunay,  but  he  does  not  give 
a  precise  reference.  (18)  A  curve  of  given  length  is  drawn  on  a 
given  surface ;  find  the  curve  so  that  the  volume  determined  by  the 
curve  and  its  orthogonal  projection  on  one  of  the  co-ordinate  planes 
may  be  a  maximum  or  minimum.  (20)  A  problem  which  we  shall 
.consider  presently;  see  Art.  320.  (21)  The  curve  which  has  its 
centre  of  gravity  at  a  maximum  depth.  (22)  The  curve  which 
bounds  an  area  having  its  centre  of  gravity  at  a  maximum  depth. 
Sections  (23) — (29)  contain  investigations  which  are  not  very  closely 
connected  with  the  Calculus  of  Variations ;  we  shall  recur  to  them 
again;  see  Art.  322.  (30)  To  find  a  surface  having  a  given 
boundary  and  a  minimum  area.  (31)  General  investigation  of  the 
maxima  and  minima  of  double  integrals.  (32)  General  investi- 
gation of  the  maxima  and  minima  of  triple  integrals.  (33)  and  (34) 
The  problem  which  Poisson  quotes  from  Euler,  and  the  problem 
which  Poisson  himself  considers;  see  Arts.  118 — 120.  (35)  The 
transformation  of  the  equations  of  motion  in  Dynamics  given  by 
Lagrange  in  the  MScantque  Analytique/  see  De  Morgan's  Differ" 
ential  and  Integral  Calculus^  page  520. 

319..  As  an  example  of  Schellbach's  solutions  we  will  take  the 
problem  of  determining  the  brachistochrone  when  a  particle  moves 
in  a  resisting  medium  under  the  action  of  gravity ;  see  section  (14) 
of  the  memoir. 

Instead  of  supposing  the  particle  to  describe  a  curve  we  will 
suppose  it  to  describe  a  polygon  of  n  sides,  each  side  being  ulti- 

23 
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mately  made  indefinitelj  smalL  Take  the  axis  of  x  horizontal^ 
and  fliat  of  y  yerticallj  upwards.  Let  x^^y^  be  the  co-ordinates 
of  the  initial  point ;  x^,y^  the  co-ordinates  of  the  beginning  of  the 
second  side  of  the  polygon;  x^^  y,  the  co-ordinates  of  the  begin- 
ning of  the  third  side  of  the  polygon ;  and  so  on.  Let  hs^  be  the 
length  of  the  first  side  of  the  polygon,  v^  the  velocity,  supposed 
uniform,  with  which  it  is  described ;  let  hs^  be  the  length  of  the 
second  side  of  the  polygon,  v^  the  velocity,  supposed  uniform, 
with  which  it  is  described ;  and  so  on.  Then  the  whole  time  of 
motion  is 

V.      v^      r,  r^i 

We  have  then  to  make  this  time  of  motion  a  minimum. . 

We  must  first  however  determine  the  connexion  between  the 
velocity  at  any  point  and  the  co-ordinates  of  that  point,  by  me- 
chanical principles.  Suppose  a  particle  to  be  moving  on  a  curve  ; 
let  p  denote  the  reaction  of  the  curve,  gw  the  resistance  where  w  is 
any  function  of  the  velocity ;  then  the  equations  of  motion  are 

d*x        dy  dx       d*y  dx  dy 

Eliminate  p  from  these  equations ;  thus 

dif^  —  ^gdy  —  2gtc  da. 
Assume  t^  =-  2ffu,  so  that 

du-hdy  +  wda^O (1), 

Now  let  us  return  to  the  supposition  that  the  motion  is  to  take 
place  on  a  polygon  and  not  on  a  curve ;  then  from  the  equation 
last  written  we  obtain  the  following  n  equations. 


(2). 


The  expression  to  be  made  a  minimum  is 

+4^+ + 


&*.&,.  .    &ii-i 


Vt*o    Vt*i  V«*«-i 
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which  we  shall  denote  by  T,   Then  we  may  consider  T  as  a  function 

of  2n  unknown  quantities,  namely  x^,  y^,  x^,  y^, ,  a?^^,  y^^, 

and  we  must  determine  the  values  of  these  quantities  so  that  T  may 
be  a  minimum.  Now  by  the  ordinary  principles  of  the  Differential 
Calcidus  we  may  use  the  method  of  indeterminate  multipliers  in 
order  to  take  account  of  the  conditions  expressed  by  the  equations 
(2).  So  that  we  may  consider  we  have  to  find  the  minimum  value 
oiT+tKrM,,  where 

\  is  a  constant,  and  the  summation  indicated  by  ^  extends  firom 
r  =  0  to  r=n— 1  both  inclusive.  We  shall  now  differentiate 
jT-f  S\.3/^  with  respect  to  each  variable,  and  equate  each  differ- 
ential coeflScient  to  zero.  Let  us  take  for  example  the  variables 
x^  and  y/y  each  of  these  occurs  in  hs^  and  in  &^_j ;  for 

and  (&,)'  =  (a?,^i  -  a?,)'  +  (y,^^  -  yr) " ; 

moreover  y^  occurs  explicitly  in  M^  and  in  Jtf^_j.  Thus  by  differ- 
entiating with  respect  to  x^  we  get 

I      ix^ .        1     ix^  ,  -  ixr.      -s.        ^r     f^ 

where  Bx^^^  is  .put  for  x^  —  x^^^  and  Bx^  for  x^^^  —  x^. 
The  above  equation  may  be  written 

therefore  by  proceeding  to  the  limit  and  integrating  we  obtain 

1    Jaj  ,  .      dx  .«x 

v^^+'''"^='» (^^' 

where  a  is  a  constant.    Here  we  have  dropped  the  suflSx  r  —  1,  that 

is,  we  use  w,  w,  X,  -,-  ,  as  representing  any  one  of  the  corresponding 

quantities  with  its  appropriate  suffix. 

23—2 
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In  the  same  manner  bj  differentiating  with  respect  to  y^  we 
obtain 

this  equation  maj  be  written 

therefore  bj  proceeding  to  the  limit  and  integrating  we  obtain 

-^|^.„|^x-» w. 

where  5  is  a  constant 

Equations  (3)  and  (4)  are  the  differential  equations  of  the 
problem ;  they  agree  with  the  results  obtained  by  the  ordinary 
methods ;  see  for  example  Mr  Jellett's  treatise,  pages  298 — 300. 

From  (3)  and  (4)  eliminate  X;  then  with  the  help  of  (1)  we 
shall  obtain 


du 

As  tr  is  supposed  a  given  function  of  u  we  obtain  from  these 
two  equations  x  and  y  as  functions  of  an  auxiliaiy  variable  u, 

320.  In  Schellbach's  twentieth  section  the  following  problem 
is  proposed.  The  ends  of  a  string  of  length  I  are  fastened  at  the 
points  A  and  B ;  the  ends  of  a  string  of  length  X  are  fastened  at  the 
points  A  and  S.  The  four  points  -4,  J9,  A\  B'  are  not  supposed 
to  be  all  in  the  same  plane.  A  straight  line  passes  from  the 
position  AB  to  the  position  AB'  so  that  it  moves  over  the  threads 
I  and  X  in  the  same  time  with  uniform  velocitj,  and  thus  describes 
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a  developable  surface.    Bequired  to   determine  the  forms  of  the 
strings  so  that  this  surface  may  be  a  maximum  or  a  minimum. 

This  problem  requires  some  observations. 

It  is  no  doubt  meant  that  the  straight  line  is  to  pass  from  the 
position  AA'  to  the  position  BB\  and  not,  as  it  is  stated  above,  from 
the  position  AB  to  the  position  A'B\ 

The  meaning  of  the  problem  is  best  understood  by  examining 
the  process  of  solution  which  the  author  adopts.  Let  P,  Q  denote 
adjacent  points  of  one  of  the  strings,  and  P*,  Q  corresponding 
adjacent  points  of  the  other  string.  .  Let  a  generating  line  be 
drawn  from  P  to  P' ;  let  the  end  at  P  be  supposed  fixed,  and  let  the 
line  turn  round  this  end  remaining  always  in  contact  with  PQ  \ 
thus  an  indefinitely  small  conical  element  is  generated.  Next  let 
the  end  of  the  line  at  ^  be  supposed  fixed,  and  let  the  line  turn 
about  this  end  remaining  always  in  contact  with  PQ ;  thus  another 
indefinitely  small  conical  element  is  generated.  Now  it  is  the  sum 
of  all  these  pairs  of  elements  which  the  author  proposes  to  make  a 
maximum  or  minimum.  These  elements  do  not  form  a  continuous 
developable  surface  in  the  ordinary  meaning  of  such  a  term ;  for 
that  would  require  that  the  following  three  lines  should  be  in  one 
plane,  the  line  PQ,  the  tangent  to  the  guiding  curve  at  P,  and  the 
tangent  to  the  guiding  curve  at  Q,  and  there  is  nothing  in  Schell- 
bach's  solution  to  secure  this.  Moreover  there  is  nothing  in  the 
solution  corresponding  to  the  condition  of  moving  with  uniform 
velocity  over  the  two  curves,  which  occurs  in  the  statement  of  the 
problem ;  the  connexion  between  the  lengths  of  the  two  curves 
described  by  the  moving  line  in  passing  from  its  initial  position  to 
any  other  position  is  in  fact  one  of  the  things  sought  in  the 
solution. 

Let  a;,  y,  i?  be  the  co-ordinates  of  one  end  of  the  moving  line,  a 
the  length  of  the  portion  of  the  string  which  has  been  described ; 
let  ^,17,  (Tbe  the  co-ordinates  of  the  other  end  of  the  moving  line,  <r 
the  length  of  the  curve  which  has  been  described.  Let  r  denote 
the  distance  of  (a;,  y,  z)  from  (^,  17,  (f) ;  if  the  first  end  of  the  line 
moves  over  an  arc  eb  while  the  other  end  remains  fixed,  the  aiea 
of  the  element  of  sur&ce  generated  will  be  ultimately 
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\'^'W^-i^''' 


similarly  if  the  second  end  of  the  line  move  over  an  arc  dcr  while 
the  first  end  remains  fixed,  the  area  of  the  element  of  surface 
generated  will  be  ultimately 


r^'"\/^-^£}' 


Thus  since  the  lengths  of  the  guiding  curves  are  to  be  constant, 
we  have,  by  the  usual  considerations,  to  find  the  maximum  or 
minimum  of 

where  m  and  /a  are    constants.      Schellbach  then  expresses    r, 

-?- ,  -J-  jda  and  d<r  in  terms  of  x.  y,  «,  f ,  »7,  f  ft^d  their  difierentials ; 
da     dcr 

then  by  equating  the  coeflScients  of  the  variations  to  zero  in  the 

usual  way  he  obtains  equations  for  determining  the  required  curves. 

The  equations  he  obtains  are  susceptible  of  integration  to  a  certain 

extent,  but  the  problem  cannot  be  completely  solved. 

Schellbach  next  considers  a  modification  of  the  problem ;  he 
supposes  that  one  of  the  curves  is  replaced  by  a  straight  line  of 
given  length  and  position,  and  that  the  other  curve  is  to  be  deter- 
mined so  as  to  make  the  area  a  maximum  or  minimum.  The  solu- 
tion of  the  problem  in  this  form  can  be  carried  a  little  further  than 
the  solution  of  the  original  problem. 

321.  In  his  twenty-first  section  Schellbach  suggests  a  problem 
which  it  will  be  instructive  to  examine. 

A  CB  is  a  string  of  given  length  which  is  fastened  at  A  and  B ; 
see  figure  9 ;  A'  C'B'  is  another  string  of  given  length  fastened  at  A' 
and  B';  GDC  is  another  string  of  given  length,  the  ends  of  which 
are  constrained  to  lie  on  the  former  strings.  Each  string  is  supposed 
xmiform,  but  the  weight  of  a  unit  of  length  is  not  necessarily  the  same 
for  all  the  strings.  Required  the  forms  of  the  curves  in  order  that 
the  centre  of  gravity  of  the  system  may  be  at  a  maximum  depth. 
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We  know  from  Statics  that  the  curves  will  all  be  portions  of 
catenaries ;  and  from  Statics  we  can  obtain  certain  equations  for 
determining  the  constants  involved  in  the  equations  to  the  catenaries. 
But  the  point  of  interest  is  to  deduce  these  equations  by  means  of 
the  Calculus  of  Variations. 

Take  the  axis  of  y  vertically  downwards,  and  put^  for  ^- .   Let 

t£>j,  t^?g,  tTj  be  the  weights  of  a  unit  of  length  of  the  strings  AGB^ 
A'C'By  CDC  respectively.  Then  we  require  that  the  following 
expression  should  be  a  maximum, 

^1  jy  V(l  -i-i?*)  dx  +  wJy  V(l  +/)<*»  +  tojy  V(l  +jp")  dx, 

where  the  three  integrals  extend  r^pectively  over  all  the  elements 
of  the  three  curves.  And  the  length  of  each  curve  is  a  constant. 
Hence  the  following  expression  is  to  be  added  to  the  former, 

«i/v(i  +  p")  efo + a.|v(i +i?')  ^ + «»/V(l +i?")  ^ ; 

and  the  whole  made  a  maximum,  a^y  a^,  a,  being  constants,  and  the 
three  integrals  extending  over  all  the  elements  of  the  three  curves 
respectively. 

We  then  make  the  variation  of  the  whole  vanish.  This  varia- 
tion consists  as  usual  of  terms  under  the  integral  signs  and  terms 
outside  the  integral  signs. 

The  terms  under  the  integral  signs  vanish  if  we  suppose  equa- 
tions to  hold  of  which  the  type  is 

iuy  +  a)  V(l  +i>')  =  ^^i^^  +  constant, 

that  is, 

,.f  . — Jr  =  constant. 
V(l  +p) 

In  this  equation  w  and  a  are  to  have  the  specific  value  belonging 
to  the  specific  arc  we  are  considering ;  the  constant  is  not  necessarily 
the  same  throughout,  but  will  generally  have  five  different  values 
corresponding  to  the  five  arcs, 

AG,     CB,    A'C\     C'B",    CBO'. 
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The  general  relation  just  obtained  shews  that  each  of  these  five  arcs 
is  a  portion  of  a  catenary. 

Now  consider  the  terms  outside  the  integral  signs.  We  adopt 
the  usual  supposition  that  both  x  and  y  vary,  and  we  denote  by 
ix^  and  hy^  the  variations  of  the  point  G.  Then  hx^  and  hy^  will 
occur  in  three  ways,  arising  from  the  three  curves  which  meet  at  C. 
The  complete  term  involving  Sy,  will  be 

h,,{L^M--N), 

where  Z,  if,  N  are  respectively  the  values  at  the  point  C  of  the 

expression  of  which  the  type  is     u*  ,    «\  >  obtained  from  the  curves 

ACy  CBy  CD  respectively. 
Thus  the  equation  • 

agrees  with  what  we  should  obtain  from  the  statical  principle  of 
equating  the  sum  of  the  vertical  tensions  at  C  of  the  two  upper 
curves  to  the  vertical  tension  of  the  lower ;  for  the  value  of  ^  found 
from  the  curve  BC  at  C  is  negative. 

Similarly  by  equating  to  zero  the  coefficient  of  Sx^  we  shall 
obtain  an  equation  coincident  with  that  which  we  should  obtain 
from  the  statical  principle  of  equating  the  sum  of  the  horizontal 
tensions  of  the  curves  BG  and  GD  at  (7  to  the  horizontal  tension 
of  the  curve  GA. 

We  have  theoretically  enough  equations  to  determine  the  con- 
stants. For  we  have  five  constants  from  the  general  relation  which 
we  have  found  above  when  it  is  applied  to  the  five  arcs,  and  five 
more  constants  would  be  introduced  by  integrating  that  general 
relation;  we  have  also  the  three  constants  a^,  a^,  a,;  thus  there  are 
thirteen  constants  on  the  whole.  Now  we  have  found  two  equa- 
tions among  the  constants  from  the  conditions  which  subsist  at  C7, 
and  similarly  we  should  obtain  two  more  equations  from  the  con- 
ditions which  subsist  at  C;  the  four  fixed  points  Ay  B,  A\  ^, 
furnish  four  equations;  the  known  lengths  of  the  curves  ftimish 
three  equations;  the  fact  that  three  arcs  intersect  at  G  frimishes 
one  equation,  and  the  fact  that  three  arcs  intersect  at  G'  frimishes 
one  equation.    Thus  on  the  whole  we  have  thirteen  equations. 
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322.  From  page  336  to  page  347  of  Schellbach's  memoir  is 
occupied  with  the  inyestigation  of  some  simple  maxima  and  minima 
problems  in  mechanics  and  optics ;  this  part  of  the  memoir  is 
interesting,  though  very  slightly  connected  with  the  Calculus  of 
Variations.  The  following  example  may  be  taken  as  a  specimen 
of  these  investigations.  Suppose  we  require  the  form  of  a  solid  of 
revolution  of  given  mass  which  shall  exert  the  greatest  attraction 
in  a  given  direction  on  a  given  particle,  the  attraction  varying  as 
any  inverse  power  of  the  distance. 

Take  the  given  particle  as  the  origin  and  the  given  direction 
as  the  line  from  which  to  measure  angular  distance ;  let  r,  d  be  the 
polar  co-ordinates  of  any  point  in  a  fixed  plane  passing  through 
the  given  direction.  Then  if  the  attraction  vary  as  the  n^  power 
of  the  distance  the  attraction  of  an  element  whose  co-ordinates  are 
r  and  0  may  be  denoted  by  /Ltr";  and  the  resolved  part  of  this  at- 
traction in  the  given  direction  will  be  /Ltr*  cos  0,    Hence  the  equation 

/Ltr*  cos  ^  =  constant 

represents  a  curve  such  that  a  given  element  placed  at  any  point 
of  it  will  exert  the  same  attraction  on  the  given  particle.  Hence 
this  equation  represents  the  curve  which  by  revolving  round  the 
fixed  direction  will  generate  the  required  solid  of  maximum 
attraction,  the  constant  being  determined  so  as  to  give  to  the 
solid  the  prescribed  volume.  It  is  obvious  that  such  is  the  case 
because  the  surface  we  thus  obtain  separates  space  into  two  parts, 
and  any  particle  outside  the  surface  exercises  a  less  attraction  than 
it  would  if  placed  within  the  surface,  n  being  supposed  negative. 

The  result  we  thus  obtain  may  of  course  also  be  obtained  by  the 
ordinary  methods  of  the  Calculus  of  Variations. 

323.  In  pages  357 — 360  of  the  memoir  we  have  an  interesting 
application  of  the  Calculus  of  Variations  which  Schellbach  states 
that  he  has  taken  from  a  memoir  by  Jacobi  in  the  36th  volume  of 
Crelle's  Mathematical  Journal.  We  will  explain  this  application 
rather  more  folly  than  Schellbach  does. 

Suppose  in  the  triple  integral  1 1 1  Odxdydz  that  ^  is  a  function 

/.  dv     dv     dv       -,  •        j»      j.»        i^  XT 

01  X,  y,  Zf  V,  --T-  ,  -J-  ,  -r;  where  t?  is  a  mnction  of  a;,  y,  z.    riow 
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suppose  that  x,  y,  z  are  expressed  in  terms  of  new  variables  \  fJi',  v 
by  means  of  the  equations 

then  V  becomes  a  function  of  \,  /lc,  i/,  which  we  shall  denote  by  0, 

and  O  becomes  a  function  oiX,  fi,  v^  -^,  ^  ,   ~  ,  which  we  shall 

denote  by  F.  Then  by  the  known  theory  of  the  transformation  of 
multiple  integrals  we  obtain 

(jJ0dxdtfdz=^lllTUd\dfMdv  (1), 

where  11  is  a  known  expression  which  involves  the  differential 
coe£Scients  of  x,  y,  z  with  respect  to  \,  fi,  v,  so  that  11  is  in  fact  a 
known  function  of  \,  fi,  v.  Now  take  the  variations  of  both  mem- 
bers of  this  equation ;  these  variations  will  be  equal,  and  the  unin- 
tegrated  portions  will  be  separately  equal.  Thus  we  obtain  the 
result 

j  1 1 Q Sv dx dy  dz  =^  1 1 JB B^ dXd/judv, 

where  Q  is  an  expression  derived  in  the  well  known  way  from  G^ 
and  It  is  similarly  derived  from  m.  Now  change  the  variables 
in  the  integral  on  the  left-hand  side  of  the  equation ;  thus 

jjjQnSvdXdfMdv^jjjBS^dXdfidv. 

Now  Si?  is  the  same  thing  as  S<^,  and  is  perfectly  arbitrary,  so 
that  we  obtain  from  the  last  equation 

This  equation  written  at  full  becomes 

\dG     d  /  dG\  ^d^f  dG 

'  dy 


(2). 
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This  transformation  will  sometimes  be  of  use ;  and  it  is  obvious 
that  we  might  proceed  in  a  similar  way  with  a  multiple  integral  of 
any  order  as  we  have  proceeded  with  a  triple  integral ;  or  we  might 
suppose  differential  coefficients  of  a  higher  order  than  the  first  to 
occur  in  O. 

For  an  example  we  will  apply  the  formula  to  the  transformation 
01  the  expression  ^-j  +  jt  +  -r-^  . 

X  ='\  cos  fly    y  =  \  sin  /Lt  cos  i/,    i?  =  X  sin  /Lt  sin  i/. 

Then,  using  v  instead  of  its  equivalent  0,  we  have 

dv  _  dv  dx     dv  dy      dv  dz 
d\     dx  dK     dy  dK      dz  d\ 

dv  dv   .  dv    ,         , 

=  -7-  cos  /Lt  4-  -7-  sm  /Lt  cos  J/  +  -T-  sm  /Lt  sm  y, 

dv      dv  dx     dv  dy     dv  dz 
dfju     dx  dfM     dy  dfi     dz  dfj, 

dv  ^    .  dv  dv 

=  —  -J-  \  sm  /Lt  4-  -^  \  cos  /Lt  cos  v  +  ^  X  cos  /Lt  sm  i/, 

dv  _^dv  dx     dv  dy     dv  dz 
dv     dx  dv     dy  dv     dz  dv 


dv  ^    .         .        ,  dv  ^    . 
—  -T-  X  sm  /Lt  sm  J/  +  -T-  X  sm  /A  cos  v. 


Thus  we  obtain 


f^\\  i   /M'  1  /'^V-   f^\*M  f^*^  f^\* 

\d\)  ^  X«  [dfjuj  "*■  X^sinV  \dp)  "  [dxj  ■*"  [dyj  ■*"  \dz}  ' 
And  in  the  present  example  IT  =  X'sin/Lt;  thus  we  obtain  from  (I) 

-///{©'+^(t)'+)?^(s)V™'"^'*'*- 
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Then  from  the  general  formula  (2)  after  division  by  X*  sin  ii  we 
obtain 

d*v     cPv     d\ 

""  V  sin  /Lt  \dX  \  d\)     dfi\      ^  dfi)     dv\ByXL  fi  dvj) 

_  j_^  /  ,^\     _J__^  /  .        dv\  1        d'v 

'~\* dX\     dxj     X*  sin  fidfi\      ^  rf/x/      \* sin*/Lt  rfi/' 

^  1  rf'  (Xv)  1        rf  /  .        rft?\  1       d% 

X    rfX'        X'sin  fidfi\  dfij     X*  sin*  /Lt  rfi^ ' 

Thus  we  obtain  the  well-known  transformation  first  given  by 
Laplace. 

d^z     d^z 
As  another  example  let  it  be  proposed  to  transform  -^  +  -tj 

into   an  expression   involving  r  and  0,  where  x=^r  cos  0  and 
y  =  r  sin  ^. 

TT  dz     dz  dx  ,  dz  dy  ^dz       •    /%  dz 

Here      :r=:7-3-  +  :r^  =  cos5-5-+sin^j-, 
dr     ax  dr     dy  dr  dx  dy 

dz     dz  dm     dz  dy  •    /%dz  ^dz 

Therefore  as  in  (1) 

//{(i)^(i)]<^*-//0-p®}'*^- 

Then  as  in  (2)  we  obtain 

d^z     d'z^lid  (   &\  .  ^/l^U..^  .  1^  ,  1^ 
d^'^d^^7\dr\  dr)'^d0\rd0)]''d^'^rdr^?d0'' 

Thus,  as  Schellbach  observes,    the  transformation    used  by 
Foisson  can  be  readily  effected.    See  Art.  119. 


SPITZEIL  365 

324.  Spitzer.  Granert's  Archiv  der  Maihematik  und  PhyaUc^ 
Vol.  23,  pages  125,  126.     1854. 

This  article  is  entitled  Note  on  the  shortest  lines  on  curved 
surfaces* 

When  a  curved  surface  can  be  divided  by  a  plane  into  two 
symmetrical  portions  the  intersection  of  the  plane  and  surface,-  when 
an  intersection  exists,  is  in  general  a  line  of  minimum  length  on  the 
surface. 

The  proof  is  very  simple.  Suppose  in  fact  that  the  equation 
to  such  a  surface,  which  is  divided  symmetrically  by  the  plane 
of  xz^  is 

z  =  Fix,  jf). 

For  a  minimum  line  on  the  surface  we  must  have  the  integral 
a  minimum.    Put  then  dz  =  pdx  +  jrfy,  so  that 


s  =  I  V{^  +  ^^  +  {pdx  +  qdyY] 

then  the  condition  for  a  maximum  or  minimum  is 

dy  "L  dy'  J-**' 

this  gives 

V{i+/+fp+j?yrl     Lvii+y'+Cp+ayTU"  ' 

this  may  be  reduced  to 

[y" + ?  (p + gy'n  V{i  +  y"  +  (j»  +  gyy] 
-  [y  +  (f  +  2y')j]  [V{i  +  y- + (j> + gyrW' . 

This  equation  is  satisfied  when  y^O;  for  if  y  »0|  so  are  also 
y'-0,y'  =  0,  and^sO. 
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As  a  sphere  is  divided  symmetrically  by  any  plane  which 
passes  through  its  centre,  any  great  circle  of  a  sphere  is  a  line  of 
maximum  or  minimum  length. 

325.  Heine.  Crelle's  Mathematical  Journal^  Vol.  54,  page 
888.     1857. 

This  article  is  entitled  Lagrange's  Theorem.  It  consists  of 
a  proof  of  Lagrange's  Theorem  by  the  method  previously  used 
by  the  author  for  establishing  Jacobi's  Theorems;  see  Articles 
296,  297. 

Let  y-^M^x (1); 

let  ylr{x)  =z  denote  any  function  oi  x,  and  denote  the  differential 
coefficients  of  z  with  respect  to  x  by  «',  «", 

Then 

t  {^ - hf{x)]  ^z^\ zj{x)  +  ^ z'' {/(a.))'- 


.  •  •  .  .  a 


If  then  ^{x)  be  any  function  of  x  whatever, 

(2). 

Put  y  for  X  on  the  left-hand  side  of  (2) ;  then  it  becomes 

j^0(y)'^{y-*/(y)}^y» 

and  therefore  by  (1), 

j^4>(i/)zdtf, 
and  therefore 

where  o^  =  a  —  hf{a),    fi^h'-hf{b). 

If  A  be  small  enough,  at  least  a  portion  of  the  interval  between 
a  and  b  will  coincide  with  a  portion  of  the  interval  between  a  and  /8. 
Let  z  be  so  varied  that  within  this  common  interval  &  may  have 
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any  arbitrary  value  and  be  zero  beyond  it.  The  yariation  of  the 
right-hand  member  of  (2)  will  consist  of  terms  free  from  the  integral 
sign  together  with 

JB  Sz  dXf 


I. 


where 


^'^  ^      1  dx  1.2  daf 


And  since  we  must  have  within  the  common  interval 


JBSzdx  =  jSz^<f>{ff)dx, 


therefore  j^  0  (y)  =  •^« 

This  is  in  effect  Lagrange's  Theorem. 

326.  Giesel.  OescMchte  der  Variationarechnung.  JEtnladung" 
achrift  zu  der  Feier  des  Schroderscken  Sltfta-Actua  im  Gt/mnastum 
zu  Torgau  am  5  Aprils  1857.     Torgau,  1857. 

This  is  the  first  part  of  a  History  of  the  Calculus  of  Variations. 
It  occupies  45  quarto  pages,  and  details  the  history  of  the  sub- 
ject from  its  origin  until  the  publication  of  Lagrange's  memoir  in 
the  Miscellanea  Taurinenaia  in  1762.  It  is  a  valuable  work,  and 
contains  numerous  quotations  and  exact  references  to  the  original 
sources.  It  resembles  in  some  degree  the  well-known  work  of 
Woodhouse,  but  it  is  less  didactic  and  more  purely  historical. 

There  is  a  brief  notice  of  this  treatise  by  SchliJmilch  in  the 
Zeitschriji  filr  Maihematik  und  Fhyaih^  1857,  Ltteraturzeitunffj 
page  60.     Schlomilch  commends  the  treatise  highly. 

327.  Ldffler.  On  the  Method  of  finding  the  greatest  and  least 
valties  of  undetermined  integral  eivpressions. 

This  article  is  printed  in  the  34th  volume  of  the  Sitzungsherichte 
of  the  Academy  of  Sciences  at  Vienna,  1859.  It  occupies  30  octavo 
pages.     The  article  consists  principally  of  remarks  on  the  brachi- 
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Btochrone  problem ;  the  remarks  appear  of  no  valae,  bat  seem  to 
indicate  that  the  writer  has  imperfectly  grasped  the  subject. 

328.  Lindeloef.  New  demonstration  of  a  fundamental  theorem 
of  the  Calculus  of  Variations, 

Thi^  article  was  published  in  the  Comptes  Bendus. .  .de  FAcadSmie 
des  Sciences.    Vol.  50,  1860,  pages  85—88. 

The  fundamental  theorem  referred  to  is  one  given  by  Ostro- 
gradskj,  which  was  also  proved  by  Cauchy;  see  Arts.  127  and 
190.  The  object  of  Lindeloef 's  article  is  to  establish  this  theorem 
by  the  method  used  by  Poisson,  in  the  case  of  two  independent 
variables :  see  Arts.  102  and  103.  We  will  give  a  translation  of 
Lindeloef 's  article. 

It  is  known  that  the  variation  of  an  integral  can  be  presented 
tmder  two  forms,  according  as  we  do  or  do  not  vary  the  inde- 
pendent variables  as  well  as  the  unknown  functions.  We  propose 
to  establish  the  first  form,  using  only  the  principles  of  the  difier- 
ential  calculus. 

We  adopt  the  method  which  Euler  introduced  into  the  calculus 
of  variations,  and  thus  regard  every  unknown  function  as  involving 
an  arbitrary  parameter  t,  and  the  variation  of  the  function  means 
its  diflferential  coeflScient  with  respect  to  this  parameter.  We  re- 
gard the  variables  a;,  y,  «;,...  t,  as  unknown  functions  of  other  inde- 
pendent variables  f,  17,  (T,  ...r,  and  of  the  parameter  t,  and  the 
variations  of  x,  y,  z, ...  t,  mean  their  differential  coefficients  with 
respect  to  the  parameter  i. 

Thus  any  unknown  function  u  of  the  variables  a:,  y,  «,  ...  t,  is 
susceptible  of  two  kinds  of  variations,  since  it  depends  upon  the 
parameter  i  directly  as  well  as  by  means  of  these  variables,  and  it 
is  advisable  to  distinguish  them  by  a  difference  of  notation.  The 
partial  differential  coefficient  of  u  with  respect  to  t  we  shall  call  the 
proper  variation  of  w,  and  we  shall  denote  it  by  Sm  ;  the  total  dif- 
ferential coefficient  of  u  with  respect  to  i  we  shall  call  the  total 
variation  of  u,  and  we  shall  denote  it  by  Du.  This  distinction 
does  not  exist  with  respect  to  the  variables  x^  y,  Zy ...  t,  and  we 
might  use  either  symbol  D  or  B  for  their  variations;  we  shall 
adopt  the  latter  symbol. 
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We  now  propose  to  investigate  the  variation  of  a  multiple 
integral 

when  the  limits  are  variable  but  continnons.  For  this  purpose  we 
first  replace  the  variables  a?,  y,  z, ... ,  by  others  f,  i;,  f, ... ,  which 
we  suppose  connected  with  the  first  by  the  differential  equations 

dx  =  a^rff  +  a^df)  +  a^d^+ . . .  +  a^dr^ 
dy  =  Jjrff  +  Jj(6;  H-  J/Z^f-f  ...  +  J^^t, 


dt=^\d^+h^i]  +  A8C?(r+  ...  +  Kdr. 
Denote  for  shortness  by  the  letter  T  the  determinant 

formed  from  the  coefficients  in  these  equations ;  then  the  integral 
may  be  transformed  into 


5'==jJ[...  VTd^dvd^... 


With  respect  to  the  limits  of  the  two  integrals,  if  the  first  is  to 
extend  over  all  the  values  of  x,  y,  z,... ,  which  render  a  certain 
function  L  negative,  the  second  should  extend  over  all  the  values 
of  f,  17,  (f, ...,  which  render  A  negative,  where  A  is  what  L  becomes 
by  the  change  of  the  variables. 

As  we  suppose  the  limits  of  the  proposed  integral  to  be  variable, 
L  is  a  function  of  x,yyZy...  the  form  of  which  changes  with  the  para* 
meter  t,  which  gives  rise  to  the  proper  variation  BL.  But  we  can 
dispose  of  the  arbitrary  functions  &c,  Sy,  S«, ...,  so  as  to  render  the 
total  variation  of  £  zero,  so  that 


BL  +  ^Sx  +  ^By  +  ^Jz  +  ...  +  ^Bt  =  0. 


24 
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Under  this   condition  the  limits  of  the  new  integral  8'  will 
not  change  with  i;  its  total  variation  will  therefore  be 

and  it  only  remains  to  develop  JJI.  We  observe  then  that  the 
partial  differential  coe£Scients  a,  &,  c,  ...,with  which  the  determi- 
nant T  is  made,  must  be  of  the  nature  of  the  preliminary  functions 
Xy  iff  z,,..  J  from  which  they  spring,  and  they  must  consequently  be 
regarded  as  ftinctions  of  f,  i;,  (f, ... ,  varying  with  the  parameter  t. 
We  have  therefore  immediately 

In  order  to  determine  the  sum  %  -^Sa,  we  introduce  n  auxiliary 
quantities  a^,  a,}  a,;  •••  a»,  by  the  equations 

OjOi  +  a,a, + a,ag  +  ...  +«««»=  1, 
^i^^i  +  ^A  +  ^8«»  +  •••  +  c»«*.  =  0, 


Solve  these  with  respect  to  a, ;  thus  we  obtain 

which  shews  that  the  product  a^T  does  not  involve  any  of  the  quan- 
tities a.    We  can  prove  the  same  thing  with  respect  to  the  products 

From  the  identical  equation 

T = ajOjT  +  a,a,T  +  a,a,T  +  . . .  +  o,a,T 
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we  obtain  immediately 

On  the  other  hand,  if  we  regard  Bx,  Sy^  Sz, ...,  as  immediate 
functions  of  a;,  y,  «, ... ,  we  shall  evidently  have 

^  dSx  .  ,  dSx  .       d&c  .         .  -  dSx 

^'"'^^-^ +  *'^+''>-^ +  •••+*' -^' 

^  dBx  .  ,  dBx  ,      dSa?  ,   ^i&r 

^  c7&c      ,   cZ&c         dSx  J  dSx 


^  dSx    •,   rf&c  .       effia;  .         .  ,   dBx 

oa^-a.-j—  +  b^  -J-  4-c.  -r- +  ...  +  A| 


do?        *  rfy        *  rf«  *  eft  * 


By  means  of  these  developments  the  sum 

dT  ^        ctT  ^        dT  ^  JT  ^ 

«»  dT  ^       dox  ffm 
reduces  to  2  3-  oa  =  -j-  T. 

da  ax 


A  similar  process  would  give 


and  so  on.    Hence  finally 

2>T  =  f— +  ^ +  —  +  ...  + —1  T. 
\dx      dy      dz      "*       dt) 

If  we  put  this  value  in  the  expression  i>/9and  restore  the  original 

24—2 
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variables  we  hare  definitelj  for  the  variation  of  the   proposed 
integral 

This  formula  is  due  to  M.  Ostrogradsky,  who  established  it 
by  the  infinitesimal  method ;  afterwards  M.  Cauchj  arrived  at  it 
hy  other  considerations.  As  to  the  demonstration  just  proposed, 
which  depends  essentially  on  a  change  of  variables,  it  is  right  to 
remark  that  the  same  expedient  had  been  already  employed  by 
Foisson,  when  he  investigated  the  variation  of  a  double  integral. 

[The  part  of  the  preceding  article  in  which  it  is  inferred  that 
the  limits  oi  8'  do  not  cha&ge  with  %  seems  difficult;  and  it 
might  with  advantage  be  replaced  by  the  method  of  Poisson  given 
in  Art.  86.] 
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SYSTEMATIC  TREATISES. 

329.  We  shall  now  give  an  account  of  the  works  which 
have  been  published  as  systematic  treatises  on  the  whole  subject. 
There  are  three  which  from  their  extent  and  importance  demand 
particular  notice ;  these  we  shall  describe  in  the  present  chapter. 
In  the  next  chapter  we  shall  take  the  remaining  works.  In  each 
chapter  we  shall  follow  the  chronological  order. 

330.  The  first  of  the  three  treatises  is  that  by  Dr  G.  W, 
Strauch.  Its  title  is  Theorie  und  Anwendung  de$  aogenantUen 
Variationscalcurs.    Zurich,  1849. 

This  work  consists  of  two  closely  printed  volumes  of  large 
octavo  size.  The  first  volume  contains  499  pages,  and  the  second 
788 ;  the  first  volume  also  contains  a  preface  of  32  pages. 

The  Preface  begins  with  a  sketch  of  the  histoiy  of  the  subject 
from  the  earliest  period  until  the  publication  of  Lagrange's  ThSorie 
des  Jbncttans  analytiquea  in  1797 ;  this  sketch  is  furnished  with 
references  to  the  original  memoirs.  The  remainder  of  the  pre&ce 
is  devoted  to  an  account  of  the  contents  of  the  work  and  an 
indication  of  the  points  in  which  the  author  believes  that  he  has 
improved  or  corrected  the  methods  of  his  predecessors.  Of  the 
writers  in  the  present  century,  Strauch  mentions  Lacroix,  Gergonne^ 
Dirksen,  Poisson,  Ohm,  and  Ostrogradsky.  It  is  remarkable 
however  that  he  takes  no  notice  of  Jacobi's  theorems,  nor  does 
he  refer  to  the  memoirs  of  Gauss,  Delaunay,  Sarrus,  and  Cauchy« 
which  we  have  described  in  preceding  chapter. 


374  8T8TEMATIC  TREATISES. 

331.  The  work  may  be  divided  into  four  parts.  The  first 
part  ocenpies  pages  1 — 356  of  the  first  Yolume ;  these  pages  con* 
tain  all  the  ordinary  theoretical  investigations  of  the  subject, 
exclusive  of  those  which  refer  to  double  or  multiple  integrals. 
The  second  part  occupies  the  remainder  of  the  first  volume,  and 
consists  of  the  solution  of  60  problems  of  maxima  and  minima, 
in  which  neither  integrals  nor  differential  coe£Scients  appear ;  these 
problems  are  in  fact  almost  entirely  examples  of  the  ordinary 
theory  of  maxima  and  minima  values  which  is  given  in  the 
Differential  Calculus.  The  third  part  occupies  pages  1 — 211  of  the 
second  volume,  and  consists  of  the  solution  of  93  problems  of  the 
maxima  and  minima  values  of  expressions  which  involve  dif- 
ferential coefficients  but  not  integrals;  these  problems  thus  re- 
semble that  which  we  have  given  in  Art.  3,  firom  Lagrange. 
The  fourth  part  occupies  pages  212 — 739  of  the  second  volume, 
and  consists  of  the  solution  of  135  problems  respecting  the  maxima 
and  minima  values  of  expressions  which  involve  single  or  double 
integrals.  The  remainder  of  the  second  volume  forms  a  supple- 
ment which  is  chiefly  devoted  to  the  theory  of  relative  maxima 
and  minima  values. 

332.  Strauch  may  be  considered  as  the  successor  of  Ohm, 
whose  methods  he  chiefly  follows.  The  most  valuable  part  of 
his  work  is  that  which  we  have  called  the  fourth  part.  The 
problems  there  given  are  discussed  with  great  fulness  and  clear- 
ness, and  the  terms  of  the  second  order  are  almost  always  com- 
pletely exhibited  in  order  to  discriminate  between  maxima  and 
minima  values.  Strauch  is  however  content  with  Legendre's  treat- 
ment of  the  terms  of  the  second  order,  that  is,  he  generally  as- 
sumes that  certain  differential  equations  can  be  solved,  and  that  the 
solutions  of  such  differential  equations  will  not  introduce  quan- 
tities that  can  become  infinite ;  see  Art.  5.  In  a  few  simple  cases 
however  Strauch  actually  solves  the  equations  which  are  analogous 
to  equation  (2)  of  Art.  5.  With  the  single  exception  of  the 
general  problem  of  the  shortest  line  on  any  surface,  all  the  great 
problems  of  the  Calculus  of  Variations  occur  in  Strauch's  collec- 
tion; and  although  he  has  not  given  the  shortest  line  on  any 
surface,  he  has  given  cases  of  the  shortest  line  on  specific  surfaces. 
The   problems    are  always  accompanied  by  excellent  historical 
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accounts  of  their  origin  and  progress.  On  the  whole,  although 
the  work  contains  much  that  is  superfluous,  and  much  that  is 
of  very  inferior  interest,  and  very  little  so  far  as  the  theory 
is  concerned  which  had  not  appeared  before,  yet  the  large  collec- 
tion of  carefully  solved  examples  which  it  contains,  recommends 
it  to  the  notice  of  every  student  of  the  Calculus  of  Variations. 
The  work  is  distinguished  for  remarkable  accuracy,  both  in  the 
investigations  and  in  the  printing. 

333.  We  proceed  to  give  a  more  detailed  account  of  the 
contents  of  these  volumes.     We  begin  with  the  first  volume. 

The  first  section  occupies  pages  1 — 8 ;  it  is  entitled  Propositions 
which  belong  to  the  Differential  Calculus.  These  pages  contain 
nothing  of  importance;  they  are  principally  explanatory  of  the 
notation  which  the  author  adopts  for  distinguishing  differential 
coefficients  formed  on  different  suppositions,  such  as  partial  and 
complete  differential  coefficients.  The  second  section  occupies 
pages  8 — 13;  it  is  entitled  Propositions  which  belong  to  the  Integral 
Calculus,  These  pages  contain  nothing  new;  they  principally 
refer  to  the  differentiation  of  an  integral  with  respect  to  any 
parameter  which  may  occur  in  the  expression  to  be  integrated. 
The  third  section  occupies  pages  13 — 20 ;  it  consists  of  an  investi- 
gation of  the  conditions  under  which  certain  homogeneous  func- 
tions will  retain  an  invariable  sign.  For  example,  consider  the 
expression 

Ap*-\-2Bpq-\-  Cg^+2Ppr  +  2JEqr-\'Fr', 

m 

and  suppose  that  A,  j5,  (7,  P,  JE,  F  sue  fixed  quantities,  and  that 
j>,  q,  r  are  variables  which  may  have  any  value ;  then  Strauch 
investigates  the  conditions  that  must  hold  among  -4,  jB,  (7,  i?,  j&,  F 
in  order  that  the  expression  may  be  of  invariable  sign.  The  fourth 
section  occupies  pages  20 — 69;  it  treats  of  the  development  of 
a  function  in  powers  of  a  variable,  the  function  being  connected 
with  the  variable  by  means  of  an  unsolved  equation.  Thus,  for 
example,  on  page  44,  Strauch  proposes  to  express  u  in  a  series 
of  ascending  powers  of  v,  the  equation  which  connects  u  and  v 
being 

M*  —  3nuv  +  v' =  0. 
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331.  The  work  may  be  divided  into  four  parts.  The  first 
part  occupies  pages  1 — ^356  of  the  first  volume ;  these  pages  con- 
tain all  the  ordinary  theoretical  investigations  of  the  subject, 
exclusive  of  those  which  refer  to  double  or  multiple  integrals. 
The  second  part  occupies  the  remainder  of  the  first  volume,  and 
consists  of  the  solution  of  60  problems  of  maxima  and  minima, 
in  which  neither  integrals  nor  difierential  coefficients  appear ;  these 
problems  are  in  fact  almost  entirely  examples  of  the  ordinary 
theory  of  maxima  and  minima  values  which  is  given  in  the 
DiflFerential  Calculus.  The  third  part  occupies  pages  1 — 211  of  the 
second  volume,  and  consists  of  the  solution  of  93  problems  of  the 
maxima  and  minima  values  of  expressions  which  involve  dif- 
ferential coefficients  but  not  integrals;  these  problems  thus  re- 
semble that  which  we  have  given  in  Art.  3,  from  Lagrange. 
The  fourth  part  occupies  pages  212 — 739  of  the  second  volume, 
and  consists  of  the  solution  of  135  problems  respecting  the  maxima 
and  minima  values  of  expressions  which  involve  single  or  double 
integrals.  The  remainder  of  the  second  volume  forms  a  supple- 
ment which  is  chiefly  devoted  to  the  theory  of  relative  maxima 
and  minima  values. 

332.  Strauch  may  be  considered  as  the  successor  of  Ohm, 
whose  methods  he  chiefly  follows.  The  most  valuable  part  of 
his  work  is  that  which  we  have  called  the  fourth  part.  The 
problems  there  given  are  discussed  with  great  fulness  and  clear- 
ness, and  the  terms  of  the  second  order  are  almost  always  com- 
pletely exhibited  in  order  to  discriminate  between  maxima  and 
minima  values.  Strauch  is  however  content  with  Legendre's  treat- 
ment of  the  terms  of  the  second  order,  that  is,  he  generally  as- 
sumes that  certain  differential  equations  can  be  solved,  and  that  the 
solutions  of  such  differential  equations  will  not  introduce  quan- 
tities that  can  become  infinite ;  see  Art.  5.  In  a  few  simple  cases 
however  Strauch  actually  solves  the  equations  which  are  analogous 
to  equation  (2)  of  Art.  5.  With  the  single  exception  of  the 
general  problem  of  the  shortest  line  on  any  surface,  all  the  great 
problems  of  the  Calculus  of  Variations  occur  in  Strauch's  collec- 
tion; and  although  he  has  not  given  the  shortest  line  on  any 
surface,  he  has  given  cases  of  the  shortest  line  on  specific  surfaces. 
The   problems    are  always  accompanied  by  excellent  historical 


STRAUCH.  375 

accounts  of  their  origin  and  progress.  On  the  whole,  although 
the  work  contains  much  that  is  superfluous,  and  much  that  is 
of  very  inferior  interest,  and  very  little  so  far  as  the  theory 
is  concerned  which  had  not  appeared  before,  yet  the  large  collec- 
tion of  carefully  solved  examples  which  it  contains,  recommends 
it  to  the  notice  of  every  student  of  the  Calculus  of  Variations. 
The  work  is  distinguished  for  remarkable  accuracy,  both  in  the 
investigations  and  in  the  printing. 

333.  We  proceed  to  give  a  more  detailed  account  of  the 
contents  of  these  volumes.     We  begin  with  the  first  volume. 

The  first  section  occupies  pages  1 — 8 ;  it  is  entitled  Proposittona 
which  belong  to  the  Differential  Calculus.  These  pages  contain 
nothing  of  importance;  they  are  principally  explanatory  of  the 
notation  which  the  author  adopts  for  distinguishing  differential 
coefficients  formed  on  different  suppositions,  such  as  partial  and 
complete  differential  coefiicients.  The  second  section  occupies 
pages  8 — 13;  it  is  entitled  Propositions  which  belong  to  the  Integral 
Calculus.  These  pages  contain  nothing  new;  they  principally 
refer  to  the  differentiation  of  an  integral  with  respect  to  any 
parameter  which  may  occur  in  the  expression  to  be  integrated. 
The  third  section  occupies  pages  13 — 20 ;  it  consists  of  an  investi- 
gation of  the  conditions  under  which  certain  homogeneous  func- 
tions will  retain  an  invariable  sign.  For  example,  consider  the 
expression 

4p' +  2jB;?j  +  (7j*  +  2i)pr  +  2^gT  +  iV, 

and  suppose  that  Ay  By  C,  D,  Ey  F  sie  fixed  quantities,  and  that 

jpy  q,  r  are  variables  which  may  have  any  value ;   then  Strauch 

investigates  the  conditions  that  must  hold  among  Ay  By  C,  2),  Ey  F 

in  order  that  the  expression  may  be  of  invariable  sign.    The  fourth 

section  occupies  pages  20 — 69;  it  treats  of  the  development  of 

a  function  in  powers  of  a  variable,  the  function  being  connected 

with  the  variable  by  means  of  an  unsolved  equation.     Thus,  for 

example,  on  page  44,  Strauch  proposes  to  express  u  in  a  series 

of  ascending  powers  of  v,  the  equation  which  connects  u  and  v 

being 

li' -  Snur  +  r' =  0. 
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From  this  eqaation  three  series  axe  deduced  for  u.    For  it  is 
shewn  that  we  may  have 

w  =  -4it?'  +  ^,t/'  +  -4,t?'  +  ^y*+ ... 

where  A^^  A^^  A^y  A^,,..  are  successively  determined,  and  each  has 
onlj  one  value.    Or  we  may  have 

where  B^^  B^^  jS,,  jS^,...  are  successively  determined.  In  this  case 
it  is  found  that  B^^  may  have  two  different  values,  and  as  the 
subsequent  coefficients  B^,  B^^  B^y...  are  found  in  terms  of  jBj, 
each  value  of  B^  gives  rise  to  a  series  for  u,  so  that  we  have  two 
different  series  for  u.  Thus,  on  the  whole  we  have  three  forms 
for  the  expansion  of  u  in  terms  of  v;  this  might  of  course  have 
been  anticipated  from  the  fact  that  the  original  equation  is  of 
the  third  degree  in  u,  and  therefore  furnishes  three  values  of  u. 

The  method  used  by  the  author  throughout  this  section  is 
that  of  indeterminate  coefficients.  He  is  very  careftd  in  his  ex- 
amples to  obtain  all  the  different  expansions  which  his  expressions 
will  furnish;  and  he  has  thus  given  a  more  complete  exemplifi- 
cation of  the  method  of  indeterminate  coefficients  than  is  usual 
in  works  on  algebra.  The  subject  however  is  not  very  closely 
connected  with  the  Calculus  of  Variations ;  and  the  chief  use  of 
this  section  is  in  relation  to  the  first  series  of  examples  in  the 
book,  which  as  we  have  said  belong  to  the  ordinary  theory  of 
maxima  and  minima. 

Thus  the  first  four  sections  of  the  work  are  only  introductory 
to  the  Calculus  of  Variations. 

334.  The  fifth  section  occupies  pages  69 — 131 ;  it  is  entitled 
Theory  of  the  so-called  Calculus  of  Variattons.  In  this  section 
Strauch  explains  what  is  meant  by  a  variation,  and  shews  how 
to  find  the  variations  of  different  expressions.  He  objects  to  the 
word  vartation  as  not  sufficiently  distinctive,  since  the  notion  of 
variables  runs  through  the  whole  of  the  Differential  Calculus; 
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moreover  the  word  variation  is  used  in  a  pecnliar  sense  in  algebra. 
Accordingly  lie  adopts  the  word  mutation  instead  of  variation. 
We  shall  however  generally  retain  the  usual  word.  His  definition 
of  a  variation  coincides  in  fact  with  that  which  has  been  adopted 
by  Euler^  Lagrange  and  Ohm ;  see  Arts.  22,  15,  55.  Let  y  stand 
for  ^  {x) ;  then  he  supposes  <f>  (x)  changed  into  <f>  (a;,  k),  and  <f>  {x^  k) 
expanded  in  powers  of  k  by  Maclaurin's  Theorem ;  this  expansion 
he  denotes  by 

Then  supposing  k  indefinitely  small  the  series 

if  if 

is  called  the  variation  of  y.  The  quantity  k  is  considered  indepen- 
dent of  a; ;  thus  the  variation  of  -^  is 


dx 


■^1.2    dx   ^\S    dx    '^•'•' 


and  by  differentiating  this  series  with  respect  to  x  we  obtain  the 
variation  of  ^ ,  and  so  on. 

Strauch  lays  great  stress  on  the  view  he  takes  of  a  variation,  and 
asserts  that  the  common  method  of  denoting  the  variation  of  y  by 
a  single  term  as  Sy  or  /c8y  leads  to  a  number  of  absurdities  and  con- 
tradictions.  This  assertion  seems  howeyer  quite  arbitraiy,  and  a  very 
careful  examination  of  his  theory  and  problems  has  not  afforded 
any  confirmation  of  it.  On  the  contrary,  his  method  leads  to  a 
great  and  needless  complexity  in  the  exhibition  of  the  terms  of 
the  second  order  in  the  variations  of  expressions,  with  the  view 
of  discriminating  between  maxima  and  minima.  The  student  of 
Strauch's  work  will  effect  a  great  simplification,  without  any  loss, 
by  supposing  that  such  expressions  as  S'y>  S*y,  ...,  are  all  zero,  so 
as  to  reduce  each  variation  to  its  first  term. 
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In  the  latter  part  of  his  fifth  section  Strauch  explains  a  dis- 
tinction on  which  he  also  lays  great  stress.  A  function  is  said  to 
experience  a  mixed  mutation  when  some  of  the  variables  undergo 
that  kind  of  change  which  the  Calculus  of  Variations  contemplates, 
and  others  that  kind  of  change  which  the  Differential  Calculus 
contemplates.  We  can  illustrate  this  by  considering  an  Integral, 
although  Strauch  himself  does  not  introduce  Integrals  until  the 
next  section  of  his  work.  In  varying  an  integral  then  he  does 
not  ascribe  any  variation  to  the  independent  variable,  but  makes 
changes  in  the  limits  of  the  integration.  Thus  he  calls  the  whole 
change  in  the  integral  a  mixed  mutation^  since  it  partly  consists 
of  an  ordinary  change  of  value  of  the  limits  of  the  independent 
variable,  and  partly  of  a  change  otjbrm  of  the  dependent  variable 
which  is  strictly  a  variation  or  mutation.  This  restriction  of 
variations  to  the  dependent  variables  seems  to  possess  all  the  ad- 
vantages which  Strauch  claims  for  it. 

The  sixth  section  occupies  pages  132 — 165 ;  it  treats  of  some 
special  points  in  the  theory  of  variations.  This  section  presents 
nothing  remarkable  or  important ;  it  is  chiefly  occupied  with  in- 
ferences which  follow  from  the  view  the  author  takes  of  a  variation 
as  consisting  of  an  infinite  series  of  terms. 

336.  The  seventh  section  occupies  pages  165 — 356 ;  this  con- 
tains the  general  theory  of  maxima  and  minima  values.  This 
section  is  divided  into  three  parts ;  in  the  first  Strauch  considers 
expressions  which  involve  neither  integrals  nor  differential  co- 
efiicients,  in  the  second  expressions  which  involve  differential 
coeflScients,  in  the  third  expressions  which  involve  also  single 
integrals. 

Some  general  remarks  and  definitions  are  given  on  pages 
165 — 171,  and  then  the  theory  of  the  maxima  and  minima  values 
of  frmctions  involving  neither  integrals  nor  differential  coefficients 
occupies  pages  171 — 231.  This  part  of  the  book  contains  the  ordi- 
nary theory  of  maxima  and  minima  values  which  is  explained  in 
treatises  on  the  Differential  Calculus;  the  language  is  rather 
different  from  that  which  is  usually  employed  and  the  various 
cases  which  occur  are  treated  separately  with  great  care ;  nothing 
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however  is  given  which  might  not  be  obtained  from  the  ordinary 
treatises  on  the  Differential  Calculus.  This  part  of  the  work  is 
illustrated  by  a  series  of  sixty  problems  occupying  pages  357^-480 
of  the  first  volume.  These  sixty  problems  are  all,  with  the 
exception  of  the  last  six,  ordinary  problems  of  maxima  and 
minima;  the  last  six  are  of  a  slightly  different  character.  Take 
for  example  problem  55.  Let  a  be  a  given  quantity,  and  let  it  be 
required  to  determine  the  function  ^  so  that  the  following  ex- 
pression shall  be  a  maximum  or  a  minimum,  without  assigning 
a  specific  value  to  a?, 

a* -  {<!> {x)Y  +  2<l>  (x)  4> (a)  -  {^  (a)}* ^2x<f>  (x)  -  2a  ^  (a). 

Let  y  stand  for  <l>{x)  and  y^  for  ^(a),  and  denote  the  expression 
by  U;  then 

SCr=-2(y-y,  +  a;)Sy-2(y„-.y  +  a)Sya. 

Thus  SCTwill  vanish  if 

y-ya  +  aj  =  0  andy„-y  +  o  =  0. 

These  lead  to  aj  =  a;  this  however  is  inconsistent  with  the 
supposition  that  x  is  not  to  have  any  specific  value.  Suppose  the 
problem  then  limited  by  the  condition  that  y^  is  always  to  be 
invariable.  Then  to  make  8  Z7 vanish  we  only  require  y  —  ya  +  i»  =  0. 
Suppose  a;  =  a  in  this  equation ;  thus  ya  —  yo  +  «  =  0  ;  therefore 
a  =  0.  So  the  problem  does  not  admit  of  a  solution  in  the  limited 
sense  unless  a  be  zero.  In  this  case  the  only  term  of  the  second 
order  is  —  (Sy)',  indicating  that  there  is  a  maximum. 

It  is  known  that  a  function  of  any  variable  may  be  a  maximum 
or  minimum  when  its  differential  coefficient  with  respect  to  that 
variable  is  infinite  as  well  as  when  it  is  zero ;  Strauch  accordingly 
in  his  examples  takes  account  of  such  infinite  values  veiy  care- 
fully. 

The  second  part  of  the  seventh  section  occupies  pages  231 — 274 ; 
it  investigates  the  conditions  for  the  maxitna  and  minima  values 
of  expressions  which  involve  differential  coefficients.    We  take 
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his  first  case  for  an  example,     Sappose   U  a  given  function   of 

a?,  y ,  and  ^,  where  p  stands  for  ^ ;  and  let  it  be  reqnired  to  find 

jf  in  terms  of  a?  so  that  U  maj  be  a  maximum  or  minimum.  If  we 
regard  y  and^  both  as  variable,  then,  since  the  variations  of  y  and 
p  are  independent,,  we  must  have  in  order  that  the  variation  of  U 
should  vanish 

dU    ^         .dU    ^ 

-J-  =  0,    and  -y-  =  0. 
ay  dp 

If  we  can  find  y  in  terms  of  a?  so  as  to  satisfy  simultaneously 
these  two  equations,  we  obtain  a  maximum  or  a  minimum  value 
of  U  provided  that 

is  of  invariable  sign  for  all  indefinitely  small  values  of  hy  and  Sp. 

Also  solutions  may  sometimes  be  found  by  taking  y  so  that 
simultaneously 

dU    ^  .dU 

^  =  0,      and-^^^co, 

,.    ^dU  :xdU    ^ 

or  so  that  -^  =  oo ,    and  -^  =  0, 

^.   ^dU  ,  dU 

or  so  that  --j-  =  oo ,    and  -=-  =  co . 
ay  dp 

But  we  may  if  we  please  modify  our  original  problem  thus ; 
required  the  relation  that  must  hold  between  x  and  y  in  order  that 
for  a  given  value  pf  y  we  may  have  U  a  maximum  or  minimum. 
That  is,  we  may  suppose  p  susceptible  of  variation  but  not  y.    In 

(111 
this  case  we  have  to  find  y  firom  the  equation  -j-  =  0,  and  then  we 

dp 

have  a  maximum  or  Ininimum  according  as  -j-^  is  negative  or 
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positiye.    And  a  solutioii  may  sometimes  be  fonnd  by  supposing 

dp 

Or  we  may  suppose  y  susceptible  of  variation  but  not  p  \  and 
then  we  have  to  seek  for  solutions  from  the  equations 

dU    ^         .dU 

-r-  =  0,    and  —f  =  CO . 
dy  dy 

Strauch  then  proceeds  to  the  case  in  which  {7  is  a  ^ven 
function  of  x^y^p^  q^  ...^  and  is  to  be  made  a  maximum  or  a  mini- 
mum ;  then  to  cases  in  which  such  an  expression  is  to  be  made 
a  maximum  or  a  minimum,  while  at  the  same  time  one  or  more 
relations  are  to  hold  between  «,  y,  jp,  j, ... .    Then  follow  similar 

cases  in  which  IT  is  a  given  function  of  a,  y,  «,  ^  ,  j-  , 


.  •  •  • 


Lagrange  first  considered  a  problem  of  the  kind  to  which 
Strauch  devotes  this  part  of  his  seventh  section,  and  Ohm  first 
treated  the  subject  in  detail;  see  Arts.  3  and  56.  The  subject 
is  neither  difficult  nor  important.  In  his  second  volume  Strauch 
illustrates  this  part  of  his  work  by  a  series  of  93  examples,  which 
occupy  pages  1 — 21  !•  One  of  these  examples  is  that  given  by 
Lagrange,  and  three  are  taken  from  Ohm;  the  remainder  are 
supplied  by  Strauch  himself.  See  his  pre&ce,  page  xxix.  Most 
of  tiiese  examples  are  fully  worked  out,  but  a  few  are  left  with 
only  indications  of  the  steps. 

The  third  part  of  the  seventh  section  occupies  pages  275 — 356 ; 
this  contains  such  investigations  as  are  usually  comprised  in  the 
Calculus  of  Variations,  so  &r  as  single  integrals  are  concerned. 
Strauch  proceeds  in  the  same  way  as  Ohm,  beginning  with  simple 
cases  and  gradually  rising  to  the  more  complex  cases ;  see  Art.  57. 
Li  order  to  distinguish  between  maxima  and  minima  values  he 
adopts  Legendre^s  method,  without  any  attention  to  the  imper- 
fections of  the  method  indicated  by  Lagrange  and  others;   see 
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Arts.  5,  6,  219.  He  considers  the  case  in  which  the  integral  in- 
volves more  than  one  dependent  variable,  and  he  adapts  Legendre's 
method  to  the  discrimination  of  the  maxima  and  minima  values. 
This  extension  of  Legendre^s  method  he  attributes  to  Ohm ;  see 
Strauch,  Vol.  i.  page  311. 

336.  We  now  come  to  the  most  valuable  part  of  Strauch's 
work,  namely,  the  collection  of  problems  relating  to  the  maxima 
and  minima  of  integrals;  this  occupies  pages  212 — 739  of  the 
second  volume. 

The  problems  which  relate  to  single  integrals  occupy  pages 
212 — 562 ;  these  are  all  examples  of  the  theory  which  is  developed 
in  the  third  part  of  the  seventh  section.  There  are  95  problems 
according  to  the  author's  enumeration,  but  this  number  is  obtained 
by  counting  as  different  problems  many  which  are  only  varieties 
of  one  problem.  Strauch  says  that  he  has  taken  32  of  these 
problems  from  Euler's  Meihodua  Inventendi,..^  and  14  of  them 
from  the  writings  of  Lagrange ;  see  Strauch's  preface,  page  xxix. 
The  problems  are  very  carefrdly  solved  by  Strauch ;  the  various 
limiting  cases  that  can  occur  are  frilly  distinguished,  and  the  terms 
of  the  second  order  are  almost  always  investigated.  Valuable 
historical  notes  are  added  to  the  discussion  of  the  problems  which 
have  been  proposed  by  the  great  writers  on  the  subject. 

The  problems  which  relate  to  double  integrals  occupy  pages 
562 — 739.  There  are  40  problems  according  to  the  author's  enu- 
meration. These  are  principally  strictly  examples;  but  a  few  of 
them  are  theoretical  investigations  of  the  variations  of  double  in- 
tegrals, which  Strauch  had  not  previously  considered.  The  theo- 
retical investigations  are  given  in  his  usual  way  by  Strauch ;  he 
begins  with  the  more  simple  cases  and  proceeds  to  the  more 
complex.  Thus  on  pages  674 — 676  he  gives  an  investigation  like 
that  we  have  given  in  Art.  59  from  Ohm ;  Strauch  however  sup- 
plies an  investigation  of  the  terms  of  the  second  order.  Then  on 
pages  713 — 717  he  gives  a  similar  investigation  for  the  case  in  which 

the  function  under  the  integral  sign  involves  ^Vi^y-JZi  T"  >   ^  i 
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and  -j-j ;  here  lie  does  not  supply  an  inyestlgation  of  the 


dxdy         d^* 

terms  of  the  second  order.  This  investigation  on  pages  713 — 717 
does  in  fact  sum  up  all  that  Strauch  accomplishes  with  the  varia- 
tion of  multiple  integrals ;  his  result  coincides  with  that  which  we 
have  already  given  after  Sarrus ;  see  Arts.  183,  184. 

Strauch,  as  we  have  already  stated,  does  not  refer  to  some  of  the 
writers  whose  works  had  preceded  his  own ;  see  Art.  330.  He  is 
consequently  disposed  to  claim  as  new  investigations  which  had 
already  been  made.  Thus  on  his  page  574  he  supposes  that  he 
is  the  first  to  investigate  the  terms  of  the  second  order  in  a  cer- 
tain double  integral;  Brunacci  however  had  preceded  him;  see 
Art.  213.  Again,  on  his  pages  737,  738  he  institutes  a  comparison 
between  his  own  results  and  those  of  Poisson  and  Ostrogradsky; 
and  he  justly  states  that  his  own  are  in  some  points  more  gene* 
ral.  But,  as  we  have  stated  above,  Sarrus  had  preceded  him  in 
the  investigation  which  really  involves  all  that  he  accomplishes. 
See  Art.  138. 

We  will  now  consider  some  special  points  suggested  by  the 
work  of  Strauch. 

337.  We  have  spoken  above  of  the  extreme  accuracy  of  the 
work  in  general ;  we  will  here  indicate  a  few  points  which  appear 
to  be  incorrect. 

On  page  438  of  Vol.  II.  a  case  of  the  brachistochrone  is  discussed ; 
a  heavy  particle  is  supposed  to  be  constrained  to  move  on  a  fixed 
plane,  and  there  is  a  resistance  which  varies  as  the  square  of  the 
velocity.  Here  Strauch  obtains  the  result  that  the  curve  becomes  a 
straight  line.  But  he  has  interchanged  the  values  of  the  quantities 
which  he  obtains  firom  his  equations  XXIV.  and  xxxi. ;  and  he  does 
not  observe  that  the  true  values  render  his  F{y)  infinite  and  vitiate 
his  solution.  He  does  not  observe  also  that  we  can  resolve  the 
force  of  gravity  into  two  components,  one  in  the  fixed  plane  and  the 
other  perpendicular  to  it,  and  then  neglecting  the  latter  component 
the  problem  is  the  same  as  if  the  particle  moved  in  a  vertical 
plane.     The  latter  remark  applies  again  on  page  454. 
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On  page  445  of  YoL  ii.  Stranch  is  discussing  a  problem  given  bj 
Enler ;  the  cnnre  is  required  down  which  a  heavy  particle  must  move 
so  as  to  acquire  the  greatest  velocity,  supposing  a  resistance  varying 
as  the  square  of  the  velocity.  Strauch  exhibits  some  investigations 
for  discriminating  between  a  maximum  and  a  minimum.  His  equa- 
tion XXV.  cannot  however  be  allowed,  because  his  equation  xxiv. 
from  which  he  deduces  it,  is  true  for  the  curve  which  the  particle  is 
supposed  actually  to  describe,  but  not  true  necessarily  for  any  other 
curve. 

On  pages  461  and  462  of  Vol.  il.  he  attempts  to  shew  that  it  is 
possible  that    ,.7^   ,>  can  always  be  equal  to  a  constant  jB,  and 

yet  L  vanish  when  x^ti.  This  is  impossible,  for   n-Fx^  ^  always 

finite,  and    ,,7^  ^  is  less  than  L.    In  fact  his  equation  xxviil. 

shews  that  y  is  impossible  when  a;  =  a  if  jS  is  not  zero.  The  only 
conclusion  is  that  £  =  0 ;  then  jp  =:  0»  and  the  curve  becomes  a 
straight  line,  as  might  have  been  anticipated.     Similar  remarks 

apply  to  page  466 ;  it  is  impossible  that  i.  =  0  and    ..7^  ^  =  a 

constant,  unless  that  constant  is  zero. 

338.  Suppose  we  require  the  maximum  or  minimum  value 
of  an  expression  j^cZz;,  where  ^  involves  a?,  y,  and  the  differen- 
tial coefficients  of  y  with  respect  to  x.  Now  the  well-known 
process  is  to  obtain  \h  dx,  and  to  reduce  tlxis  e:q.resBion  as 
much  as  possible  by  integration  by  parts  until  it  takes  the  form 
L  +  \MSydXf  where  M  contains  no  variation;  then  we  put  Jf «  0. 

Strauch  has  a  very  singular  notion  on  this  subject.  He  says  it 
cannot  be  proved  that  we  must  have  M=s  0 ;  although  he  allowE 
that  we  do  get  solutions  of  our  problem  thus.  Accordingly  he  pro- 
poses to  try  if  solutions  cannot  be  obtained  by  putting  S^  »  0.  Sec 
his  Preface,  pages  xxv.  and  xxvi.    Thus  he  frequently  tries  twc 
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processes  of  solution  of  his  problems.  It  may  be  safely  asserted 
that  the  ordinaiy  yiew  of  the  neceas^  of  the  equation  Jf  =0  is 
sound ;  supposing  that  whatever  series  of  values  £y  can  assume 
it  can  also  assume  the  corresponding  series  of  values  numericallj 
equal  but  of  opposite  sign,  without  changing  the  limiting  values 
of  the  variations.  And  on  examination  it  will  be  found  that  nothing 
is  gained  in  any  part  of  Strauch's  work  bj  paying  attention  to 
what  he  considers  a  second  solution  of  some  of  his  problems.  Let 
^s  take  for  example  the  case  which  he  himself  brings  forward 
in  the  preface.  Bequired  the  maximnm  or  minimum  value  of  the 
expression 

f  (y' -  2ajy  +  2p  -  jp*)  &?. 

J  a 

The  ordinary  method  furnishes  the  equation 
that  is, 

y-*+S=<^ ^^)- 

And  we  have  also  the  limiting  equation 

(i-i^).«y.-(i-i>).«y.=o (2). 

Strauch  then  proposes  the  following  as  another  solution.    The 
variation  of  the  proposed  expression  is 


1*2  {(y- 0?)  8y  +  2  (1 -1?)  ^}  cfe. 


Without  effecting  any  reduction  by  integration  by  parts,  make  this 
expression  vanish ;  this  we  can  do  by  supposing 

y^a^acO  and  l—p^O (3). 

The  second  of  equations  (3)  is  in  this  case  consistent  with  the 
first,  so  that  we  do  get  a  solution.  This  however  is  not  a  new 
solution;  it  is  comprised  in  (1) ;  for  y  ^x  is  a  particular  solution  of 
the  differential  equation  (1);  and  y^x  also  satisfies  (2).  Thus 
Strauch's  supposed  second  solution  is  really  included,  as  it  should 
be,  in  the  ordinary  solution. 

25 
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Before  leaving  this  part  .of  our  subject  we  will  offer  some  re- 
marks with  the  view  of  guarding  against  a  possible  misconception 
of  the  principle  of  equating  separately  to  zero  the  two  parts  of  the 
variation  of  an  integral,  in  order  to  obtain  a  maximum  or  minimum 
value  of  the  integral.  Consider  the  problem  of  finding  the  curve 
which  with  its  evolute  includes  a  minimum  area.  Let  p  denote  the 
radius  of  curvature  at  any  point  of  the  curve,  a  the  length  of  the 
arc  of  ^the  curve  measured  firom  any  fixed  origin  up  to  this  point  j 

then  we  require  that  I    pds  should  be  a  minimum.    Let  p  receive 

the  variation  Sp,  and  let  s^  and  s^  receive  the  increments  da^  and  ds^ 
respectively;  then  the  change  in  the  integral  is 


/, 


«1 

Bpds+p^ds^-'p^ds^. 

»0 


Here  the  coefficient  of  Bp  under  the  integral  sign  is  unity,  which 
cannot  be  made  to  vanish ;  so  that  it  might  perhaps  be  supposed 
at  once  that  the  solution  of  the  problem  is  impossible. 

But  the  fact  is  that  we  cannot  prove  in  such  a  case  that  in 
order  to  obtain  a  solution  we  must  make  the  integrated  part  and 
the  unintegrated  part  separately  vanish.  For  when  we  take  th< 
arc  ^  as  the  independent  variable,  and  pass  from  one  curve  to  ai 
adjacent  curve  the  length  of  the  arc  will  in  general  be  changed : 
and  if  we  make  any  change  in  that  part  of  the  variation  of  ai 
integral  which  remains  under  the  integral  sign,  the  part  outside 
the  integral  sign,  also  undergoes  a  change.  In  other  words 
the  two  parts  which  constitute  the  whole  variation  of  a  proposec 
integral  are  not  independent,  so  that  we  are  not  compelled  to  make 
them  separately  vanish  in  order  that  the  whole  variation  maj 
vanish.  If  we  can  make  them  separately  vanish  we  obtain  a  solu- 
tion, of  the  problem,  subject  of  course  to  an  examination  of  the 
terms  of  the  second  order;  but  we  are  not  certain  that  this  is  th( 
only  solution.  And  if  we  cannot  make  them  separately  vanish  w< 
must  not  therefore  conclude  that  the  problem  is  impossible. 

The  point  we  are  now  considering  is  perhaps  sufficiently  obvious 
but  as  it  is  sometimes  a  source  of  difficulty  to  students  it  may  h 
useful  to  refer  to  two  other  examples.     . 


\  - 
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Suppose  we  require  a  curve  which  has  the  property  of  making 

Ia/(c  +  -)  cb  a  xninimumi  the  ends  of  the  curve  heing  supposed 

fixed ;  c  is  a  constant  and  r  is  the  radius  vector  drawn  from  a  fixed 
pole.  The  problem  is  thus  equivalent  to  the  following ;  assuming 
the  principle  of  least  action  in  DTuamics,  and  the  or^aiy  law  of 
attraction,  determine  the  curve  which  a  particle  will  describe.  The 
result  ought  to  be  a  conic  section,  and  we  shall  obtain  this  result 
if  we  adopt  the  usual  independent  variable  d,  and  put 


aA^ 


d0  for  ds. 


But  no  result  will  be  obtained  by  attempting  to  determine  r  as 
a  function  of  8  and  operating  in  the  usual  way  immediately  on 


V(«+?)*- 


Again,  suppose  we  require  to  describe  on  a  given  chord  a  curve 
of  given  length,  such  that  the  area  included  by  the  curve  and  the 
chord  may  be  a  maximum.  This  can  be  easily  solved  in  the  usual 
way  by  taking  x  as  the  independent  variable ;  the  result  is  that  the 
curve  must  be  a  circular  arc.  But  suppose  we  take  8  as  the  in- 
dependent variable,  and  take  a  fixed  point  as  pole.  Then  the 
polar  area  between  the  curve  and  the  extreme  radii  will  be 


i/*"  \A-^*' 


and  as  the  triangle  included  by  the  given  chord  and  the  extreme 
radii  is  itself  constant,  we  have  to  make  the  above  area  a  maximum ; 
also  the  length  of  the  given  curve  is  to  be  constant.  Thus  in  the 
usual  way  we  have  to  make  the  following  expression  a  maximum. 


/f^A^-}*. 


where  c  is  a  constant.    Proceeding  in  the  usual  way  we  shall  have 
the  equation , 

25—2 
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f+constant, 


therefore  —7=^--=-=--  ss  a,  where  a  is  some  constant. 
Therefore    (J)' =  ^,  that  is,  l+,'(^'=^; 


?3?- 


From  this  we  should  obtain  for  the  required  curve  a  circle 
passing  through  the  arbitrary  pole ;  and  this  is  inadmissible,  be- 
cause the  circle  is  determined  by  the  fact  that  it  is  to  pass  through 
the  ends  of  the  given  chord  and  that  its  arc  cut  off  by  the  chord 
is  to  have  a  constant  length,  so  that  it  cannot  in  addition  be  made 
to  pass  through  an  arbitrary  point. 

If  p  denote  the  perpendicular,  from  the  pole  on  the  tangent  tc 

the  curv0|  the  problem  amounts  to  requiring  that  /(p  +  c)  <&  shall 

be  9k  maximum ;  and  in  this  form  we  see  at  once  that  no  solutioi: 
oan  be  obtained  by  the  ordinary  method  if  we  keep  b  as  the  inde- 
pendent variable  and  endeavour  to  determine^  as  a  function  of  «• 

We  have  hitherto  spoken  only  for  simplicity  of  the  use  of  th< 
arc  «  as  an  independent  variable ;  but  our  remarks  apply  also  to  th< 
use  of  the  aire  «  as  a  dependefni  variable.  Thus,  taking  the  ezampb 
abeady  used,  we  have 

but  if  we  adopt  the  right-hand  form  and  thus  treat  r  as  the  inde- 
pendent variable  we  shall  arrive  at  the  same  untenable  solution  ai 
before.  The  objection  to  the  process  is  easily  seen.  Suppose  wi 
draw  one  curve  through  two  fixed  points,  and  tiien  draw  an  adjaoen 
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curve  by  changing  eveiy  s  into  a  +  &,  and  also  pass  from  the  first 
cxmre  to  a  third  curve  by  changing  every  a  into  «  —  & ;  then  if  we 
make  the  second  curve  to  have  the  fixed  initial  and  final  points,  the 
first  and  the  third  curves  will  not  in  general  have  the  same  final 
points.  That  is,  we  cannot  change  the  sign  of  &  arbitrarily,  and 
therefore  we  have  no  right  to  conclude  that  the  coefficient  of  &  in 
the  part  remaining  under  the  integral  sign  in  the  variation  of  the 
integral  must  be  zero. 

We  may  add  that  the  fact  that  when  we  use  the  ordinaiy 
variables  x  and  y  we  must  equate  to  zero  the  coefficient  of  the 
variation  under  the  integral  sign,  seems  more  obvious  when  we 
ascribe  a  variation  to  the  dependent  variable  only  than  when  we 
also  vary  the  independent  variable ;  this  is  an  additional  argument 
in  fJEivour  of  an  opinion  already  expressed.    See  Art  204. 

339.  Problems  of  maxima  and  minima  which  involve  the 
product  or  quotient  of  integrals  are  sometimes  incompletely  solved. 
Strauch  has  given  some  examples  for  the  purpose  of  drawing  at- 
tention to  the  point  which  is  liable  to  be  overlooked;  see  his 
Preface,  pages  xxx.  and  xxxi.  This  deserves  to  be  illustrated 
fully,  and  we  will  accordingly  give  two  problems  in  addition  to  his. 

I.  Determine  the  form  of  a  curve  symmetrical  with  respect  t(> 
its  axis  such  that  when  suspended  by  its  vertex  the  time  of  a  small 
oscillation  of  the  segment  cut  off  by  the  ordinate  which  correspo^ds 
to  a  given  abscissa  may  be  a  minimum. 

Take  the  vertex  as  the  origin,  the  tangent  at  the  vertex  as  the 
axis  of  y  and  the  axis  of  x  vertically  downwards ;  let  c  denote  the 
given  abscissa.  The  area  cut  off  by  the  ordinate  which  corresponds 
to  c  is  supposed  to  oscillate  about  an  axis  through  the  origin  per- 
pendicular to  the  plane  of  the  curve.  Then  by  the  principles  of 
mechanics  the  length  of  the  equivalent  simple  pendulum  is 


I  yxdx 


0 

and  this  expression  must  therefore  be  a  minimum. 
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Denote  the  numerator  and  denominator  of  this  friction  bj  u  and 
V  respectively.    Then  that  -  may  be  a  mimmnm  we  must  have 


therefore 


V 


Su  —  Sv  =  0 : 

V 


that  is, 

I  (y*  +  ^  Sy(& /  xhydx  =  0. 


Now  let  -  be  denoted  by  I;  then  Z  is  a  constant  for  our  purpose, 


so  that  the  last  equation  may  be  written 


I  (^ +  »*-&)  8y<&=»0, 


Hence  in  the  usual  way  we  infer  that 

and  so  we  apparently  obtain  a  circle  as  a  solution  of  the  proposed 
problem. 

The  solution  however  ta  not  yet  completed;  for  we  require 
that  -  should  be  equal  to  L  Substitute  for  y  its  value  in  terms 
of  X  which  has  just  been  obtained ;  then  we  require  that 

i  f  (fa  +  2a?)  V(fc-a?)  da? 


/  Xs/{lx^Q?) 


dx 


therefore 


fc  ^  3"> 

I  X  i»J{Jx  -^a^dx 
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therefore  ^ 

J  0 

that  is, 

This  is  impossible ;  so  that  the  proposed  problem  does  not  admit 
of  a  solution. 

In  fact  in  this  problem  as  there  is  no  limitation  about  the  area 
we  cm  suppose  it  to  diminish  down  to  an  indefinitely  small  area 
in  the  neighbourhood  of  the  origin,  and  so  make  the  time  of  a  small 
oscillation  indefinitely  small. 

In  such  a  problem  as  the  above,  the  investigation  as  to  whether 

such  a  condition  as  that  denoted  by  -  =  Z  can  be  satisfied,  is  some- 

times  omitted ;  in  the  present  case  it  appears  that  this  condition 
cannot  be  satisfied.  We  will  now  give  a  problem  of  the  same  kind 
which  does  admit  of  a  solution. 

n.  A  given  volume  of  a  given  substance  is  to  be  formed 
into  a  solid  of  revolution,  such  that  the  time  of  a  small  oscilla- 
tion about  a  horizontal  axis  perpendicular  to  the  axis  of  the 
figure  may  be  a  minimum ;  determine  the  form  of  the  solid. 

Take  the  axis  of  x  coincident  with  the  axis  of  figure,  and  the 
axis  of  y  coincident  with  the  line  about  which  the  body  is  to 
revolve ;  let  x^  be  the  abscissa  of  the  lowest  point  of  the  body. 
We  have  to  find  the  equation  to  the  curve,  which  by  revolution 
round  the  axis  of  x  will  generate  the  required  solid ;  we  suppose 
the  curve  to  lie  in  the  plane  of  (a?,  y).  By  the  principles  of 
mechanics  the  length  of  the  equivalent  simple  pendulum  is 


ra-'^)^ 


dx 


this  expression  must  therefore  be  a  minimum,  while  tt  i    ^dx  is 
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to  be  equal  to  a  oonstanti  namely  to  the  ^ven  Tolume.    Hence^ 
bj  the  usual  principle  we  must  have 


^xdx 


a  minimumi  where  fi  is  some  constant. 

We  will  at  first  vary  y,  and  afterwards  examine  the  terms 
which  arise  from  a  change  in  the  limit  x^  of  the  integrations.  Let 
u  and  t;  denote  the  numerator  and  denominator  respectively  of  the 
fraction  which  occurs  in  the  above  expression ;  then  in  order  that 
the  expression  may  be  a  minimum,  we  must  have 


Su     tiSw 


therefore 


J  9 

iw-^Sv  +  fivBT't/'dx^O, 


that  iS| 

I  *(y'  +  2ya^ Sycfe-  -  \2t/xijfdx'{'fiv  |     2y8ydic»  0. 

Now  let  -  be  denoted  by  l^  and  fivhy  fi^;  then  I  and  ff  axe 

constants  for  our  purpose,  so   that  the  last  equation  may  be 
written 

P(y*  +  2y«"-2Jlya?  +  2)9'y)8yc&  =  0. 

Hence,  we  infer  that 

^  +  2ya:^-2?ya?  +  2)9'y  =  0, 
so  that 

^  +  2a?-2lx  +  2fi'^0 (1). 

This  indicates  that  the  generating  curve  is  an  ellipse  with  the 
axes  in  the  ratio  of  1  to  */2.  The  solution  however  is  not  yet 
completed;  for  we  must  shew  that  the  relation  just  found  will 
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make  -  =  7.    This  we  will  shew  piesently ;  Imt  we  will  previously 

advert  to  the  terms  which  arise  firom  a  change  in  the  limit  x^  of 
the  integrations.  Suppose  then  that  x^  becomes  x^  +  dx^^  then 
to  the  first  order  the  following  is  the  increment  of  the  expression 
which  we  have  to  make  a  minimum, 

where  the  subscript  denotes  that  a?  is  to  be  made  equal  to  x^.  In 
order  that  this  increment  maj  vanishy  we  must  have  either 
y,=  0,  or 

(^  +  a?^lx  +  fi'^  =0, 

and  the  latter  combined  with  the  general  relation  (1)  leads  also 
to  y^^O.  Thus  at  the  lower  limit  the  generating  curve  meets 
the  axis  of  figure. 

We  have  now  to  shew  that  it  is  possible  to  have 


i:t-^) 


dx 

— «i^ 

I  ^f^xdx 

Jo 

when  y  is  determined  bj  equation  (l),  and  x^  is  such  that  y 
vanishes  whea  x^sx^. 

We  have  fix)m  (1) 


3^  +  2(a,-i)'-?-2^; 


let  a  and  aV2  be  the  Bemiases  of  the  ellipse  determmed  hy  this 
eqoation ;  then  ^--  2/8* »  2<^,  and  (1)  beoomea 


/\» 


*'+a(«-|) 


2<i*. 
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This  equation  indicates  that  the  centre  of  the  ellipse  is  at  the 
distance^  from  the  origin.    Assume  a;|B2a— c,  then 

5  =  0^  — aaca  — c 
Hence  we  have  to  shew  that 

^'      ^  -Z— =2(a-c) (2); 


r^' 


Jxian 
•'• 

when 

We  have 

^=4ac-2c?  +  4aj(a-c)  — 2a:^; 
therefore 

=  (2ac -<?)■  + 4a? (2(KJ-<?)  («-c) +4aj*<o-c)'-a^. 
Integrate  from  a;sO,  to  X a 2a  — e;  thus  we  obtain 


/  (^+y^)<&=. 


e  (2a  -  c)* + 2c  (a  -  c)  (2a  -  c)»  +  |  (a  -  c)*  (2a  -  c)*  -  ^  (Sa  -  c)*. 


And 


j^y*«<&»c(2a-c)*+|(a-c)  (3a-c)*-|  (2a-c)*. 
Thus  the  left-hand  member  of  (2)  becomes 

<^  +  2c(a-c) +  1  (o-c)«- i  (2a-c)* 
c  +  ^(a-c)-i(2a-c) 


that  is 
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6(c  +  2a)       ' 


and  (2)  becomes 


therefore  7cP  +  7ac  -  2a'  =  0. 

This  eqnation  {^mishes  one  positive  value  of  -;  it  is  ap- 
proximately equal  to  —  • 

Then  iS'  is  to  be  found  in  terms  of  a  from  the  equation 

this  gives  a  negative  value  for  ^,  as  should  be  the  case,  because 
from  (1)  we  obtain  ^  =  ^2ff  when  x^O*  The  constant  a  is  to 
be  determined  from  the  given  volume,  that  is  hy  means  of  the 
equation 

I       2{flf— (a?— a  +  c)'}  c&  5=  the  given  volume. 


TT 

0 


To  shew  that  we  have  reallj  obtained  a  minimum  we  should 
investigate  the  terms  of  the  second  order  in  th&  variation  of  - ; 


u 


to  this  we  shall  now  proceed.     The  variation  of  -  arises  piartlj 

from  the  change  of  y  into  y  +  Sy,  and  partly  from  the  change  of  x^ 
into  x^  +  dx^.  We  shall  first  shew  that  by  reason  of  the  suppo**. 
sition  that  y  vanishes  when  x^x^^  the  change  in  u  or  v  arising 
from  the  change  of  x^  into  x^+dx^  may  be  disregarded.  For 
example,  consider  i;;  the  cliange'in  i;  produced  by  the  change 

i^xdx\  and  asjf  itself  is  indefinitely  small  for  values 


of  X  lying  between  x^  and  cr^  +  cZr^,  the  above  integral  may  be 
considered  of  the  ikvrd  order  <^  small  quantities.    Similar  remarks 
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hold  with  respect  to  the  change  of  u.    Thus  to  the  second  oxder 
we  niAj  say  that  the  complete  variation  of  -  is 

Thns  to  the  second  order  we  obtain  7^  — ,  wheie 

and  Qszl  +  ^j   ^ffxSydx  +  -j   ^(J^Yxdx, 

This  gives  for  the  variation  the  following  terms  of  the  first  order, 

together  with  the  following  terms  of  the  second  order, 
;/'*(^+a?)(Sy)'cfe-|([V 

We  shall  denote  the  terms  of  the  first  order  by  if^  and  those  oC 
the  second  order  hjM^i  so  that  if  the  complete  variation  of  -  to  the 
second  order  be  denoted  by  S  - }  we  have 

V 

«f=-M;+i<; (8). 

Now  since  tiie  rolame  is  to  be  constant  we  hare 
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that  is  2  f'y^dic+  ['*(%)•  dic-O (4). 

Multiply  (4)  by  y9  and  add  to  (3) ;  fhns 

S  -  =  Jf,  +  2/9  f'ySy  dx  +  if,  +  fi  f'\igydx. 

V  J  0  J  0 

And  ifj  +  2)9  I  ^jfSydx  vanisheir  by  (1) ;  thna 

•'0 

that  IB  8^=^/''(y  +  «"-&+i9')  (%)•<& 

that  18 

This  value  of  S  -  is  troe  to  the  second  order,  that  ia,  no  term 
of  the  second  order  has  been  omitted. 

But  from  (4)  we  see  that  |  ^ySy  i2r  is  itself  of  the  second  order, 

so  that  the  latter  of  the  above  two  terms  is  really  of  the  third  order. 
Hence  finally  to  the  second  order 


*;-U'V  %)•'&; 


and  as  the  right-hand  member  of  this  equation  is  pantive  we  have 


obtained  a  minimmn  value  of  -  • 

V 


340.  The  criticisms  which  Strauch  offers  on  preceding  writers 
are  sometimes  of  a  very  trifling  character;  we  have  already  seen  an 
instance  in  Art  29,  and  we  will  now  notice  two  others. 
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In  the  proUem  solved  by  Foisson  which  we  have  reproduced  in 
Art.  99,  Poidson's  own  result  has  d  instead  of  0  +  ^;  that  is,  Pdisson 
has  not  explicitly  introduced  the  constant  ^  in  his  last  integra- 
tion. Strauch  refers  to  this  slight  omission  in  such  a  manner  as 
almost  to  lead  a  reader  to  suppose  that  Fpisson's  investigation  must 
be  altogether  rnisatisfactory.    See  YoL  u.  page  504. 

On  pages  747,  748  of  his  second  volume  Strauch  solves  a 
problem  of  a  relative  minimum  as  an  example  of  Euler!s  method. 
Bequired  a  curve  such  that  the  area  bounded  by  the  curve  the 
axis  of  X  and  ordinates  at  fixed  points  of  this  axis  shall  be  constant, 
and  at  the  same  time  the  centre  of  gravity  of  this  area  at  a  mini- 
mum distance  £rom  the  axis  of  a;. 

Let  the  abscissas  of  the  fixed  points  be  a  and  a;  then  -j^ 

is  to  be  a  minimum  while  I  ydb  is  constant.  ^' 

Let  jr=2±j +i/  y&J (1), 

21  ydx         •'^ 

where  £  is  a  constant;  and  let  I  ydx  be  denoted  by  A. 

J  a 

I  y^dx    I   jf  dx 
Then  wJ-!^ ^2^  /'^  ^  +  ^j\  ^ (2)- 

Nowpat  j  j^dx—CJ  ydx (3), 

then  (2)  may  be  expressed  thus, 

BU^^j''{2y^C+2AL)Sydx. 

Thus  2y-  G+2AL=^0 (4), 

I" 

so  that  we  obtain  a  straight  line  parallel  to  the  axis  of  »  for  the 
required  curve.    Then  firom  (8)  we  obtain 
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y 2 J  ^*"'*^  "  ^ 2 («"")' 

fherefore  G  =  2-4Z  or  =  —  2-4i ;  the  former  ty  (4)  giyes  the  in- 
admissible result  y  =s  Oy  the  latter  gives  y^G. 

Now  let  the  constant  area  be  denoted  bj  ^;  then  since 

we  obtain  Cifl^a)^^.       ,  . 

Strauch  now  proceeds  to  investigate  the  terms  of  the  second 
order ;  he  arrives  at  the  result  that  the  sign  of  these  terms  is  the 
same  as  that  of 


|;(ay).^_-l_(J%^)V 


and  he.  says  that  as  we  cannot  assert  that  the  sign  of  this  expression 
is  positive  we  are  not  justified  in  concluding  by  this  method  that 
there  is  a  minimum,  al^ough  it  is  obvious  from  statical  consider- 
ations that  our  result  does  give  a  miiiimum.  He  therefore  con- 
cludes that  Euler's  process  is  defective.    The  answer  is  obvious. 

Since  the  area  is  to  be  constant  i    iydx  is  absolutely  zero,  so  that 

we  are  sure  of  a  minimum  from  Strauch's  own  process;  '  It*  will  be 
found  on  examining  Strauch's  investigation  of  the  terms  of  the 
second  order  that  he  has  in  effect  in  one  place  himself  recognized 

that  I  hydx  \&  zero.  The  whole  solution  is  more  laborious  than 
was  necessary ;  for  since  I   ydx  i&  constant  we  might  instead  of 

J  a 

Strauch's  value  of  Z7  have  used  the  more  simple  value  given  by 


£/'«  ji^dx  +  Ljydx. 


Strauoh's  objections  to  the  methods  of  Euler  and  Lagrange 
for  solving  problems  of  relative  maxima  and  minima  seem  unim« 
portant ;  and  his  own  method  is  unnecessarily  complex.  See  Vol.  i. 
pages  339 — 355,  and  VoL  il.  pages  740 — 768« 
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341.  It  will  be  oonvenient  to  notice  in  connexion  with  the 
work  of  Strauch  an  elaborate  memoir  which  he  presented  to  the 
Academj  of  Sciences  at  Vienna  in  1856^  and  which  may  be  re- 
garded as  a  contumation  of  his  work.  The  title  of  the  memoir  ic 
Anwendunff  des  9ogenannten  Variat%on9calcuC8  auf  zweiJiMche  una 
dreijhche  IfUegraU;  it  was  published  in  1859  in  the  16th  volnme  oi 
the  Denkichriften  of  the  Academy.  The  memoir  occupies  156  large 
^'  quarto  pages,  and  is  remarkable  for  the  accuraqr  and  beauty  oi 

the  printing. 

The  introduction  refers  to  the  memoirs  of  Delaunay,  Sarms 
and  Cauchy,  which  we  have  described  in  Chapters  yi|  yii|  Tin. 
Strauch  considers  that  these  memoirs  do  not  really  effect  what  was 
required  by  the  Academy  of  Sciences  at  Paris  when  they  proposed 
their  prise  subject;  see  Art.  133.  Accordingly  he  undertakes  in 
the  present  memoir  to  investigate  the  variations  of  double  and 
triple  integrals. 

After  some  explanatory  remarks  respecting  his  notation  he 
proceeds  to  the  variation  of  double  integrals ;  this  subject  occupies 
pages  8 — 78  of  the  memoir.  This  part  of  the  memoir  contains 
little  more  than  the  author  had  already  given  in  his  work,  for  the 
most  general  investigation  which  occurs  is  that  which  we  have 
already  stated  to  be  the  most  general  investigation  in  his  work ; 
see  Art.  336.  The  methods  are  the  same  as  in  his  work ;  he 
begins  with  simple  cases  and  proceeds  to  those  which  are  more 
complex;  he  gives  a  full  accoimt  of  the  various  suppositions  which 
can  be  made  respecting  the  limits  of  the  integrations,  although  his 
statement  of  the  manner  in  which  the  arbitrary  functions  or  con- 
stants must  be  determined  is  too  vague  and  general  to  be  of  much 
value.  He  usually  investigates  the  terms  of  the  second  order,  bat 
in  transforming  these  terms  he  is  content  with  imitating  the  method 
of  Legendre.  The  variation  of  triple  integrals  occupies  pages 
79 — 132  of  the  memoir,  and  is  treated  in  his  usual  manner  by 
the  author.  The  most  general  investigation  which  is  completely 
worked  out  is  the  variation  of  a  triple  integral  in  which  no 
i  differential  coefficient  occurs  of  an  order  higher  than  the  first; 

some  more  general  investigations  are  partially  worked  out.    Four 
problems  occur  as  examples  in  this  part  <^  the  memoir.    The  first 
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18  to  find  w  so  that  the  following  triple  integral  may  have  a  maxi* 
mom  or  minimum  value, 


///k-(^)}^** 


where  ^  is  a  constant^  and  the  limits  of  the  integrations  are  all 
constants.  The  other  three  problems  are  modifications  of  that 
which  we  have  given  from  Sarrus  in  Art.  180* 

The  pages  133 — 154  of  the  memoir  contain  some  remarks  on 
the  memoirs  of  Sarrus,  Cauchj  and  Delaunay.  Strauch  quotes 
at  full  the  result  which  Sarrus  obtains  for  the  problem  which  we 
have  explained  in  Art.  194,  and  compares  this  result  with  that 
which  he  obtains  by  his  own  processes  and  in  his  own  notation. 
Strauch  gives  that  roBult  from  Cauchy's  memoir  which  we  have 
investigated  in  Art.  192,  and  compares  it  with  that  which  he 
obtains  by  his  own  processes  and  in  his  own  notation.  In  his 
remarks  on  Delaunay  he  intimates  that  some  terms  are  omitted 
by  Delaunay  in  his  formulae,*  see  pages  147  and  148  of  the  memoir. 
There  is  however  no  error  in  Delaunay's  formulas;  the  terms  in 
question  do  not  appear  because  the  problem  which  Delaunay  con- 
siders is  not  the  most  general  that  could  be  proposed,  as  we  have 
already  stated  in  Art.  138. 

Again  on  page  149  Strauch  intimates  that  Delaunay  has  only 
two  equations  for  determining  certain  arbitrary  functions,  while 
four  are  required,  which  he  has  himself  supplied ;  Strauch's  four 
equations  would  however  reduce  to  two  in  the  particular  case  which 
Delaunay  considers. 

342.  The  next  of  the  three  comprehensive  treatises  is  Mr 
Jellett^s,  entitled  An  elementary  treatise  on  the  Calculus  of  Variations 
by  the  Rev.  J.  H.  Jellett.  Dublin  1850.  It  is  an  octavo  volume 
of  377  pages,  with  a  preface  and  introduction  of  20  pages. 

This  valuable  work  constitutes  the  only  complete  treatise  on 
the  Calculus  of  Variations  in  the  English  language,  and  will  neces- 
sarily be  studied  by  all  who  wish  to  pass  beyond  the  rudiments 
of  the  subject.    A  brief  outline  of  the  work  with  some  remarks  on 

26 
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a  few  incidental  points  is  consequentlj  all  that  will  be  required 
here. 

343.  The  introduction  contains  a  sketch  of  the  history  of  the 
subject;  it  appears  that  the  author  had  studied  the  memoirs  of 
Poisson,  Ostrogradsky,  Jacohi  and  Delaunay,  but  had  not  seen  that 
of  Sarrus.  The  first  chapter  is  entitled  Definitions  and  Principles; 
it  occupies  pages  1 — 10,  and  explains  what  is  meant  by  a  variation. 
A  very  important  remark  occurs  on  page  5,  "  ... .  many  writers  on 
the  Calculus  of  Variations  have  been  led  into  considerable  difficul- 
ties by  an  unsteady  use  of  the  symbol  8,  a  symbol  which  they 
employ  sometimes  to  express  the  increment  which  a  function 
receives  in  consequence  of  a  change  of  form  onlyy  and  sometimes  to 
express  the  increment  which  it  receives  firom  the  variation,  not  only 
of  its  form,  but  also  of  its  independent  variables.  We  shall  then 
use  the  symbol  S  io  denote  that  species  of  increment  which  is 
peculiar  to  the  Calculus  of  Variations,  that,  namely,  which  a  function 
receives  in  consequence  of  a  change  in  its  form  only.  We  shall, 
as  in  the  Differential  Calculus,  denote  by  the  symbol  d  that  incre- 
ment which  a  function  receives  in  consequence  of  a  change  in  the 
magnitude  of  its  independent  variables." 

Accordingly  in  Mr  Jellett's  work  the  independent  variable  is 
not  supposed  to  undergo  variation.  It  has  already  been  stated  in 
the  course  of  the  present  work  that  this  appears  the  best  method 
of  treating  the  subject. 

344.  The  second  chapter  is  entitled  Functions  of  one  indeperi' 
dent  variable;  it  occupies  pages  11 — 30.  It  contains  the  ordinary 
investigations  and  transformations  of  the  variation  of  a  single  in- 
tegral so  far  as  terms  of  the  first  order,  and  also  an  investigation 
of  the  terms  of  the  second  order;  the  usual  expression  second 
variation  is  adopted  for  these  terms,  but  a  good  note  is  given  on 
page  355  respecting  the  ambiguity  of  this  expression.  The  third 
chapter  is  entitled.  Maxima  and  minima  of  indeterminate  functions 
of  one  independent  variable;  it  occupies  pages  31 — 136.  This 
chapter  contains  the  ordinary  investigation  of  the  equation  or 
equations  which  must  hold  in  order  that  an  integral  may  have  a 
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maximum  or  a  minimnm  value.  Jacobi's  theoiy  for  distmgoislimg 
between  a  maximum  and  a  minimum  is  fully  developed ;  the  author 
here  follows  the  guidance  of  Delaunaj,  see  Arts.  230 — 236.  This 
chapter  contains  a  veiy  important  discussion  as  to  the  number  of 
constants  which  can  occur  in  the  solution  of  a  certain  problem, 
and  as  to  the  number  of  them  which  are  indeterminate.    Let  it  be 

required  to  make  the  integral  I     Vdx  a  maximum  or  a  minimum, 

where  V  contains  x,  y,  z^  and  the  differential  coefficients  of  y  and  z 
with  respect  to  x ;  while  at  the  same  time  a  relation  Z  =  0  is  always 
to  hold  among  these  quantities.  The  following  is  the  conclusion* 
Suppose  that  V  contains  y  and  its  differential  coefficients  as  far  as 
that  of  the  order  n  inclusive,  and  b  and  its  differential  coefficients 
as  far  as  that  of  the  order  m ;  suppose  that  the  equation  Z  =  0  is  of 
the  order  n  in  differential  coefficients  of  y  and  of  the  order  m*  in 
differential  coefficients  of  z.      Then 

(1)  If  m  be  greater  then  vn  and  n  greater  than  n'  the  order  of 
the  final  differential  equation  will  be  the  greater  of  the  two 
quantities 

2  (m  +  n)  and  2  (w'  +  w), 

and  there  will  be  a  sufficient  number  of  ancillary  equations  to  de- 
termine the  arbitrary  constants  which  enter  into  its  solution. 

(2)  The  same  conclusion  holds  for  tae  case  in  which  m  is 
greater  than  w!  and  n  less  than  n\ 

(3)  If  vn!  is  greater  than  m  and  rC  greater  than  w,  the  order  of 
the  final  equation  will  be  in  general 

2(m'  +  n'); 

and  its  solution  may  contain  any  number  of  indeterminate  constants 
not  exceeding  the  lesser  of  the  two  quantities 

2  (m'  -  w)  and  2  (n'  -  n). 

Mr  Jellett  points  out  that  a  remark  made  by  Foisson  in  the  ninth 
section  of  his  memoir  is  inconsistent  with  these  results. 

26—2 
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The  whole  of  this  chapter  is  illustrated  hj  examples  which  are 
fully  solved. 

345.  The  fourth  chapter  is  entitled  Application  of  the  Calculus 
of  Variations  to  Geometry.  I.  Theory  of  Curves;  it  occupies 
pages  137 — 202.  This  chapter  consists  of  a  collection  of  problems, 
including  those  of  historical  celebrity ;  they  are  all  folly  solved. 
The  fifth  chapter  is  entitled  On  multiple  Integrals  in  general;  it 
occupies  pages  203 — 218.  The  sixth  chapter  is  entitled  Functions 
of  two  or  more  independent  variables;  it  occupies  pages  219 — 238. 
The  fifth  and  sixth  chapters  contain  the  variation  of  multiple  inte- 
grals ;  the  methods  are  those  of  Ostrogradsky  and  Delaunay.  The 
most  general  result  obtained  is  equivalent  to  that  which  we  have 
given  in  Art.  144  after  Delaunay.  The  seventh  chapter  is  en- 
titled On  maxima  and  minima  of  functions  of  two  or  more  inde^ 
pendent  variables;  it  occupies  pages  239 — 275.  This  chapter 
illustrates  and  applies  the  results  of  the  preceding  chapter ;  several 
examples  are  discussed  in  order  to  shew  tlie  treatment  of  the 
limiting  equations. 

346.  The  eighth  chapter  is  entitled  Application  'of  the  Calculus 
of  Variations  to  Oeometry,  II.  Theory  of  Surfaces;  it  occupies 
pages  276 — ^286.  The  ninth  chapter  is  entitled  Application  of  the 
Calculus  of  Variations  to  Mechanics ;  it  occupies  pages  287 — 334. 
This  chapter  besides  the  usual  examples  contains  a  section  on  the 
application  of  the  Calculus  of  Variations  to  the  deduction  of  equa- 
tions of  equilibrium  and  motion.  The  tenth  chapter  is  entitled 
Application  of  the  Calculus  of  Variations  to  the  integration  of 
functions  of  one  or  more  independent  variables;  it  occupies  pages 

335 — 354.     This  chapter  investigates  the  conditions  of  integrdbUity 
of  various  expressions.  The  remainder  of  the  work  consists  of  notes. 

347.  It  may  be  of  service  to  students  into  whose  hands  the 
work  under  consideration  may  come,  to  advert  to  some  points  which 
may  occasion  a  little  difficulty ;  and  on  this  ground  we  shall  now 
venture  to  offer  some  remarks. 

348.  In  the  fourth  chapter  of  Mr  Jellett's  treatise  many  of  the 
problems  are  solved  by  using  the  arc  «  of  a  curve  as  the  inde« 
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pendent  variable ;  the  method  however  is  free  from  the  objection 
stated  in  Art.  338.  There  is  an  example  on  page  138  and  the 
following  pages.  In  the  coarse  of  the  solution  a  constant  a  occurs, 
and  it  is  stated  that  the  ''  existence  of  the  arbitrary  constant  a  is 
an  ambiguity  necessarily  introduced  by  the  selection  of  a  for  the 
independent  variable.''  A  reason  is  then  assigned  for  making  a  =  0 ; 
but  the  reason  does  not  seem  satisfactory.  It  appears  that  thd 
term  fi^da^—fi^dsQ  is  omitted  in  the  discussion  of  the  limiting 
terms  on  page  141.  The  whole  expression  relative  to  the  upper 
limit  should  be 

then  giving  to  m^  the  same  meaning  as  Mr  Jellett  does,  we  have 

Jy.  +  (|)_*.-.  {&.  +  (!)  A.} (.). 

By  means  of  (1)  the  expression  relative  to  the  upper  limit 
becomes 

^ A. + X,  (S)_  ^.  ^  X.  (I)  j»>. + ».  (I)  *.- (I)  ,6.} . 

■Hence 

'^-^(l),h©.-(t)]=« (»'■ 

Substitute  from  (3)  in  (2) ;  thus 

therefore  Ati  =  \. 
This  proves  that  a  =  0 ;  since  the  book  proves  that  \  =  /a  +  a. 

349.    We  have  stated  in  the  preceding  Article  that  it  appears 
that  fi^  ds^  —  fi^  d$^  is  omitted  in  the  discussion  of  the  limiting  terikis. 
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In  snpport  of  this  remark  we  may  advert  to  Art.  152  of  the  preseni 
work.  There  by  taking  account  of  certain  limiting  terms  wc 
obtain  the  equation 

this  eqnation  does  not  occur  in  Mr  Jellett's  investigation.  Th< 
truth  of  this  equation  is  confirmed  in  Art.  157  bj  its  agreemen 
with  a  result  obtained  by  Delaunay. 

There  is  a  difference  in  the  methods  we  have  used  in  Arts 
152  and  348.  In  Art.  152  we  followed  the  ordinary  method  an^ 
ascribed  a  variation  to  the  independent  variable  8 ;  in  Art.  348  w< 
do  not  ascribe  a  variation  to  a.  The  final  results  will  agree  in  th 
two  methods,  but  the  processes  will  differ.  Thus  in  Art.  348,  if  w 
follow  the  ordinary  method  the  whole  expression  relative  to  th 
upper  limit  will  be 

instead  of  what  we  have  given ;  and  instead  of  (1)  we  shall  have 
Thus  the  expression  above  becomes 

K-xJ«..+»,{(t)_+»,(|)]?,.. 

and  from  this  we  obtain  as  before 

^-x..«,   «.d(g) +».(!) -0. 

On  the  other  hand,  suppose  that  in  Art.  152  we  follow  the  secoi 
method.    Then  instead  of  the  term 


(^^«S-'l^4-?)«' 


which  is  there  given,  we  should  have  simply  Vds.    But  now  t 
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Tariations  of  the  limiting  co-ordinates  will  not  be  siii^plj  &v,  Sy,  Sz^ 
as  in  Art.  152,  but 

respectively ;  and  these  mast  vanish  at  the  limits,  since  the  limits 
are  supposed  fixed.  Thus  we  shall  obtain  finally  the  same  result 
as  before. 

Of  the  two  methods  which  can  be  used,  Mr  Jellett  has  decided 
in  favour  of  that  which  does  not  ascribe  a  variation  to  the  indepen- 
dent variable,  see  Art.  343.  But  it  would  seem  that  in  the  fourth 
chapter  of  his  work  he  has  not  adopted  imiformly  the  consequences 
which  follow  fix)m  this  decision. 

350.  Bemarks  similar  to  those  already  made  apply  with  respect 
to  pages  153,  155,  178,  181,  183  and  299  of  the  book. 

Again,  on  page  170  it  is  remarked,  "  and  the  remaining  con- 
stant, a,  depending  upon  the  given  length  of  the  curve...."  Nothing 
however  has  been  previously  said  respecting  the  given  length ;  and 
it  appears  here  as  before  that  fi^  ds^  —  fi^  ds^  should  be  added  to  the 
limiting  terms  if  we  adopt  the  method  of  Art.  349.  Or  if  we  adopt 
the  method  of  Art.  152  we  must  add 

Again,  on  page  175  it  is  stated,  '^  the  superfluous  constant  a  will 
be  determined  by  expressing  the  area  as  a  function  of  that  constant 
and  equating  its  diflerential  to  zero."  This  reference  to  the 
ordinary  Diflerential  Calculus  Is  unnecessary ;  for  the  Calculus  of 
Variations  supplies  sufficient  conditions  for  determining  the  con- 
stants. The  problem  under  discussion  Is,  to  find  a  curve  of  given 
length  such  that  the  area  bounded  by  the  curve  itself.  Its  two 
extreme  radii  of  curvature,  and  the  arc  of  the  evolute  between  them 
may  be  a  minimum.  This  problem  Is  solved  in  most  elementary 
treatises,  and  the  result  obtained  Is  that  the  curve  must  be  a 
cycloid ;  this  result  is  obtained  by  the  ordinary  processes  of  the 
Calculus  of  Variations.    In  fact  if  we  adopt  the  method  of  Art.  152 
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we  shall  find  tliat  the  following  limiting  terms  have  been  omitted 
in  the  book, 

where  fi' ^\  and  /i  =  p  +  a  constant. 

From  considering  these  we  find  that  we  must  hare 

\  =  0,    and  \  =  0, 
since  p^  and  p^  vanish.    Then  by  page  168  of  the  work,  we  have 

dx        t 

for  it  is  shewn  on  page  169  that  J  =  0.    Thns  [  ^  j  and  f -^  j  must 

vanish.  Then  by  page  174  since  y^  =  0  and  i-j  j  =  0  we  have  6=0; 

and  this  is  the  result  which  is  established  in  the  book  by  appealing 
to  the  Differential  Calculus. 

351.  On  page  165  some  results  are  given  without  demon- 
stration. The  results  refer  to  a  segment  of  a  sphere  which  is 
required  to  have  a  maximum  or  minimum  volume,  while  the  surface 
is  given.   Let  a  denote  the  radius  of  the  sphere,  h  the  height  of  the 

segment,  then  the  volume  of  the  segment  is  tt  f  oA*— —  j .    Since 

the  surface  is  given,  ah  is  equal  to  a  constant,  which  we  will  denote 
by  A*.  Let  y  denote  the  radius  of  the  plane  base  of  the  segment; 
then 

y«=2aA-A«  =  2A;«-A«, 
therefore  A'  =  2A"-y". 

Thus  the  volume  =ir[j^  V(2>fc* - y')  -  ^^^^^^^  \  =  Fsuppose. 

Now  y  is  supposed  to  be  an  ordinate  of  a  given  curve,  and  V  is 
to  be  made  a  maximum  or  a  minimum  by  properly  choosing  this 
ordinate.  Let  x  denote  the  abscissa  corresponding  to  the  ordinate  y. 
Then  we  have 
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dy 


\im^^y'"^^-A-W^' 


therefore  ^-S^i^lJ^^^ 
theretore  ^  -  V(2A:'-y*)  dx ' 

We  hare  now  three  cases  to  examine,  namely 

(1)  If  y  itself  be  a  maximum  or  minimum  F  will  1)6  a  maxi- 
mmn  or  minimum  respectively  provided  A"  —  ^  be  positive,  and  a 
minimum  or  maximum  respectively  provided  A"— y^  be  negative. 

(2)  The  value  y  =  i  makes  -p  zero,  and  makes  -j-j-  negative 

provided  -^  be  not  zero;  thus  in"^this  case  Fis  a  maximum.  If  y  is 

dV 
itself  a  maximum  or  minimum  when  y  =  A;,  then  -j-  changes  sign 

when  y^hy  and  so  V is  itself  a  maximum  or  minimum  respect- 
ively. 

(3)  With  respect  to  the  case  of  y  =  0  we  must  remark  that 
the  question  does  not  suppose  that  y  is  capable  of  becoming 
negative.     K  the  given  curve  touches  the  axis  of  x  then  the  value 

y  =  0  occurs  simultaneously  with  -^^  =  0,  so  that  y  is  then  a  mini- 
mum and  so  is  F. 

These  results  do  not  agree  with  those  in  the  book.  The  case 
in  which  y  =  A;  seems  there  overlooked. 

If  y  =  i  we  have  A  =  i  =  a.  And  it  may  be  seen  that  the 
relation  on  the  14th  line  of  page  165  of  the  book  may  be  satisfied 
by  supposing  a^y  and  the  angle  CPY zero. 

352.  On  page  365  the  following  problem  is  suggested ;  to  con- 
struct upon  a  given  base  a  curve  such  that  the  superficial  area  of  the 
surface  generated  by  its  revolution  round  AB  may  be  given,  and 
that  its  solid  content  may  be  a  maximum. 
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Take  the  axis  of  a;  as  that  of  revolation ;  then  adopting  ti 

nsnal  notation  we  require  that  ir  ly'dx  should  be  a  maximu 

while  2ir  \y  V(l  +p^  cZr  is  given,  the  limits  of  a;  being  suppos* 

fixed.     Thus  if  a  be  a  constant  we  have  to  find  the  maximu 
value  of 

Hence  we  must  have y  +  a  V(l  +i>*)  =  ^  JO+p^ ^^^ ' 

this  we  know  leads  to 

therefore  _?^_  =  j-^ (2), 

where  5  is  a  constant. 

Then  since  y  is  to  vanish  at  the  two  fixed  points  we  have  b  = 
and  then  bjr  completing  the  solution  we  obtain  a  semicircle  for  t 
required  curve,  and  therefore  a  sphere  for  the  solid  generated. 

Mr  Jellett  points  out  that  this  solution  is  unsatisfactory,  becau 
the  superficial  area  of  a  sphere  described  upon  a  given  diameter 
a  determinate  function  of  that  diameter,  and  cannot  therefore 
made  equal  to  any  given  quantity.     Mr  Jellett  proceeds  to  rema 
that  the  process  of  the  Calculus  of  Variations  fails  in  this  case* 

We  suggest  the  following  as  a  solution  of  the  problem. 

Let  the  figure  A  CEDE  consist  of  two  straight  lines  AC^  B 
perpendicular  to  the  axis  of  a?,  and  of  the  arc  CED  which  satisfi 
the  differential  equation  (2) ;  see  figure  10.  Take  A  as  the  origii 
let  AC  =  t/,,BD=^y,,AB^x^. 

Then  the  volume  of  the  figure  formed  by  the  revolution 

ACEDB  round  AB  is  irj^y'dx]  and  the  surface,  including  t 
circular  ends,  is 


•'o 
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Now  sappose  that  y  is  changed  into  y  +  ty^  then  the  variation 

of  the  volnme  is  29r  I  ^ySydx,  and  we  have  to  make  this  zero  for 

such  variations  as  leave  the  surface  unchanged ;  that  is,  for  such 
variations  as  make 

2^iSyi  +  27ryaSyo  +  29r8rVV(l+l^^=0 (3). 

J  0 

Thus  if  a  represent  a  constant  we  must  make 

The  part  under  the  integral  sign  vanishes  because  we  suppose 
equation  (1)  satisfied.   So  that  we  onlj  require  in  addition 

1-777^— Tn  -  i|  =0,     and  {  ,,/^    ^  +  ll  =0. 

This  leads  to  p^^  +  co  and  ^^  =  —  oo ;  that  is,  the  curve  must 
join  on  continuously  to  the  straight  lines  at  C  and  2>.  Then  it 
appears  from  (2)  that  y"  =  J  when^?  is  infinite,  so  that  AC^BD. 

The  constants  a  and  i,  and  that  which  would  arise  from  in* 
tegrating  (2),  must  then  be  determined  so  that  y* «  5  when  x^O  and 
when  x  =  0?^,  and  that  the  surface  maj  have  the  given  value. 

Suppose  however  the  circular  ends  are  not  to  be  included  in  the 
given  surface.  In  this  case  y^^a  ftimishes  a  solution.  For  the 
terms  «yi%t  +  ^yo^yo  ^^  ^^*  ^^^  occur  in  (4);  and  the  value 
ysi^a  makes 

vanish,  and  it  gives  »  =  0  so  that    yV .    «n  also  vanishes.    Thus 

.      .  v(l+l>^ 

we  obtain  a  cylindrical  surface ;  a  will  of  course  be  negative,  and 

will  be  determined  by  the  condition  that  —  27r  ax^  must  be  equal 

to  the  given  surface. 
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353.  A  mistake  occurs  on  page  376  of  the  book  which  may  be 
noticed.    The  integral  /    tan*d  sin  Odd  is  made  equal  to  a  finite 

•'0 

negative  yaloe,  the    &ct  being  overloolftd  that  Xzxfd  becomes 
infinite  between  the  limits  of  integration.     And  the  same  mistake 

occurs  on  page  377  where  the  integral  /  «  /^t^  ^  ^  taken  between 
limits  which  include  2>  =  0  and  make  the  integral  reallj  infinite. 

In  concluding  we  maj  strongly  recommend  the  student  of  the 
Calculus  of  Variations  to  master  this  important  volume.  A  trans- 
lation of  it  into  Grerman  has  been  advertised,  but  the  present  writer 
has  not  had  the  opportunity  of  consulting  it. 

354.  The  last  of  the  three  comprehensive  treatises  is  by 
Dr  Stegmann,  entitled  Lehrhuch  der  VaricUumsrechnunff  und  threr 
Antoendung  hei  Untersitchungen  uber  das  Maximum  und  Minimum. 
Elassel,  1854.  It  is  an  octavo  volume  of  417  pages  with  a  preface 
of  16  pages. 

In  the  preface  the  author  states  that  he  had  long  been  of  opinion 
that  the  Calculus  of  Variations  was  treated  in  a  meagre  and  iin- 
satisfSstctory  maimer  in  elementary  treatises,  and  had  resolved  to 
undertake  the  task  of  producing  a  more  complete  work  on  the 
subject.  The  work  of  Strauch  had  not  appeared  when  first  this 
resolution  was  formed;  after  it  was  published  the  question  arose 
with  Stegmann  whether  he  should  continue  his  design,  since  he 
had  no  intention  of  offering  to  his  readers  such  a  rich  collection  of 
problems  as  Strauch  had  supplied.  Ultimately  he  resolved  to 
complete  his  original  design. 

In  addition  to  the  works  of  Dirksen,  Ohm  and  Strauch,  Steg- 
mann refers  to  the  memoirs  of  Foisson  and  Ostrogradsky.  He  has 
discussed  numerous  problems  as  illustrations  of  his  theory,  but  he 
does  not  present  his  work  as  a  collection  of  problems,  for  the 
development  of  the  general  theory  has  been  his  main  object.  In 
solving  his  problems  he  has  imitated  Ohm  and  Strauch  in  investi- 
gating the  terms  of  the  second  order  so  as  to  discriminate  between 
maxima  and  minima  values. 
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855.    The  work  consists  of  six  chapters  and  two  supplements. 

The  first  chapter  is  entitled  On  variations  generally;  it  occupies 
pages  1 — 11.  The  following  is  Stegmann's  view  of  a  variation; 
let  y  denote  any  fiinction  of  x  sls  f{x),  and  let  <f>{x,  t)  be  any 
function  of  x  and  t  wliich  reduces  to  f{x)  when  <  =  0 ;  then  the 
variation  of  y  is  denoted  by  %,  where 


^={*S^l 


dty 


the  suffix  0  indicating  that  t  is  to  be  made  zero  after  the  differ- 
entiation. 

On  page  7  we  have  the  usual  geometrical  illustration  of  the 
relation  dSy  =  Sdy, 

In  the  first  four  chapters  of  the  work  no  variation  is  supposed 
ascribed  to  the  independent  variable,  and  no  change  of  value  is 
made  in  the  limits  of  the  integrals  which  occur. 

356.  The  second  chapter  is  entitled  Variations  of  expressions 
in  which  Functions  of  one  independent  variable  occur,  hut  no 
Integrals ;  it  occupies  pages  11 — 84. 

This  chapter  gives  that  portion  of  the  subject  which  has  been 
developed  by  Ohm  and  Strauch ;  see  Arts.  56  and  335.  The  theory 
is  illustrated  by  the  discussion  of  the  problem  originally  given 
by  Lagrange;  see  Art.  3.  Stegmann  also  gives  four  problems 
which  are  to  be  found  in  the  volumes  of  Strauch,  namely  those 
numbered  1,  76,  85  and  86  by  Strauch.  Stegmann  indicates  on 
page  60  another  problem  of  the  same  kind  as  Lagrange's,  namely, 
to  find  a  curve  such  that  the  product  of  the  perpendiculars  let  fall 
on  any  tangent  from  two  fixed  points  shall  be  a  maximum.     It  is 

supposed  as  in  Art.  3  that  at  any  point  -^  alone  is  susceptible  of 

variation.     The  result  is  that  the  <nirve  must  be  an  ellipse  or 
hyperbola  of  which  the  two  fixed  points  are  the  foci. 

On  page  68  Stegmann  discusses  another  problem  of  this  kind, 
namely,  to  find  the  curve  for  which  yp  shall  be  a  maximum  or 
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mimmam,  the  TBriatioiis  of  y  amd  p  being  so  taken  that  at  any 
point  oonsidered  jr  (^  —  ')  shall  undergo  no  change  hj  Tarimtion. 
Thus  with  the  nsoal  notation  we  must  huTe 

p8y  +  y5p  =  0 (1), 

and  (^-f^)^+^*=^ ^^)' 

from  these  equations  we  obtain 

H{'-'i) <"' 

therefore  -  =^ ,  therefore  y  =  -j  >  where  ^  is  a  constant. 


«    y 


A 


Now  let  US  retain  the  terms  of  the  second  order  in  order  to 
ascertain  whether  the  result  gives  a  maximum  or  a  minimiiin. 
Let  U^  ypt  then  accmntelj 

and  (y  +  Sy)a;-^^^—^--yc  +  ^  =  0  accurately. 

Multiply  the  last  expression  by  X  and  add  it  to  S£^;  thus 
lU^phy  +  yip  -^-^ip 


+ 


-\{'-'f)^4^-f-'-^-^-f^--\. 


where  the  omitted   terms  are  of  the  third  and  higher   orders. 
Assume  X  such  that 


i^  +  >^(^-7)=0 (4); 

then  by  means  of  (3)  and  (4)  the  terms  of  the  first  order  disappear 
from  iU)  also  we  get  X  =  —-^  ,  and  thus  to  the  second  order 

y 
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y  ^ 

Thus  supposing  x  positive  we  have  obtained  a  minimum. 

357.  The  third  chapter  is  entitled  Variationa  of  single  Integral 
expressions  with  one  independent  variable;  it  occupies  pages  84 — 165. 

This  chapter  contains  the  ordinary  theory  of  the  maxima  and 
minima  values  of  Integrals,  illustrated  by  four  examples;  it  also 
contains  an  investigation  of  the  criterion  of  integrability  of  an  ex- 
pression, and  an  investigation  of  Jacobi*s  method  of  distinguishing 
between  maxima  and  minima  values. 

The  examples  discussed  are  the  following:  (1)  The  shortest 
line  between  two  given  points.  (2)  The  brachistochrone  between 
a  fixed  point  and  a  fixed  horizontal  line ;  the  cycloid  is  obtained 
as  the  general  solution,  but  it  is  shewn  that  in  the  particular  case 
when  the  position  of  the  lower  limiting  point  is  not  fixed  on  the 
fixed  horizontal  line  the  result  becomes  a  vertical  straight  line. 

(3)  The  maximum  or  minimum  value  of 

(4)  The  curve  which  with  its  evolute  includes  a  minimum  area. 
In  all  these  examples  the  terms  of  the  second  order  are  examined. 

In  investigating  Jacobi's  method  Stegmann  proves  the  first 
part  of  the  theorem  of  Art.  222  universally,  that  is,  he  proves  that 
a  certain  expression  is  integrable ;  his  proof  depends  on  his  previous 
investigation  of  the  condition  of  integrability.  With  respect  to  the 
second  part  of  the  theorem  he  confines  himself  to  proving  that 

\y  Udx  has  the  required  form  when  B^  is  the  last  of  the  series  of 

terms -B,  -B^,  -B,,...;  and  he  exhibits  completely  the  values  of 
B^  B^  and  B^.  He  gives  an  investigation  similar  to  that  in  Art.  224, 
and  as  in  that  Article  he  preserves  the  terms  which  are  outside  the 
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integral  signs.  At  the  bottom  of  his  page  163  he  makes  a  certain 
expression  to  be  zero  which  should  be  equal  to  a  constant ;  there 
seem  indications  however  on  the  last  page  of  the  chapter  that  he 
had  perceived  some  inconsistency  in  this  proceeding  with  respect 
to  the  nmnber  of  constants  involved;  see  Art.  232« 

358.  The  fonrth  chapter  is  entitled,  On  the  determination  of 
the  maanmum  or  minimum  in  combinations  of  simple  integrals,  or 
when  certain  conditions  are  prescribed ;  it  occupies  pages  165—265. 

This  chapter  contains  the  following  subjects:  (1)  Relative 
maxima  and  minima  problems  or  isoperimetrical  problems.  (2)  Pro- 
blems in  which  the  limiting  values  are  subject  to  certain  con- 
ditions ;  here  Stegmann  draws  attention  to  the  terms  of  the  second 
order,  and  he  keeps  them  all  in,  so' that  he  has  terms  outside  the 
integral  sign  besides  the  terms  under  the  integral  sign  which  may 
be  supposed  treated  by  Jacobi's  method;  see  pages  187 — 196  of  the 
work.  (3)  Maximum  or  minimum  of  an  integral  which  involves 
more  than  one  dependent  variable,  with  or  without  a  given  equa- 
tion connecting  the  variables.  (4)  Maximum  or  minimum  of  an 
integral  which  involves  x,  y,  differential  coefficients  of  y,  and  also  2i 
where  Zis  an  integral  expression  involving  a?,  y,  and  the  differential 

coefficients  of  y .     (5)  Maximum  or  minimum  of  I  Vdx,  where  V  is 

supposed  determined  bj  a  differential  equation.  (6)  Maximum  or 
minimum  of  an  integral  involving  x,  y,  z  and  the  differential 
coefficients  of  y  and  z,  where  the  limiting  values  of  y  and  z  and 
their  differential  coefficients  occur  in  the  integral. 

This  chapter  contains  the  following  examples.  (1)  To  find  the 
curve  of  given  length  joining  two  fixed  points  which  with  the  ordi- 
nates  of  the  two  fixed  points  and  the  axis  of  x  includes  the  greatest 
or  least  area.  (2)  The  curve  of  given  length  fastened  at  its  ends  to 
two  fixed  points,  which  has  its  centre  of  gravity  lowest.  (3)  To 
find  the  shortest  line  that  can  be  drawn  between  two  fixed  lines 
perpendicular  to  the  axis  of  x,  under  the  condition  that  the 
product  of  the  extreme  ordinates-  shall  have  a  prescribed  value. 
In  these  three  problems  the  terms  of  the  second  order  are  ex- 
amined.    (4)  The  shortest  line  on  a  curved  surface;  the  general 
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differential  equation  is  obtained  and  then  particular  applications 
are  given ;  for  example,  the  case  of  the  ellipsoid  is  examined. 
(5)  Of  all  curves  which  have  the  property  that  the  normal  plane 
passes  through  a  fixed  point,  to  find  that  which  has  the  least 
length  between  two  fixed  parallel  planes ;  this  is  in  Strauch,  Vol.  ii. 
pages  379 — 381.     (6)  The  brachistochrone  in  a  resisting  medium. 

(7)  The   minimum  value  of  I  Z^dx^  where  Z=  I  *J{l+p*)dx. 

(8)  The  curve  down  which  a  body  most  fall  in  a  resisting  medium 
so  as  to  acquire  the  greatest  velocity.     (9)  To  find  the  minimum 

value  of  I    [ -^  j  dxf  under  the  conditions  that  y^  =  1   and  that 


/, 


ydx^'-y^.  (10)  The  problem  wis  have  enunciated  in  para- 
graph (3)  of  Art,  311;  Stegmann  does  not  however  allude  to 
the  difficulty  which  occurs  in  the  particular  case  which  we  have 
examined  in  Art.  352. 

359.  The  fifth  chapter  is  entitled  On  Mixed  Variattona  with 
simultaneous  changes  of  the  independent  variable;  it  occupies  pages 
265—327. 

In  aU  the  investigations  hitherto  given  in  the  book  the  limits  of 
the  integrations  have  been  supposed  fixed  and  the  independent 
variable  unsusceptible  of  variation ;  Stegmann  proceeds  in  the  pre- 
sent chapter  to  give  that  extension  to  his  formulsd  which  they 
require  in  order  to  apply  to  problems  in  which  the  initial  and  final 
values  of  all  the  quantities  which  occur  are  changed.  He  now 
adopts  the  common  method  of  ascribing  a  variation  to  the  indepen- 
dent variable.  Suppose  x  the  independent  variable  and  y  the 
dependent  variable,  let  these  become  by  variation  x-^-hx  and 
y  +  iy  respectively ;  then  Stegmann  obtains  a  relation  denoted  thus 

This    result    might  be  presented  as  a  definition,  namely,    let 
hy  —  pix  be   denoted  by  (8)y,   and  then  it  might  of  course  be' 
considered  absolutely  true.    Stegmann  however  adopts  a  different 

27 
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meOmS.',  he  iJQ&ie*  (5)^  ud  1)7 means  of  geometrical  oonndention 
establiBhes  the  truth  of  the  reUtioa  as  for  m  the  first  order  of  am*] 
qoantitiei. 

It  la  then  oecessaiy  for  him  to  shew  that 
where  S^^'"3^>  "^ graienllj  th«t 

Hia  method  it  the  following, 

-       .rfy     dxdBv-dydSx     <%        dSx 
^  =  *ifa= W^ =^^"^^' 

pat  (S]y  +  j>8»  for  2y  and  ^t^c  for  dp,  thus 

this  may  be  written  8p  =  {S)p+sSa!. 

Stegmiim  Babsequentlj  gives  the  common  geometrical  illi 
tration  of  the  relation  &dx  =  dSx. 

The  atKire  investigation  of  the  value  of  ^  cannot  be  regarded 
absolutely  true,  bat  only  as  troe  to  the  first  order. 

Suppose  now  that  U=  j   Vdx,  and  that  the  variation  of  U 

required ;  Stegmann  proves  that  the  result  obtained  when  x  n 
supposed  unsusceptible  of  variation,  so  far  as  terms  of  the  fi 
order  are  involved,  requires  only  the  following  modificatioi 
fiy,  Sp,  ...  have  to  be  changed  into  (S)y,  {S) p,  ....  respectire 
and  the  following  limiting  terms  added,  K(£f  —  VtSa.  Two  pro 
are  given  of  this  statement. 

The  forronlffi  are  illustrated  by  discussing  the  problem  of 
brachistochrone  in  the  case  where  there  is  no  resistance,  andalac 
the  ease  where  there  tB,  and  the  problem  of  the  shortest  line. 
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both  these  problems  various  snppositions  are  made  with  reapect  to 
the  limiting  conditions  and  carefnlly  examined.  For  example, 
take  the  problem  we  have  considered  in  Art  300 ;  Stegmann  adopts 
the  snppositions  there  made  and  arrives  at  the  results  there  ob* 
tained  hy  interpreting  the  terms  of  the  first  order.  Then  he  makes 
another  supposition ;  let  the  limiting  values  x^  and  x^  be  connected 
by  the  relation 

aj,  —  a?j  as  a  constant, 

then  dx^==dx^9  ^^  instead  of  the  two  equatJona  obtained  by 
equating  to  zero  the  coefficients  of  dx^  and  dx^  we  have  now  the 
single  equation 

V(l+/)V{A+»-ar.)|,    W(H-i>')V(A+«-ar,)J,    J,.rfar/^     "' 
this  reduces  to 

therefore  '^'  (arj  =  x  (^i) ; 

thus  the  tangents  to  the  limiting  curves  at  the  points  where  the 
described  curve  meets  them  are  parallel. 

Stegmann  also  considers  briefly  the  subject  of  the  discrimina- 
tion between  maxima  and  minima  values  when  the  independent 
variable  is  supposed  to  undergo  a  variation.  Here  of  course  allow- 
ance has  to  be  made  for  the  circumstance  that  some  of  the  formulae 
employed  were  only  true  to  the  first  order.  He  illustrates  his 
remarks  by  considering  the  problem  of  the  shortest  line  between 
a  given  point  and  a  given  curve. 

On  the  whole  the  chapter  appears  to  be  a  good  exhibition  of 
the  method  which  the  author  selects,  but  the  method  seems  far 
less  simple  and  satisfactory  than  that  of  not  allowing  the  inde- 
pendent variable  to  undergo  variation,  but  obtaining  the  requisite 
generality  by  changing  the  limits  of  the  integrations* 

Two  other  subjects  may  be  mentioned  which  are  introduced 
into  this  chapter.    On  page9  278,  279  Stegmann  proves  the  theorem 

27—2 
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which  ire  hare  expressed  in  Art  93  thns,  Hy'  +  Kii  =  0 ;  the  pro 
does  not  depend  on  the  Calculus  of  Variations.  On  page  2i 
Stegmann  considers  the  case  in  which  the  function  onda  the  i 
tegral  sign  maj  itself  involve  the  limiting  values  of  the  variabl 
or  differential  coefficients ;  he  points  out  however  that  the  limitii 
values  of  the  highest  differential  coefficient  when  there  is  on 
one  dependent  variable  must  not  occur ;  because  if  in  snch  a  ca 
we  wish  to  make  the  integral  a  maTiTtniTn  or  a  minimum  we  ha 
in  general  more  conditions  than  disposable  qoantities.  A  simil 
remark  holds  when  there  is  more  than  one  dependent  variable. 

360.  A  supplement  to  the  third,  fourth,  and  fifth  chaptf 
occupies  pages  327 — S38 ;  it  draws  attention  to  the  method 
solving  problems  in  this  Bubject  which  was  adopted  bj  the  eai 
writers,  and  refers  to  the  memoir  of  Schellbach.  Stegmann  solv 
two  problems  b7  this  method,     (1)  To  find  among  all  carves 

given  length  that  for  which  I  F[y)  dx  is  &  maximum  or  a  mil 

mum.     (3)  The  shortest  line  on  a  surface  of  revolution. 

361.  The  sixth  chapter  is  entitled,  On  the  variations  of  Jm 
tirnis  of  two  independent  variailea;  it  occupies  pages  338 — 395. 

On  page  11  of  hia  work  Stegmann  seems  to  indicate  that  mu 
variations  occur  onlj''  in  the  fifth  chapter,  bat  we  find  them  again 
the  first  section  of  the  sixth  chapter. 

Suppose  z  any  function  of  x  and  y,  say  b  =f  (x,  y) ;  let  ^  («,  y 
denote  any  function  of  x,  y,  and  (,  which  reduces  to  f{x,  y)  whe; 
vanishes.  In  ^  (x,  y,  t)  change  x  into  x  +  Sx,  y  into  y  +  Sy,  aa 
into  t  +  St;  then  a  result  is  obtained  which  is  denoted  thoa, 


■I^'+S^+i^. 


T  by  supposing  (  =  0, 

Sz={i 
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Then  since  this  Is  true  whatever  function  of  x  and  y  Is  denoted 
by  Zj  Stegmann  says  we  have 

^       d{i)z       d^z    ^     ^  d^z  ^ 

and  so  on. 

This  method  seems  however  an  unsatlsfiactory  proof  of  these 
formulae;  see  Arts.  102  and  124. 

Stegmann  next  refers  to  questions  similar  to  that  In  Art.  3, 
but  involving  more  than  one  Independent  variable.  He  solves 
the  following  problem ;  to  determine  a  surface  having  the  property 
that  the  sum  of  the  squares  of  the  intercepts  cut  off  from  the 
co-ordinate  axes  by  the  tangent  plane  at  any  point  shall  be  a 
minimum.     Thus  In  the  usual  notation 

is  to  be  a  minimum.  Here  p  and  q  are  supposed  susceptible  of 
variation;  the  result  is  that  the  required  surfiEU^  is  determined 
by  the  equation 

Stegmann  now  proceeds  to  the  variation  of  a  double  integral; 
here  he  restricts  himself  to  supposing  Sx  and  Sy  to  be  zero,  and 
he  gives  the  complete  development  of  the  variation  as  far  as  terms 
of  the  first  order,  supposing  that  no  differential  coefficient  occurs 
of  a  higher  order  than  the  second.  As  Sx  and  By  are  supposed 
zero,  and  no  change  Is  made  in  the  limits  of  the  integrations, 
the  investigation  is  less  general  than  that  which  we  have  given 
in  Arts.  143  and  183.  Stegmann  illustrates  this  investigation  by 
the  following  examples.      (1)  To  find  the  minimum  of 


fju.^.„,.,^.. 


this  example  is  taken  from  Stranch,  Yo\.  li.  page  579.     (2)    The 
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curved  siurface  of  minimom  urea  between  given  limits.  In  this 
case  Stegmann  obtains  the  ordinary  differential  equation  and  then 
gives  a  long  investigation  by  which  he  arrives  at  Monge's  integral ; 
see  Art.  311.  Then  as  an  example,  he  shews  that  the  particular 
surface  considered  by  Bjdrling  and  others  is  included  among  the 
general  class  of  surfaces  which  is  required ;  see  Arts.  311  and  315. 
With  respect  to  this  example  however,  he  states  more  than  he  has 
proved;  see  his  page  377.  He  states  that  if  the  surface  is  to 
be  bounded  by  two  fixed  straight  lines  AC,  BD  and  two  fixed 
curves  AB^  CD  which  constitute  a  closed  four-cornered  figure, 
then  the  particular  surface  referred  to  does  possess  the  least  area. 
Now  he  has  not  examined  the  terms  of  the  second  order  so  as 
to  ascertain  that  there  really  is  a  minimum,  and  moreover  his 
solution  does  not  shew  that  the  particular  surface  referred  to  is 
the  only  surface  that  will  satisfy  the  conditions  of  the  problem 
80  far  as  making  the  terms  of  the  first  order  vanish,  but  the  only 
surface  out  of  all  those  which  can  be  generated  by  a  straight 
line  which  moves  so  as  always  to  be  parallel  to  a  fixed  plane.  We 
shall  hereafter  see  that  Stegmann  has  stated  more  than  is  true. 

The  last  three  sections  of  the  sixth  chapter  are  devoted  to  the 
consideration  of  the  modification  of  the  formulss  for  the  variation 
of  a  double  integral  which  is  produced  by  supposing  that  tx  and 
hy  are  not  zero.  Stegmann  refers  to  Poisson  and  Ostrogradsky; 
but  it  appears  probable  from  coincidence  in  notation  that  he  has 
chiefly  followed  Bjorling ;  the  latter  however,  as  we  have  stated, 
may  be  considered  to  have  only  reproduced  Ostrogradsky's  method. 
In  illustration  of  the  formulae  Stegmann  considers  three  particular 
cases ;  these  are  all  included  in  those  results  of  Poisson  which  we 
have  given  in  Arts.  113  and  114. 

362.  A  supplement  on  the  use  of  variations  in  Mechanics 
occupies  pages  396 — 417. 

Stegmann  shews  here  how  certain  mechanical  problems  may 
coincide  with  problems  of  the  Calculus  of  Variations.  For  ex- 
ample, the  principle  of  Virtual  Velocities  supplies  for  the  condition 
of  equilibrium  of  any  system  an  equation  of  the  form 
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then  if  we  suppose  £^a  function  detennined  by  the  relation 

the  condition  for  equilibrium  amounts  to  the  statement  that  in 
general  27 must  be  a  maximum  or  a  minimum, 

Lagrange's  transformation  of  the  ^nations  of  motion  in  Dy- 
namics is  also  investigated ;  see  Art  318. 

The  principle  of  least  action  is  also  investigated.     Stegmann 
considers  this  principle  under  the  following  form;  required  the 

curve  for  which  \vds  is  a  maximum  or  minimum,  where  i;  is 

supposed  a  given  function  of  the  co-ordinates  x,  y^  z.  He  shews 
that  the  differential  equations  which  determine  the  curve,  are 
the  same  as  those  which  are  furnished  by  Dynamics  for  the  curve 
which  would  be  described  by  m  particle  under  forces  which  would 
generate  a  velocity  denoted  by  the  given  function  v.     He  draws 

attention  to  the  fact  that  IvcU  is  not  necessarily  a  minimum.     For 

example,  when  v  is  constant  and  the  particle  moves  on  a  smooth 
surface,  the  curve  obtained  may  be  in  general  the  shortest  line 
that  can  be  drawn  on  that  surface  between  fixed  points,  but  will 
not  be  so  necessarily.  A  particle  may  move  on  a  smooth  sphere 
acted  on  by  no  forces  except  the  normal  action  of  the  sphere, 
and  describe  the  shortest  line  between  two  points,  namely  the 
shorter  arc  of  the  great  circle  joining  those  points;  but  it  may 
also  describe  the  longer  arc  of  the  great  circle  joining  those 
points. 

We  shall  now  consider  in  detail  a  few  points  connected  with 

Stegmann's  work. 

363.  Suppose  we  require  the  maximum  or  minimum  of /^<2r, 
where  ^  involves  a?,  y,  and  the  differential  coefficients  of  y ;  before 
reducing  I  S^(fo  in  the  ordinary  way  by  integration  by  parts, 
Stegmann  makes  some  remarks  on  the  attempt  to  solve  the  problem 
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whicli  is  made  hj  supposing  S^  =  0 ;  see  Ids  page  85.  The  relation 
S^  =  0  can  only  indicate  one  of  these  two  things,  either  ^  does  not 
change  hj  ascribing  a  yariation  to  y  and  its  differential  coefficients, 
or  else  ^  is  itself  a  maximum  or  minimum.  The  former  supposition 
is  impossible,  since 

With  respect  to  the  latter  supposition  it  is  to  be  observed  that 
if  ^  be  itself  a  maximum  or  minimum  for  all  values  of  x  between 

given  limits,  then  j^dx  will  also  be  a  maximum  or  minimum  re- 
spectively, the  integral  being  taken  between  those  limits.  This 
Stegmann  proves  by  means  of  a  figure  which  is  constructed  by 
taking  the  ordinate  of  a  curve  always  equal  to  ^.  The  proof 
amounts  to  the  consideration  that  the  integral  must  be  a  maxi- 
mum or  a  minimum,  because  each  of  the  elements  of  which  it  may 
be  ultimately  regarded  as  the  sum  is  a  maximum  or  minimum  re- 
spectively.    It  is  however  not  true  conversely  that  any  relation 

which  renders  j  <l>dx  9,  maximum  or  minimum  will  make.^  also 

such  for  all  values  of  x  between  a  and  f  .    This  is  illustrated  by 

a  figure  which  amounts  to  the  consideration  that  I  ^^  dx  may  be 

greater  than  I  0,c2r,  even  although  some  of  the  values  of  ^^  are 

less  than  the  corresponding  values  of  ^,;  for  other  values  of  if>^  may 
be  greater  than  the  corresponding  values  of  ^,. 

Thus  the  conelusion  is  that  the  relation  S^  =?  0  will  not  neces- 
sarily supply  all  possible  solutions  of  the  problem  of  finding  the 

maximum  or  minimum  value  of  l^dx. 

364.  On  page  109  of  his  work  Stegmann  makes  a  remark 
which  relates  to  the  use  of  a  series  to  represent  a  variation  instead 
of  a  single  term ;  see  Art.  334.     Stegmann  is  investigating  the 

maximum  or  minimum  of/      ^    .  ^ '  dx.      The  ordinary  mode 

would  be  to  change  p  into  i'  +  ^i  <^d  ^^^  ^  examine  the  terms 
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involving  Sp  and  {Sp)\    But  suppose  we  change  p  not  into  p+Sp 
but  into  a  series,  after  the  manner  of  Strauch ;  let  this  series  be 

p  +  sen'  {x)  +^'9'{x)  +  ... 

Arrange  the  variation  of  the  proposed  integral  according  to 
powers  of  k  ;  thus  we  obtain  for  the  variation 


dx 

+  ... 


In  order  that  there  may  be  a  maximum  or  minimum  we  must 
have  in  the  usual  waj 

- — f       ^  =  a  constant. 

Stegmann  then  remarks  that  we  are  prevented  from  ascertaining 
what  the  sign  of  the  term  involving  #c*  is,  by  reason  of  the  presence 
of  ^'(a;)  which  is  altogether  independent  of  £l'{x).  He  does  not 
notice  that  the  relation  which  has  been  already  assumed  in  order 
to  make  the  coefficient  of  k  vanish,  also  makes  the  coefficient  of 
^'(ar)  constant  in  the  term  involving  tf;  hence  it  will  be  found  that 
since  the  limiting  terms  of  the  first  order  are  made  to  vanish,  the 
terms  of  the  second  order  which  depend  on  "V'x  will  also  vanish. 
It  is  in  fact  this  circumstance  that  renders  it  useless  to  adopt 
the  form  of  a  series  instead  of  a  single  term  in  order  to  denote 
a  variation. 

365.  On  page  140  of  his  work  Stegmann  is  discussing  the 
problem  of  finding  the  curve  which  with  its  evolute  includes  a 
minimum  area. 

Let  U^r^l±^'dx; 

Ja       q 

by  making  the  terms  of  the  first  order  vanish  in  the  variation  of  U 
we  obtain  a  cycloid  for  the  curve.  The  terms  of  the  second  order 
may  be  put  in  the  form 


426  8TSTEHATIC  TBEATISES. 

And  Stegmann  sajs  that  neither  -  nor  p  can  become  infinite  be- 
tween the  limits  of  integration ;  so  that  the  solution  he  has  obtained 
gives  a  minimum.  But  p  i$  mfinUe  at  the  cusps  of  the  cycloid, 
and  thus  Stegmann  is  wrong.     But  although  p   is  infinite  yet 

^      *^   does  not  become  infinite,  this  being  the  radius  of  curvature 

q 

.14-0*    o*     Z>  (1  +  P*)         (1  4-  P^Y 
of  the  curve :  hence  hjbrttori  — ^ ,  -^ ,  ■  ■  ■  ■* ,  ^    and  -^ — 4-^  do 

not  1)ecome  infinite.  Thus  if  Sp  and  Bq  are  indefinitely  small 
throughout  the  limits  of  the  integration  the  quantity  under  the 
integral  sign  in  the  above  expression  will  not  become  infinite ;  so 
that  the  result  obtained  is  really  a  minimum  in  comparison  with 
all  adjacent  curves  which  can  be  obtained  under  the  limitation  that 
ip  and  Bq  shall  be  indefinitely  small. 

With  respect  to  the  problem  in  question  it  will  be  useful  to 
notice  the  conclusions  of  other  writers.  Thus  in  De  Morgan's 
Differential  Calculus,  page  463,  the  following  statement  is  made, 
^'•...  the  radii  of  curvature  at  the  extreme  points  are  both  sO; 
which  in  the  cycloid  only  happens  at  the  cusps.  Hence  if  ^  and  B 
be  the  given  points,  every  such  figure  as  that  in  the  diagram  gives 
an  algebraical  minimum :  Ihat  is  to  8ay»  any  slight  variation  of  the 
upper  curves  with  a  corresponding  variation  of  the  lower  evolutes 
would  increase  the  area  contained.  There  is  no  absolute  arithmetical 
minimum;  for  by  sufficiently  increasing  the  number  of  revolutions 
of  the  generating  circle  we  might  diminish  the  whole  area  without 
limit.*'  The  diagram  referred  to  supposes  the  generatiug  circle  to 
have  turned  round  three  times  completely,  so  that  there  are  three 
complete  arcs  of  a  cycloid  between  the  two  fixed  points.  There  is 
no  investigation  of  the  terms  of  the  second  order  to  shew  that  any 
slight  variation  would  increase  the  area. 

The  problem  is  solved  by  Strauch,  and  he  exhibits  the  terms 
of  the  second  order,  but  makes  no  remarks  of  importance.  See  lus 
Vol.  n.  pages  289—291. 

Mr  Jellett  discusses  the  problem,  and  makes  some  remarks 
on  the  result;  see  pages  172  and  177  of  his  work.    He  gives  a 
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figure  consistiDg  of  a  single  complete  arc  of  a  cycloid  widi  its 
extremities  at  the  two  fixed  points ;  the  two  fixed  points  are  also 
connected  by  a  curve  which  is  composed  of  two  complete  arcs  of  a 
cycloid,  one  of  which  may  if  we  please  he  supposed  indefinitely 
small,  and  the  other  finite  and  differing  infinitesimally  firom  the 
single  complete  arc  first  considered.  It  is  easy  to  shew  that  the 
area  in  the  second  case  is  less  than  the  area  in  the  first  case; 
nererthelese  the  first  is  to  be  considered  a  real  minimum  in 
the  proper  sense  of  that  term,  because  the  second  curve  cannot 
be  deduced  from  the  first  by  a  legitimate  variation. 

366.  In  Art.  202  we  have  referred  to  a  result  obtained  by 
Legendre  in  discussing  the  following  problem ;  required  to  connect 
two  fixed  points  by  a  curve  of  given  length  so  that  the  area 
bounded  by  the  curve,  the  ordinates  of  the  fixed  points,  and  the 
axis  of  absciss®  shall  be  a  maximum.  Stegmann  discusses  this 
problem  and  arrives  at  the  same  results  as  Legendre,  though  he 
does  not  refer  to  him ;  see  Stegmann's  work,  pages  175—180. 

Let  h^y  k^he  the  co-ordinates  of  one  of  the  fixed  points,  which 
we  will  denote  by  ^  ;  let  A^,  k^  be  the  co-ordinates  of  the  other  fixed 
point,  which  we  will  denote  by  B;  and  we  will  suppose  h^  less  than 

\,  and  k^  less  than  k^.  Then  with  the  usual  notation  I  ydx  is 
to  be  a  maximum  while  I  V(l  +i>')  ^^  ^  ^o  ^▼^  ^  giten  vahie. 

J  hi 

Then  we  proceed  to  make  I    {y  +  X  V(l  +i>'))  ^  *  maximum  where 

J  hi 

\  is  a  constant. 

Therefore  1  -X^  '      P''  ,v  «  0 (1), 

cii?  V(l+P) 

therefore  x-^  0^^   . . /^- 


therefore 


therefore  y_  C,  =  T  V{V-  («-  (7,)»j (2). 
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It  ia  easjr  to  see  that  tlie  sign  of  the  tonns  of  the  second  order  ii 
the  same  as  tiiat  of 


J».(l  H 


1'^' 


and  is  therefore  the  same  as  the  sign  of  X.  Then  (2)  gives  for  thi 
required  cnire  an  arc  of  a  circle  of  which  X*  is  the  square  of  thi 
radios,  and  from  (1)  it  may  1>e  shewn  that  this  arc  will  be  concan 
to  the  axis  of  a;  if  X  be  negative ;  so  that  an  arc  of  a  circle  concsvi 
to  the  axis  of  x  gives  a  mazimnm  area.  The  constants  X,  C,,  an< 
O,  are  to  be  determined  bj  making  the  arc  go  through  the  point 
A  and  S  and  have  tiie  given  length.  This  given  length  must  o 
course  be  greater  than  the  straight  line  which  joins  A  and  £. 

The  solution  thus  obttdned  is  satisfactory  as  long  as  the  concavi 
circular  arc  joining  A  and  B  falls  entirelj  between  the  lines  drawi 
through  A  and  B  perpendicular  to  the  axis  of  x;  the  extreme  ad 
missible  case  is  that  in  which  the  ordinate  at  jl  is  the  tangent  ti 
the  circular  arc  at  A. 

Supposing  then  that  the  given  length  exceeds  that  which  cor 
responds  to  the  extreme  admissible  case  just  referred  to,  we  miu 
modify  the  problem.  Let  the  ordinate  at  ^  be  produced  through  ^ 
to  a  point  distant  y^  from  the  axis  of  x ;  and  let  the  straight  lin< 
of  length  y,  —  )^  be  considered  part  of  the  carve  connecting  ^ 
and  B.    Thus  we  now  propose  to  make  1    t/dx  a  maximum  whili 

jf^  —  k^+j    ^(1  +p*)  Sx  has  a  given  valoe.    No  change  is  thus  re 

quired  in  the  solution  of  the  problem  except  so  far  as  relates  to  thi 
terms  at  the  limits ;  these  formerly'  vanished  because  the  extrem< 
points  were  both  fixed.  Now  we  have  corresponding  to  the  lowei 
limit  the  expression 

and  to  make  this  vanish  we  must  have 
therefore  ;),  =  (». 
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This  reqtiires  the  circular  arc  to  have  its  taugent  at  the  point 
(^1)  ^i)  where  it  joins  the  ordinate  produced  through  A^  coincident 
with  that  ordinate  produced.  Thus  y^^^  C^,  and  Cj  — Aj  =  the 
radius  of  the  circle ;  and  the  constants  will  be  found  from  these 
relations  combined  with  the  conditions  that  the  circle  shall  pass 
through  B^  and  that  the  length  of  the  circular  arc  together  with 
y^  —  k^  shall  be  equal  to  the  given  length. 

In  this  case  then  the  required  curve  is  made  up  of  a  straight  line 
of  the  length  y^  —  \  and  of  an  arc  of  a  circle. 

The  solution  thus  obtained  is  satisfactory  so  long  as  the  concave 
circular  arc  is  not  cut  by  the  ordinate  at  B  produced  through  B ;  the 
extreme  admissible  case  is  that  in  which  the  ordinate  at  B  is  the 
tangent  to  the  circular  arc  at  B, 

Supposing  then  that  the  given  length  exceeds  that  which  cor- 
responds to  the  extreme  admissible  case  just  referred  to,  we  must 
again  modify  the  problem.  Let  the  ordinate  at  ^  be  produced  to  a 
point  distant  y^  from  the  axis  of  a;,  and  let  the  straight  line  of  length 
y,  —  A;,  as  well  as  the  straight  line  of  length  y^  —  4^  be  considered  part 
of  the  curve  connecting  A  and  B.    Thus  we  now  propose  to  make 

*t 
ydx9^  maximum,  while 


/, 


yi-*i+y.-*,+/^y(i+/>")da; 


has  a  given  value.  No  change  is  thus  required  in  the  solution  of 
the  problem  except  so  far  as  relates  to  the  terms  at  the  limits.  We 
now  have  the  expression 


{'*v(ii-?)}>*M'-v(i^}>' 


\\i  + 


and  to  make  this  vanisli  we  most  have 


{•*7(i^)='''"M'-7(i^}.-<'' 


therefore  Pi  =  ^ >  wid  p,  =  —  oo. 
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\  When  the  limiting  values  of  y  are  given  and  unequal  suppose  ihefi 

]  values  to  be  iS  and  17  corresponding  to  the  values  a  and  ^  oi  a 

\  Then  putting  the  problem  into  a  geometrical  form,  the  curve  re 

^  quired  appears  to  be  made  up  of  the  straight  line  which  joins  th 

:•  point  (a,  fi)  with  the  point  (f,  )9),  and  the  straight  line  which  join 

.t  the  point  ({,  P)  with  the  point  (f  ,  1;) ;  or  at  least  the  nearer  we  aji 

/  proach  to  this  limit  the  smaller  does  U  become. 

This  problem  is  taken  from  Euler's  Methodtta  Inveniendi.. 
'  page  94.    Euler  considers  any  function  of  Z  instead  of  Z*^  an< 

he  arrives  at  the  result  ^  =  0  as  necessary  for  a  maximum  or 
minimum. 

369.    An  example  of  a  relative  minimum  is  solved  by  Steg 
mann  on  his  pages  255 — 258,  which  we  will  give  here.      Re 

1  r* 

quired  the  minimum  value  of  -  I  jfdx  under  the  following  con 
ditions; 

yo=i (1), 


•I 


1 (2). 

Let  X  be  a  constant,  and  let 

then  to  the  first  order 

Hence  ^  -  ^  =  0  (3) 

y^     ax  ^  ' 

and  /^i"r5      y^  =  0  (4). 

From  (3)  we  have 

therefore  9~  (^ "  -^)*  =  y  +  -®> 

where  A  and  B  are  constants. 
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The  condition  (1)  gives 

^=1  +  5, 

therefore  y  =  l  +  5— (a?  —  2-4aj) (5), 


The  condition  (2)  gives 


l+^L^^^^y  (6). 

From  (2)  and  (4)  we  obtain 

that  is  -(2-^)=0  (7). 


By  putting  a;  =  1  in  (5),  we  obtain 


y,  =  l  +  ^(l-2^)  (8). 

The  solution  \  =  0  of  (7)  is  inadmissible,  for  that  would  make 
y=l  hj  (5),  and  then  (2)  would  not  be  satisfied.  Hence  we 
deduce  A  — 2  firom  (7),  and  then  from  (6)  and  (8)  we  deduce 

12  2 

^""""49*     yi--7- 

Now  to  determine  whether  a  minimum  is  thus  obtained,  we 
must  form  the  expression  for  ZU  correct  to  the  second  order; 
now  we  have  exactly 

and  therefore  to  the  second  order. 


=/;{i(^)'-^  +  ^}ci..  by  (3)  and  (4), 
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B7  int^nting  ij  parts  we  have 

Now— i=-8,  and—  J  tfdfr  =  -l:  thnB&ullT 

80  that  we  have  obtained  a  minimam. 

S70.    Stegmann  gives  on  his  page  395  one  application  o{ 
foimolsa  relatiiig  to  double  integrals  which  we  will  lepiodoce. 

Suppose  we  have  to  find  a  Borface  of  minimnm  area  under 
condition  that  the  length  of  the  honndaiy  ia  given. 

The  eqnations  which  most  hold  at  the  botmdai7  are  the 
two  of  eqoationB  (13)  of  Art.  114. 


7.v{i+«''+o.  ^=J,  y=^. 


Here 

,  _      d  /^\  _     d^  da  ,  d  /^\         rfV  ds 

"''HKdsJ'     dt?  dz'       *"     d^\^)'     ^  3S- 

Thua  the  eqoations  are 


z,dx  —  e'. 


,,.,(&  /d*x        d*v   , 


fd*x 


dx  + 


d?' 
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By  ordinary  transformations  these  equations  become  respectively 

V(>+.'+..V.|@  +  .,g)  =  « «, 

•»*  70^-'^^-" (»" 

and  this  is  the  form  in  which  Stegmann  gives  them. 

He  now  takes  another  condition,  namely  that  z  shall  be  constant 
round  the  boundary,  so  that  round  the  boundary 

efo  =  2'<ir  +  sj^rfy  =0 (3), 

and  since  z  is  constant  round  the  boundary  (2)  gives 

z^dx-'zdy^^  0 * (4). 

From  (3)  and  (4)  we  have  round  the  boundary 

«  =0    and  «^  =  0. 
Also  (1)  becomes  round  the  boundary 

d^y  ds      -  ,_v 

i-^a^^'^ •(^)- 

From  (5)  by  integration  we  obtain  the  equation  to  a  drcle  of 
which  the  radius  is  numericaUy  equal  to  c ;  that  is,  the  projection 
of  the  boundary  on  the  plane  of  (a?,  y)  is  a  circle. 

Then  Stegmann  observes  that  this  cannot  give  a  minimum 
area  but  a  maximum  area,  since  the  boundary  is  supposed  to  be 
a  closed  curve.  But  the  result  may  be  made  useful  by  modifying 
the  problem.  The  modification  appears  to  be  that  the  projection  of 
the  boundaiy  shall  be  a  four-sided  figure  having  for  two  of  its 
sides  fixed  straight  lines  perpendicular  to  the  axis  of  x^  and  the 
other  two  sides  remaining  to  be  determined  and  each  being  of  given 
length.  Then  Stegmann  says  these  other  two  sides  should  be  arcs 
of  circles  with  their  convexities  turned  towards  each  other. 
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CHAPTER    XIV. 

MINOR  TREATISES. 

371.  This  chapter  ia  intended  to  pve  an  account  of  the  m 
treatises  on  the  Calcalus  of  Variations.  It  includes  all  the  sepa 
works  which  have  come  to  the  writer's  knowledge,  but  does 
attempt  to  notice  every  case  in  which  a  chapter  has  been  den 
to  this  Bobject  in  the  course  of  a  general  work  on  analysis.  A 
such  cases  have  been  howerer  included  in  the  present  list 

372.  Bnmacci.  A  treatise  on  the  Calcnlns  of  Yariat 
occupies  pf^es  166 — 255  of  the  fourth  volume  of  Brunacci's  C 
di  MatemcOica  Buhlime.     Florence,  1808. 

Bntnacct  begins  with  some  general  remarks  similar  to  t1 
which  we  have  given  in  Art,  363  after  Stegmann.  He  consi' 
the  case  in  which  F{x,  y)  is  to  be  a  mazimnm  or  minimum  bj 
variatioD  of  y,  and  then  the  case  in  which  F{x,  y,p)  is  to  1 
maximum  or  minimum  by  the  variation  of  y  and  p  or  of  on 
them ;  and  he  gives  Lagrange's  example ;  see  Art.  3.  He  mi 
some  brief  remarks  on  the  history  of  the  subject,  and  states 
Lagrange  had  finally  relieved  it  from  any  consideration  of  in 
tesimal  qnantities;  he  proposes  to  follow  Idgrange's  metbtx 
discussing  the  snbject  He  does  not  use  the  symbol  Sy,  bn 
instead,  where  i  is  supposed  indefinitely  small  and  0  an  arbit 
function. 

In  finding  the  maximum  or  minimum  value  of  an  inte 
\^dx  he  first  supposes  that  0  contains  only  x  and  y ;  he  illusti 
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this  hj  two  examples  taken  from  Euler's  Methodua  Inveniendi ...^ 
pages  39  and  40,  and  in  the  second  example  he  agrees  with  Dirksen 
in  distinguishing  between  a  maximum  and  a  minimum  more  care- 
frdlj  than  Euler  did ;  see  Art.  52,  and  Dirksen,  page  202.   He  next 

supposes  that  ^  is  a  function  of  a;,  y,  andj^,  and  that  f^e£i;  is  to  be 

made  a  maximum  or  minimum;  this  case  he  illustrates  bj  dis- 
cussing the  problems  of  the  shortest  line  and  the  brachistochrone. 
He  insists  on  the  propriety  of  separating  the  problems  which  occur 
into  two  parts,  one  depending  strictly  on  the  Calculus  of  Variations 
and  the  other  on  the  Differential  Calculus ;  see  Arts.  90  and  91. 
He  says  that  this  idea  was  communicated  to  him  by  a  distinguished 
scholar  and  mathematician  Paradisi,  and  "that  Eider  himself  would 
have  judged  it  worthy  of  his  own  immortal  work,  the  Afethodta 

Inveniendi Accordingly  Brunacci  in  treating  the  problem  of 

the  brachistochrone  between  two  given  curves  first  supposes  the 
extreme  points  fixed  and  obtains  a  cycloid  by  the  Calculus  of 
Variations  as  the  required  curve;  then  he  determines  by  the 
Differential  Calculus  the  position  which  the  cycloid  must  have 
when  its  ends  are  supposed  moveable  on  two  curves;  in  spite  of 
Brunacci's  opinion  his  process  seems  longer  and  not  clearer  than 
that  usually  given  which  depends  on  the  Calculus  of  Variations 
solely.    Brunacci  next  supposes  that  ^  is  a  function  of  a;,  y,  p^ 

and  q^  and  that  the  maximum  or  minimum  oil^dx  is  required; 

this  he  illustrates  by  examples  drawn  from  pages  61  and  247  of 
the  Methodus  Inveniendi 

Brunacci  supplies  investigations  of  the  terms  of  the  second  order 
for  distinguishing  between  maxima  and  minima  values ;  he  repeats 
the  investigation  to  which  we  have  alluded  in  Art.  216;  he  says 
however  that  it  is  now  presented  in  a  better  form. 

Brunacci  gives  some  account  of  problems  of  relative  maxima 
and  minima,  and  considers  a  few  simple  examples. 

With  respect  to  the  variation  of  double  integrals  he  gives  an 
investigation  which  is  correct  so  far  as  it  goes ;  see  Art.  29.  He 
applies  the  result  to  obtain  the  differential  equation  to  the  surface 


/. 
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which  is  a  minimum  among  those  which  include  the  same  volume. 
He  says  however  that  owing  to  the  difficulty  of  integrating  partial 
di£ferential  equations,  to  the  difficulty  of  determining  the  arbitrary 
functions  which  occur  in  the  solutions,  and  to  other  difficulties 
which  arise  from  the  nature  of  the  problems,  very  little  can  be 
effected  in  this  part  of  the  subject;  in  his  own  words  '^ ...  siamo 
sopra  una  spiaggia  da  cui  si  scopre  un  mar  senza  fine,  e  non  ci 
h  dato  per  anche  d*inoltrarvisi,  onde  fare  delle  scoperte." 

It  would  appear  from  his  page  248  that  Brunacci  considered 

that  his  treatise  on  the  Calculus  of  Variations  might  be  contrasted 

&vourably  with  those  which  had  been  previously  published.     It  is 

not  however  very  accurate  in  language  or  investigation ;  we  have 

already  in  Art.  208  pointed  out  an  objectionable  statement,  and  we 

will  now  indicate  some  others.     Brunacci  says  on  his  page  168  that 
h 
f{x)dxia  the  sum  of  all  possible  values  of  f{x)  between  those 

which  correspond  to  a;  =  a  and  x=h;  this  amounts  to  overlook- 

rh 
ing   the   dx  which   occurs  in    the   symbol  /  f{x)  dx.    On  his 

page  245  he  interprets  the  equation  xy^Z^  to  mean  that  the 
vertical  ordinate  is  a  third  of  the  rectangle  of  the  horizontal  coK)rdi. 
nates,  instead  of  saying  that  the  square  of  the  vertical  ordinate  is  so ; 
here  he  had  previously  given  the  statement  correctly.    On  his  page 

229  he  discusses  the  maximum  or  minimum  of  \'>^dxy  where  '^  is  a 
frmction  of  Zy  and  Z^  /V(l  +?*)  dx.    We  have  already  considered 

a  case  of  this  problem  in  Art.  368.  Brunacci  by  an  obscure  method 
arrives  at  a  differential  equation,  and  he  shews  that  when  a  certain 
constant  c*  vanishes  the  solution  is  p  =  0 ;  but  this  he  says  is  only 
a  particular  solution.  It  will  be  seen,  however,  on  his  page  230 
that  he  requires  a  to  vanish  at  the  limits,  and 

cV(l4-;>') 
P         ' 

80  that  his  solution  leads  necessarily  to  c  =  0. 
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373.  Lacrolz.  '  An  eUmenJtart/  treatise  on  the  DifferenJtiaJ,  and 
Integral  Calculus,  hy  8.  F.  Lacroix.  Translated  from  the  Fiench. 
Cambridge,  1816. 

This  work  contains  a  brief  treatise  on  the  Calculus  of  Varia- 
tions  on  pages  436—463,  and  706 — 711.  The  treatise  has  been 
described  with  great  justice  as  '^  singularly  confused  and  unin- 
telligible." 

374.  Gergonne.    Gkrgonne's  Annales  de  MathSnuUiques 

Vol.  18,  1822,  pages  1—93. 

This  memoir  is  on  the  investigation  of  the  maxima  and  minima 
of  undetermined  integral  formulae.  Grergonne  considers  that  with 
many  persons  the  Calculus  of  Variations  is  merely  a  mechanical 
process  of  which  they  do  not  comprehend  the  spirit.  He  proposes 
to  shew  that  the  questions  of  maxima  and  minima  for  which  this 
Calculus  was  principally  invented  can  be  treated  in  the  clearest  and 
briefest  manner  by  the  principles  of  the  ordinary  Differential  Cal- 
culus. He  does  not  use  the  distinctive  notation  of  the  Calculus  of 
Variations;  thus  for  what  is  usually  denoted  by  hy  he  puts  %Y, 
where  t  is  an  indefinitely  small  quantity  and  F  is  an  arbitraiy 
function. 

This  memoir  seems  of  no  great  use ;  any  student  who  could 
imderstand  it  could  understand  the  ordinary  exhibitions  of  the 
Calculus  of  Variations.  The  distinctive  notation  of  the  Calculus  of 
Variations  has  always  been  considered  one  of  its  great  advantages, 
and  nothing  is  gained  by  discarding  this  notation.  There  are  also 
passages  in  this  memoir  which  would  probably  appear  more  difficult 
to  a  beginner  than  the  corresponding  passages  in  the  ordinaiy 
treatises.  Thus,  for  example,  we  may  refer  to  the  way  in  which 
Grergonne  shews  that  the  integrated  and  the  unintegrated  part  of 
the  variation  of  an  integral  must  separately  vanish  in  order  diat  the 
integral  may  be  a  maximum  or  a  minimum. 

The  memoir  is  written  with  remarkable  diffaseness.  As  an 
instance  the  following  may  be  noticed.    When  Ocrgonne  is  dis- 
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cussing  the  question  of  the  shortest  line  he  obtains  these  two 
equations, 

d  x'  d  y* 

and  instead  of  inferring  at  once  that 
;^^^j-p5rp^  =  a  constant,  and  ^^^-^1^^^^  =  a  constant, 

he  devotes  a  page  to  performing  the  differentiations  first  and  then 
letracing  his  steps  by  integration ;  and  he  makes  a  temporary  mis* 
take  in  the  course  of  his  process  by  omitting  \  in  the  fifth  line  of 
his  page  36.  Page  89  is  quite  wrong ;  the  equations  in  the  fourth 
line  are  fedse,  since  they  ought  to  involye  the  partial  differ* 
ential  coefficients  of  8;  tike  equations  given  by  Gergonne  would 
make  the  osculating  plane  of  the  curve  perpendicular  to  its  tan* 
gent. 

The  following  paragraph  forms  the  last  of  Oergonne*8  memoir. 

In  conclusion  we  must  ask  the  indidgenoe  of  the  reader  for  the 
numerous  imperfections  and  even  errors  which  may  be  found  in 
this  memoir.  If  we  may  believe  what  is  stated  by  Dr  Prompt  in  a 
small  treatise  published  in  1820,  the  work  even  of  the  illustrious 
Lagrange  on  this  subject  is  not  free  from  objections.  The  em- 
barrassing notation  of  that  great  mathematician  on  the  one  hand, 
and  the  brevity  of  Dr  Prompt  on  the  other  hand,  have  prevented 
us  from  ascertaining  to  what  extent  these  objections  are  well 
founded ;  but  this  is  a  point  to  which  we  will  return  on  another 
occasion. 

[It  does  not  appear  that  Gergonne  ever  returned  to  the  subject. 
The  present  writer  has  not  seen  any  other  notice  of  Dr  Prompt's 
work.] 

375.     Ampere.     Gergonne's  Annates  de  MathSmattques 

Vol.  16,  1825,  pages  133—167. 

This  memoir  is  an  exposition  of  the  principles  of  the  Calculus 
of  VariationSi  and  is  said  to  have  been  drawn  up  by  Ampere  for  his 
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course  of  lectures  at  the  Poljtechnique  School.  It  constitutes  such 
an  elementary  treatise  on  the  Calculus  of  Variations  as  is  frequently 
given  in  works  on  the  Differential  and  Integral  Calculus,  and 
presents  no  peculiarity.  After  establishing  the  formula  for  the 
variation  of  an  integral  Amp^  shews  that  in  order  that  the 
integral  may  be  a  maximum  or  a  minimum  the  two  parts  of  the 
variation  must  separately  vanish.  This  he  shews  by  supposing 
in  the  first  place  that  the  limiting  values  of  the  variables  and 
of  the  differential  coefficients  are  given;  then  the  part  of  the 
variation  which  remains  under  the  integral  sign  must  vanish  be- 
cause the  other  part  vanishes  of  itself.  Next  he  supposes  that 
the  limiting  values  are  not  given ;  still  it  is  in  our  power  to  sup- 
pose such  a  variation  as  leaves  the  limiting  values  unchanged| 
and  this  variation  must  be  zero,  so  that,  as  before,  the  part  under 
the  integral  sign  must  vanish.  Glergonne  himself  says  in  a  note 
that  Ampere  is  the  first  who  has  shewn  distinctly  that  the  part 
of  the  variation  which  is  under  the  integral  sign  must  separately 
vanish,  and  he  admits  that  his  own  memoir  wad  unsatisfactoiy  on 
this  point. 

376.  Verdam  and  Verhulst.  The  subject  of  maxima  and 
minima  appears  to  have  been  proposed  for  a  prize  exercise  in 
the  University  of  Leyden  in  1823.  Essays  by  Verdam  and 
Verhulst  obtained  prizes;  they  were  published  in  1824.  The 
title  of  the  two  essays  is  the  same  ...Cammentatto  ad  Qttasstumem 
Maihematxcam  ...  in  Academta  Lugduno-Batava  ... propoaitam... 

Verdam's  essay  occupies  100  quarto  pages ;  from  page  76  to 
the  end  is  devoted  to  the  Calcidus  of  Variations.  The  writer 
confesses  that  he  has  a  very  imperfect  knowledge  of  this  branch 
of  the  subject.  Some  of  the  ordinary  formulae  are  given,  but  the 
demonstrations  are  only  sketched,  and  reference  is  made  to  La- 
croix  for  the  details ;  a  few  of  the  usual  problems  are  given  in 
illustration.  The  essay  is  not  free  from  error ;  we  may  refer  for 
example  to  the  treatment  of  the  limiting  equations.  Verdam  says 
in  effect,  that  in  a  term  of  the  form  -4Sy,  if  the  limits  of  y  are 
fixed  we  still  have  -4  =  0,  whereas  the  term  vanishes  because 
Sy  =  0  and  the  relation  A=iO  does  not  in  general  hold.     And  on 
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his  page  94  lie  gives  an  example  from  Euler^s  Methodm  Invent-- 
endi...  page  88,  which  he  treats  hj  means  of  that  formula  given 
hj  Lacroix  which  we  have  discussed  in  Art.  38.  Verdam's  re- 
sult is  correct  for  the  case  which  Euler  considers  in  which  L 
is  a  function  of  n,  but  is  not  true  if^  as  Yerdam  sajs^  Zr  is  a 
function  of  x  and  y « 

Yerhulst^s  essaj  occupies  30  quarto  pages ;  about  three  pages 
are  devoted  to  the  formula  of  the  Calculus  of  Variations,  and 
three  more  to  some  of  the  common  problems. 

377.  Verhulst.  There  is  another  essay  hj  Verhulst,  which 
is  on  the  Calculus  of  Variations  exclusively.  This  obtained  a 
prize  which  was  offered  in  1823  by  the  University  of  Ghent,  and 
was  published  in  1824  under  the, title  ...Commeniatio  ad  Quces- 
tionem  Mathematicam ...  Academice  Gandavenais jproposttam.,^. 

The  essay  contains  a  brief  sketch  of  the  subject,  and  discusses 
seven  problems;  it  gives  some  account  of  the  application  of  the 
subject  to  Mechanics,  and  demonstrates  the  principle  of  least 
action.    It  is  chiefly  remarkable  for  grave  errors. 

378.  Airy.  In  Airy*s  MoUheTnaticcd  Tracts^  published  at  Cam- 
bridge in  1826,  twenty-three  pages  are  devoted  to  the  Calculus 
of  Variations.  These  pages  form  an  excellent  elementary  treatise 
on  the  subject.  The  author  in  his  preface  speaks  of  the  subject 
as  the  ''most  beautiful  of  all  the  branches  of  the  Differential 
Calculus."  He  says  of  his  treatise,  "  by  adhering  rigorously  to 
principles,  by  exemplifying  every  formula,  and  by  avoiding  the 
investigation  of  useless  theorems,  the  author  hopes  that  he  hajs 
removed  many  of  the  difficulties  which  have  been  thought  to  beset 
this  theory." 

The  fourth  edition  of  the  Mathematical  Tracts  was  published 
in  1858 ;  the  treatise  on  the  Calcidus  of  Variations  is  here  increased 
by  two  pages,  namely  pages  240  and  241  of  the  work. 

379.  Bordoni.  Leztoni  di  Calcolo  Sublime.  Milan,  1831. 
This  work  is  in  two  octavo  volumes ;  the  Calculus  of  Variations 
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occupies  pages  192 — 298  of  the  second  volume.  Bordoni  adopts 
the  method  and  notation  of  Lagrange  which  we  have  described 
in  Art.  15 ;  and  the  work  is  rendered  extremely  perplexing  hj  the 
profusion  of  dots  and  dashes  and  affixes  with  which  the  symbols 
are  loaded.  Scarcely  any  examples  are  given  in  illustration  of 
the  theory.  This  appears  to  be  the  first  elementary  work  which 
introduced  Poisson's  formula  for  the  variations  of  the  differen- 
tial coefficients  of  a  function  of  two  independent  variables;  see 
Art.  262. 

We  will  notice  a  few  points  in  the  treatise  in  detail. 

380.  Two  examples  of  the  use  of  Variations  are  given  by 
Bordoni  on  his  pages  261 — 265,  which  we  will  briefly  explain. 

I.  Suppose  a  fixed  surface  and  two  fixed  points  outside  it ;  let 
a  string  have  its  extremities  fixed  to  these  points,  and  let  it  be 
stretched  and  kept  in  contact  with  the  surface  by  means  of  a 
point  moving  on  the  surface  and  against  the  string;  thus  the 
whole  string  consists  of  four  portions,  namely  two  straight  lines 
outside  the  surface  and  two  curved  portions  on  the  surface.  The 
moving  point  will  trace  out  a  locus  on  the  surface  after  the 
manner  in  which  an  ellipse  is  traced  out  on  a  plane  by  a  moving 
point  which  stretches  a  string  having  its  ends  fixed.  Then  the 
locus  traced  on  the  surfSsu^e  has  this  property  analogous  to  a 
property  of  the  ellipse;  the  tangent  at  any  point  of  the  locus 
makes  equal  angles  with  the  two  curved  portions  of  the  string 
meeting  in  that  point.  This  we  shall  now  prove.  The  string  is 
inextensible,  and  therefore  the  sum  of  the  variations  of  the  four 
parts  is  zero.  Let  x,  y,  z  denote  the  co-ordinates  of  a  point  in 
one  of  the  curved  portions,  so  that  the  length  of  this  portion  is 

V(l  +  jf'^ + z'*)  dx  between  proper  limits,  where  y'  stands  for  -^ 

and  z'  stands  for  -7- .  The  variation  of  this  integral  according 
to  the  usual  notation  consists  of  an  integrated  part 


/■ 


^(■■^^-^'^^^''''^"vtix 


{Sz  —  z'Sx) 
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and  an  unintegrated  part 

Now  this  unintegrated  part  vanishes,  because  we  know  from 
statical  considerations,  that  the  curved  portions  of  the  string  assume 
the  forms  of  the  lines  of  maximum  or  minimum  length  on  the 
surface,  and  for  such  lines  the  unintegrated  part  of  the  variation 
of  the  length  of  an  arc  vanishes.  We  have  therefore  only  the 
integrated  part  remaining,  and  this  may  be  put  in  the  form 

&c  +  y%  +  z'Sz 

that  is,  &  cos  ^,  where  &•=&»*+  Sy*  +  S2',  and  if>  is  the  angle 
between  two  lines,  one  having  its  direction-cosines  proportional  to 
&c,  5y,  Bz  respectively,  and  the  other  having  its  direction-cosines 
proportional  to  1,  y',  z'  respectively. 

Now  at  the  point  which  is  common  to  one  of  the  straight 
portions  of  the  string  and  one  of  the  curved  portions,  &  and  <(> 
have  the  same  values  for  each  portion;  so  that  the  two  terms 
which  are  thus  contributed  to  the  variation  of  the  whole  length 
cancel.  Then  at  the  point  common  to  the  curved  portions  &  is  the 
same  for  the  two  portions,  and  therefore  ^  must  have  the  same 
value  in  order  that  the  whole  variation  may  vanish. 

II.  Suppose  one  end  of  a  string  fixed  to  a  point  in  a  curve 
on  a  fixed  surface ;  and  let  the  string  be  stretched  so  that  a  part 
is  kept  in  contact  with  this  curve,  a  part  kept  in  contact  with  the 
surface,  and  a  part  is  firee  firom  the  surface.  Then  whatever  may 
be  the  position  of  the  string,  provided  that  the  three  parts  are  kept 
stretched,  the  third  part  is  always  a  normal  to  the  surface  traced 
out  by  its  iree  end. 

This  is  proved  in  the  same  manner  as  before.  Let  f ,  1;,  f  be 
the  co-ordinates  of  the  firee  end ;  x,  y,  z  the  co-ordinates  of  the 
point  where  the  string  leaves  the  surface.  Let  s^  be  the  length 
of  the  straight  portion,  s^  the  length  of  the  part  which  is  only  kept 
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on  the  surface,  «,  the  length  of  the  part  which  is  kept  against 
the  curve.  The  whole  variation  of  s^  +  8^  +  «,  must  be  zero.  The 
unintegrated  part  of  the  variation  of  s^  vanishes  as  before ;  the 
only  variation  in  s^  is  that  which  is  produced  by  lengthening  or 
shortening  the  portion  in  contact  with  the  curve ;  and  this  variation 
is  cancelled  by  the  corresponding  term  in  the  integrated  part  of 
the  variation  of  «,.  The  variation  of  s^  so  far  as  it  depends  on 
the  variation  of  the  point  {x,  y,  z)  is  cancelled  by  the  corre- 
sponding term  in  the  integrated  part  of  the  variation  of  s^.  Thus 
that  part  of  the  variation  of  8^  which  arises  from  the  variation 
of  the  point  (f  ,  17,  ^)  must  separately  vanish. 

But  ^;  =  (^-fr+(y-i7)'+(^-m 

therefore  (a^>  ?)  8f  4- (y-,)&; +  (.-?)  8g^ 

this  equation  shews  that  two  lines  are  at  right  angles,  namely 
the  line  which  has  its  direction-cosines  proportional  to  Sf,  &/,  Sf 
respectively,  and  the  line  which  has  its  direction-cosines  pro- 
portional to  «  —  f ,  y  —  17,  i5  —  f  respectively.  This  proves  the 
theorem. 

381.  On  pages  281 — ^298  of  his  work,  Bordoni  discusses  the 
criteria  for  distinguishing  between  maxima  and  minima  values; 
here  he  follows  the  method  of  Legendre.     Suppose  we  have  to 

investigate  the  maximum  or  minimum  of  l<l>{x,ff,y')dx.    The 

terms  of  the  first  order  are  supposed  treated  in  the  usual  way 
We  have  then  to  examine  the  sign  of 


j{A  %)» + 25  Sy  V + C  (SyO*}  dx, 


where  A  =  -^,     B=  j   ?<,     ^=x?- 


di^  '  dy  dy 

Now  we  have  identically,  whateyer  a  may  be, 

=  (^  -  (/)  (%)•  +  2  (5  -  «)  8y  V  +  <?  (%r  +  {« (Sy)T- 
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Thus  the  above  integral  becomes 
a(Sy)"+/{(^-aO(Sy)«+2(5-a)Sy8y'+C(Sy7}c&. 

Then  if  a  can  be  found  so  as  to  make 

{A  -  a')  C  greater  than  {B  -  a)", 

the  sign  of  the  expression  remaining  under  the  integral  sign  will 
be  the  same  as  the  sign  of  C;  and  thus  we  shall  be  able  to 
determine  whether  there  is  a  maximum  or  a  minimum. 

A  suitable  value  of  a  may  be  found  thus.  Let  c  be  the  least 
value  of  C  between  the  limits  of  integration,  b  the  least  value  of 
A  —  B';  find  fi  from  the  equation 

ftXy/b 

80  that  /x  =  ^(bc) ^ , 

1  -  ie  vc 

where  X;  is  a  constant. 

Then  a=5— /x  is  a  suitable  value.    For 

b  +  fi'  IB  less  than  A-B  +  fi'^  and  o  less  than  C] 

therefore         (&  +  m')  c  is  less  than  0{A-B'  +  fi), 

that  is  C{A  —  B  +  fi)  is  greater  than  /*', 

that  is  C{A  —  a)  greater  than  {B  —  a)'. 

Bordoni  does  not  however  allow  for  the  exceptions  which  may 
arise;  thus  in  applying  the  test  to  a  geodesic  line,  he  says  that 
such  a  line  is  a  line  of  minimum  length,  which  we  know  is  not 
necessarily  the  case. 

382.  One  of  the  investigations  which  Bordoni  gives  is  in- 
tended to  discriminate  between  the  maximum  and  minimum  of 


/• 


if>  (a?,  y,  «,  y',  z')  dx  when  a  relation  F{x^  y,  «,  y',  «')  =  0  is  sup- 
posed to  hold.  In  this  case  by  the  use  of  a  multiplier  X  we  find 
that  we  have  to  investigate  the  sign  of  the  terms  of  the  second 
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order  in  the  variation  of  I  (^  +  7cF)  dx.  These  terms  form  a  poly- 
nomial of  the  second  degree  in  Sz',  hy\  Sz,  Sy ;  then  Sz'  is  eliminated 
by  means  of  the  relation 

We  thus  obtain  under  the  integral  sign  a  polynomial  of  the 
second  degree  in  Sy\  Szy  Sy,  say 

^(8y)*  +  25Sy8y'+ +  <?%')'; 

dF 

where  ^^^7W' 

d^ 

This  polynomial  is  then  modified  by  adding  to  it  the  term 
{a(Sy)'+2/8Sy&  +  7(S5j)*}'  and  taking  away  the  same  term,  in 
the  manner  of  the  preceding  article.  Then  a  (8y)'+2/8SyS«+7(&)* 
is  brought  outside  the  integral  sign,  and  the  polynomial  under  the 
integral  sign  involves  a,  ^,  7  and  their  differential  coefficients. 
The  polynomial  under  the  integral  sign  may  then  be  arranged 
by  the  theorem  given  in  Art.  260 ;  and  finally  by  properly  choosing 
the  values  of  a,  fi,  7  we  may  make  the  polynomial  have  the  same 
sign  as  Q.  Thus  we  have  a  minimum  if  6^  be  positive  throughout 
the  limits  of  the  integration,  and  a  maximum  if  (7  be  negative 
throughout  the  limits  of  the  integration. 

This  general  result  Bordoni  applies  to  two  special  cases. 
First,  suppose  that  if>  involves  only  x,  y,  z  and  y\  and  that  F 
is  of  the  form  «'  —  -^  (a:,  y,  «,  y') ;  then  the  case  coincides  with 
that  considered  by  Brunacci,  and  the  result  is  the  same  as  he 
obtained;  see  Art.  206. 

Next,  suppose  ^  (a?,  y,  «,  y',  z')  reduces  to  z' ;  then  O  be- 
comes 
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Bordoni  sajB  that  this  is  equal  to  —  X  -p  -^-^ ,  because 

dy"^^      dy'd£  ^  ^  dz'^^dz'  dy'*"   ' 
which  is  altogether  inadmissible. 

383.  In  Klttgel's  Mathemattsches  Warterbuch,  Vol.  5,  1831, 
an  article  occurs  on  Variationsrechnung  which  occupies  pages 
600 — 715.  This  article  presents  nothing  remarkable.  The  early 
part  of  it  is  encumbered  with  useless  generalities.  It  concludes 
with  a  brief  sketch  of  the  earlj  history  of  the  subject,  accompanied 
with  some  references  to  writers,  chiefly  of  the  18th  century. 

384.  Momsen.  EUmenta  Calculi  Vartatumum  rcUiane  ad 
analysin  infinttorvm  quam  proxime  accedente  tractata.  Altona, 
1833. 

This  treatise  was  written  as  an  exercise  for  a  degree  in  the 
University  of  Kiel ;  it  occupies  73  quarto  pages.  In  the  intro- 
duction the  author  treats  of  the  different  ways  in  which  the 
notion  of  a  variation  has  been  presented  by  mathematicians,  and 
gives  the  preference  to  that  which  has  been  adopted  by  Euler, 
Lagrange,  Ohm  and  Strauch;  see  Art.  334.  The  work  consists 
of  four  sections  besides  the  introduction.  The  first  section  con- 
siders the  maxima  and  minima  values  of  single  integrals.  The 
second  section  considers  the  maxima  and  minima  values  of  com- 
pound expressions,  such  as  an  integral  which  involves  another 
integral,  or  the  product  of  two  integrals,  or  the  quotient  of  one 
integral  by  another  integral*.  The  third  section  considers  pro- 
blems of  relative  maxima  and  minima  values.  The  fourth  section 
considers  the  maxima  and  minima  values  of  double  integrals.  The 
treatise  possesses  no  merit  as  regards  the  theory  of  the  subject; 
it  may  be  considered  as  a  collection  of  examples  taken  almost 
entirely  from  Euler's  Meihodus  Inventendi...  Momsen  however 
adds  to  the  solutions  given  by  Euler  some  investigations  of  the 
terms  of  the  second  order  in  order  to  distinguish  between  maxima 
and  minima  values.     Momsen  ascribes  no  variation  to  the  inde- 
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pendent  variable  in  his  solutions,  nor  does  he  make  any  changes 
in  the  limits  of  his  integrations ;  all  investigations  respecting  the 
limiting  values  of  the  quantities  which  occur  he  considers  to 
belong  to  the  ordinary  Differential  and  Integral  Calculus ;  see  his 
pages  27 — 29, 

We  will  make  some  remarks  on  certain  parts  of  the  treatise. 

385.    On  his  page  14  Momsen  shews  that  |(2a^  — ^)  dx  is 

a  maxtmum  when  y  =  a: ;  Euler,  in  the  memoir  to  which  we  have 
referred  in  Art.  22,  erroneously  stated  that  the  result  is  a  minimum. 
On  his  page  15  Momsen  discusses  an  example  given  by  Euler 
in  his  Methodua  Inveniendi...  page  41 ;  see  Art.  52.  Momsen 
agrees  with  Dirksen  in  correcting  Euler's  statement  as  to  the 
nature  of  the  result.  See  Dirksen,  page  204,  and  also  page  7  of 
the  preface  to  Ohm's  work,  entitled  Die  Lehre  vom  Chossten  und 
Khinaten. 

On  his  pages  18  and  19  Momsen  considers  the  problem  of  the 
solid  of  least  resistance.  In  examining  whether  the  result  ob- 
tained is  really  a  maximum  or  a  minimum  Momsen  makes  a 
mistake  in  his  work ;  the  mistake  occurs  in  the  last  two  lines  of 

page  18,  where  he  has   .    .    «\8  instead  of     ft  .    Jz    *     HencQ, 

he  erroneously  concludes  that  the  solid  is  really  a  solid  of  maxi- 
mum resistance,  and  he  says,  '^  hinc  igitur  satis  perspicitur,  ex  hac 
qu9BStione,  quae  in  omnibus  fere  libris  de  hoc  argumento  conscriptis 
occurrere  solet,  soluta  parum  sane  emolumenti  ad  societatem  hu- 
manam  redundare."  The  true  results  respecting  this  problem 
have  been  given  by  Legendre  in  the  memoir  which  we  have 
cited  in  Art.  197. 

On  his  pages  32^—34  Momsen  examines  the  problem  of  finding 

the  maximum  or  minimum  of  the  product  of  \y  dx  and  j  V(l+i>')  dx. 

The  result  apparently  obtained  is  a  circle,  but  Momsen  shews  that 
there  is  really  neither  a  maximum  nor  a  minimum ;  Strauch  arrives 
at  the  same  result  on  page  541  of  his  second  volume.     Euler 

29 
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enoneooBly  concluded  that  a  circle  convex  to  tbe  axis  of  abscist 
would  give  amaximam;  see  the  Methodut  Inveniendi ...  page  11! 

386.  Oo  his  pages  35 — 37  Momsen  discoeses-a  problem  gtvi 
by  Euler  in  bis  Methodua  Inveniendi...  pages  122 — 126.  It 
retjoired  to  find  the  curve  in  which  11  is  a  maximum  or  minimal 
vhere  II  is  to  be  found  hy  the  differential  equation 

dn-gdx  +  an''/{L+p*)dx'-0 (1). 

This  is  eaailjr  seen  to  be  a  problem  in  Dynamics ;  the  curve 
required  down  which  a  particle  must  more  so  as  to  acquire 
maximum  velocity,  supposing  a  resistance  varying  as  the  2n*^  pow 
of  the  velocity.  Straucb  has  considered  the  case  in  which  n  = 
but  in  examining  the  terms  of  the  second  order  he  has  made 
mistake ;  see  Art.  337.  Momsen  also  ie  wrong  in  his  iuvestigati' 
of  the  tenne  of  the  second  order.  We  will  here  examine  t 
problem  briefly.  We  shall  denote  initial  and  final  values,  by  t 
suffixes  0  and  1  respectively,  and  we  shall  suppose  11,  given.  So 
pose  n  receives  an  increment  SH  ;  then  firom  (1)  retaining  ten 
of  the  second  order,  we  have 

<ian+«in-^snv(i+iOda!+^^J^^+Jkf«&=o...  (2), 

where 

Multiply  (2)  by  X,  where  X  is  a  function  of  x  at  present  undet 
mined,  and  integrate ;  thus 

+/;'[{».xn"v(.4.y)-|}8n-.8,|^+Uf]<b. 

Now  as  X  is  in  our  power,  we  may  assume 

a»xn"V(i+pv£=o (3) 


MOMSEN.  451 

then  the  coefficient  of  Sy  must  vanish  in  the  expression  under  the 
integral  sign  in  order  that  {SH)^  maj  be  of  the  second  order ;  thus 

-^^^^q^  =  a  constant  ==  (7  say (4). 

Moreover  it  will  be  necessary  that  the  terms  outside  the  in- 
tegral sign  in  the  value  of  (SII)^  should  vanish.  K  the  initial  and 
final  points  are  fixed,  these  terms  vanish  because  Sy^  and  Sy^  are 
then  zero;  if  these  points  are  not  fixed,  we  should  require  (7=0, 
and  this  would  lead  to  /?  =  0,  and  so  the  required  curve  would 
become  a  vertical  straight  line.  We  take  the  former  supposition, 
namely  that  y^  and  y^  are  constants. 

From  (4)  by  taking  logarithms  we  can  get  an  expression  for 

X  'T'  9  equate  this  to  the  value  given  by  (3),  and  substitute  for 

dn  ^ 

-^  from  (1) ;  thus  we  shall  finally  obtain 


nt— »^i)(i+i>*) (5). 


dx 
ThuB  we  now  have 

(X«n).  =  -  (''-KMdx, 

J  Xo 

so  that  (Sn)j  is  of  the  second  order. 

Now  it  is  shewn  by  Euler  that  we  can  proceed  one  step  fiirther 
in  the  integration  and  obtain  11  as  a  function  of  j?.  Strauch  having 
obtained  11  as  a  function  of  ^,  differentiates  with  the  symbol  S,  and 
thus  he  obtains  a  relation  between  BTl  and  Sp,  and  by  using  this 
relation  he  simplifies  the  expression  for  M;  see  his  Vol.  ii. 
page  445.  He  thus  in  fact  assumes  that  the  velocity  is  the  same 
particular  function  of  p  both  for  the  curve  which  we  suppose  to  be 
under  examination  and  for  an  adjacent  curve ;  this  is  altogether  in- 
admissible. Thus  Strauch's  equation  xxvi  is  not  true ;  moreover 
in  the  equation  immediately  preceding  instead  of  2Lmw  under  the 
integral  sign  he  ought  to  have  4tLmw. 

Although  the  way  in  which  Strauch  tries  to  connect  SH  and 
Sp  is  inadmissible,  yet  by  another  method  we  may  find  an  expression 

29—2 
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for  SIT  which  maj  be  used  in  transfbrming  M.    If  (1)  couli 
integrated  so  aa  to  give  11  in  terms  of  p  for  an^  corre,  we  c 
connect  £11  and  ^ ;  but  this  integration  cannot  be  efiected. 
ftom  (1)  we  have  uuiTeraally  to  the  first  order 

Let  anil-'  VC+Ji")  le  denoted  I17  Q  ud  °  ^^  by  J 
that  V(l+i>) 

tkerefore  ^  ((/"•8n)+</«'fi^  =  0, 

and  bj  integrating  from  a;,  to  a: 

The  last  result  ia  nniversally  true ;  and  when  we  apply 
the  curve  under  conaideration  we  may  put  X  Ibr  e^***  and  0  for 
thus 

xSn  =-/'  C8p&;  =  -  CStf,  supposing  Sy,=0. 

If  we  nsG  this  relation  we  can  remove  311  from  if,  and 
Jf  as  a  fdnction  of  the  variations  Sy  and  Sp. 


Momsen's  investigation  of  the  terms  of  the  second  OTd< 
-wrong.  If  his  process  be  followed  out  correctly,  the  result  obtt 
expressed  in  our  notation  will  be 

and  if  we  pot- XSn  ibr  f78jr,  this  reaolt  agrees  with  that  whic 
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have  obtained.    But  Momsen  assumes  that  because  (SII)^  is  zero  to 
the  first  order,  therefore  SII  is  so  also ;  by  this  error  he  obtains 

By  integration  by  parts  the  second  term  gives 


-ll> 


in  this  form  Momsen  leaves  it,  and  asserts  that  there  is  a  maximum ; 

so  that  he  appears  to  assume  that  ^ — jz- ^  is  necessarily 

positive. 

We  may  remark  that  although  Momsen  does  not  explicitly  say 
so,  yet  from  the  beginning  of  his  page  36  it  appears  that  he  takes 
n^  to  be  given  and  also  y^  and  y^. 

387.  Some  remarks  may  be  made  on  a  problem  which  Momsen 
discusses  on  his  pages  45  and  46.  The  problem  is  a  particular 
case  of  the  second  of  the  two  famous  isoperimetrical  problems  pro- 
posed by  James  Bemouilli.    BemouiUi's  problem  is  the  following ; 

let  8  denote  I    V(l  +i>*)  ^>  and  ^  (s)  any  function  of «;  then  the 

relation  between  x  and  y  is  required  which  makes  I   <f>  {s)  dx  a  maxi- 

mum  or  minimum  while  I   V(l  +i>')  dx  has  a  given  value,  a  being 

a  constant.  In  the  figure  which  is  usually  given  to  illustrate  this 
problem  it  is  in  £EU^t  asstuned  that  ^  {s)  vanishes  when  a;  =  0  and 
when  x^a\  this  limitation  is  altogether  imnecessary,  and  is  never 
regarded  in  the  solution.  The  enunciation  implies  that  the  limiting 
values  of  a;  are  constants.  The  usual  figure  makes  the  limiting 
values  of  y  both  zero;  this  limitation  is  also  unnecessary,  it  is 
sufficient  that  the  limiting  values  of  y  should  be  constants.  Thus 
the  figure  may  be  drawn  as  in  figure  11,  and  the  enunciation  be 
given  thus ;  A  and  B  are  fixed  points,  it  is  required  to  find  a  curve 
ASB  of  given  length  such  that  the  area  OEDF  may  be  a  maxi-^ 
mum  or  a  iwiTiimnnn  where  PN  is  always  a  given  function  of  A8. 


0 

Tninimiim 
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Since  I   ^(«)c2»  Is  to  be  a  masLimmn   or   minimum  while 
^(l+jf)dx  is  constant,  we  proceed  to  find  the  maximum  or 

of/    J^(«)  +  X  V(l+i>*)f  ^-    We  can  then  apply  the 
formula  of  Art.  38,  supposing  that 

The  integrated  part  of  S  I  Vdx  in  that  formula  yanishes  because 

the  limiting  values  of  x  and  y  are  constant ;  hence  for  a  maximum 
or  minimum  we  have 

P+  (-4  -  J)  P*  —  a  constant  =  C  say, 
therefore         X;?  +  (^  -  /)  j?  «  C  V(l  +i>*), 

therefore  X  +  ^-/=«— V(l +?■) (1); 

by 'differentiating  we  obtain 

_dl  -C       dp 

as '"jpvu +/)  dx* 

that  is  ^0'»'(')''yv(l+p*)^' 

therefore  ^'W^^^^ (2), 

therefore  ^  W  =* H  C^u 


therefore 


therefore 


and 


P 

dy  _       0 

dx     C^-i^{8)' 

dg    C 
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From  the  last  two  equations  x  and  y  most  be  found  in  terms 
of  8 ;  two  constants  already  appear,  and  two  more  will  occur  in  the 
integrations  for  finding  x  and  y.  These  constants  must  be  de- 
termined firom  the  consideration  that  when  8  =  0  the  values  of 
X  and  y  must  be  the  co-ordinates  of  the  given  point  A,  and  when  8 
is  equal  to  the  given  length  the  values  of  x  and  y  must  be  the 
co-ordinates  of  the  given  point  B.  A  different  view  of  this  part 
of  the  solution  is  given  in  De  Morgan's  Differential  Calculus^ 
page  468. 

In  the  particular  case  considered  by  Momsen  ^  («)  =  « ;  thus 

^  =  ^  ^    ;  and  this  shews  that  the  curve  must  be  a  catenary 

having  its  directrix  parallel  to  the  axis  of  y.  And  thus  we  see  that 
the  ordinary  figure  with  A  and  B  on  the  axis  of  a:  is  impossible  in 
the  present  case,  because  a  catenary  cannot  be  cut  in  two  points  by 
a  straight  line  perpendicular  to  its  directrix. 

We  proceed  to  investigate  the  terms  of  the  second  order  in 
the  variation  of  /  \<f>  {s)  +  X  V(l  +jp*)  [  «fo  in  the  particular  case  m 
which  <l>{8)  =«. 

We  have  to  the  second  order 

"^  i.V(i+y)+2(i+;,«)»r"- 

Thus  the  required  terms  consist  of 

And     [d.\rM±l  ^J'M^-l-(¥*^, 

therefore       f  d.\ (' M±l  ^  f'J^zAM^ , 

Thus  the  expression  to  be  examined  becomes 

1  /"(X  +  q-a!)(^)*<fo 
2i.  {1+f)* 
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We  muBt  now  consider  the  sign  and  value  of  X.    From  equation 
(1)9  by  supposing  x^a^  we  obtain 

x.jMLiiQ}^ („. 

From  equation  (2) 

d»     C  dp 
dx     ^  dx^ 


tberefote  X= 


V 


\dx} 
dx 


(*). 


Hence  bj  the  nature  of  the  catenary  it  may  be  shewn  that  X  is 
numerically  equal  to  the  distance  of  the  point  B  from  the  directrix 
of  the  catenary. 

Suppose  in  the  first  place  that  the  ordinate  of  ^  is  less  than  that 
o{  B;  if  the  catenary  is  concave  to  the  axis  of  x,  then  X  is  negative 
and  is  numerically  greater  than  a,  so  that  X  -f  a  —  ;e  is  negative  and 
we  have  a  maximum ;  if  the  catenary  is  convex  to  the  axis  of  x^ 
then  X  is  positive  and  we  have  a  minimum.  Next  suppose  that  the 
ordinate  of  A  ia  greater  than  that  o{  B;  if  the  catenary  is  concave 
to  the  axis  ofx,  then  X  is  positive  and  we  have  a  minimum ;  if  the 
catenaiy  is  convex  to  the  axis  of  x,  then  X  is  negative  and  is  nume- 
rically greater  than  a,  so  that  X  +  a  —  a;  is  negative  and  we  have  a 
maximum. 

The  last  eight  lines  of  Momsen's  investigation  are  unsatis&o- 
tory ;  he  comes  to  the  conclusion  that  there  is  always  a  minimum. 
He  argues  thus ;  let 

w=r[s+\^{i+p^]dxi 
•'0 

by  integration  by  parts  we  have 

r«  ra  j^ 

therefore  j  sdx^j  («-«)^^; 
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thus  W=^l  (X  +  a-a:)V(l+i?')c&. 

•'0 

Hence  Momsen  says  that  TT  is  of  the  same  sign  as  the  ex- 
pression of  the  second  order 

2^0  (l+p»)*  ' 

and  this  is  true  from  what  we  have  given  although  Momsen  does  not 
prove  it.  Then  Momsen  concludes  that  the  result  necessarily  makes 
Wh  minimum.    This  is  inadmissible ;  the  sign  of  TThas  nothing 

to  do  with  the  question  of  the  maximum  or  minimum  of  f  .«&. 

It  should  be  observed  that  the  solution  here  given  is  liable  to 
fail,  for  the  given  length  of  curve  maybe  too  great  to  constitute  an 
arc  of  a  catenary  joining  the  two  given  points.  We  will  consider 
one  case,  and  treat  it  after  the  manner  of  Art.  352.  Let  k^  and  k^ 
be  the  ordinates  of  A  and  B,  and  suppose  k^  less  than  k^.  Suppose 
a  maximum  is  required,  and  let  us  try  if  the  problem  can  be  solved 
by  supposing  the  curve  joining  A  and  ^  to  be  made  up  of  a 
straight  line  of  length  y^  —  k^  formed  by  producing  OA  through  A^ 
and  an  arc  joining  the  point  (0,  yj  to  B.  The  expression  which  is 
now  to  be  a  maximum  is 

/  {yo""*o  +  *}^>  where  5  =  1  ^/{l+j?)dxi 

J  0  Jo 

and  the  whole  length  is  yo ""  *o+  I  V(l  +i>')  dx. 

J  0 

Thus  we  may  consider  that  we  have  now  to  find  the  maximum  of 
I  {yo-*o  +  «  +  >-V(l+2^")ldaJ  +  X(y,-A;J, 

•'0 

thatisof    f  {«  +  XV(l+i?')ldaJ+(a  +  X)  (y^-AJ. 

The  only  point  in  which  the  solution  will  difier  £rom  that 
formerly  given  is  in  the  terms  outside  the  integral  sign.  We 
have  (a  +  X)  Sy«  from  the  term  (a  +  X)  y« ;  and  there  is  the  term 
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{P+  AP—IF)  a>  in  the  notation  of  Art.  38, 'which  gives  us  —  CBy^. 
Thus  we  require  that 

a4-X-(7  =  0 (5). 

We  have  already  stated  that  from  (4)  it  follows  that  X  is  nume* 
rically  equal  to  the  distance  of  5  from  the  directrix  of  the  catenary ; 
then  from  (3)  it  follows  that  C  is  numerically  equal  to  the  para- 
meter of  the  catenary,  that  is,  to  the  distance  of  the  directrix  from 
the  nearest  point  of  the  curve.  And  if  the  catenary  is  concave  to 
the  axis  of  x  both  X  and  C  are  negative.  Thus  we  shall  deduce 
fit)m  (5)  that  the  catenary  must  tatich  the  axis  of  y  at  the  point 

(0,  yo)- 

This  holds  so  long  as  y^  is  not  greater  than  h^.  If  we  cannot 
consistently  with  the  given  length  have  y,,  not  greater  than  k^,  we 
must  make  the  catenary  convex  to  the  axis  of  x  and  make  it  touch 
the  axis  of  y  at  the  point  (0,  yj. 

If  a  minimum  be  required,  the  curve  consists  of  a  catenary 
beginning  at  A  and  ending  at  the  point  (a,  yj,  and  having  its 
tangent  parallel  to  the  axis  of  y  at  this  point;  and  the  length  con- 
sists of  that  of  the  arc  of  the  catenary  together  with  that  of  the  line 
joining  the  points  (a,  y^)  and  (a,  ij. 

388.  The  following  problems  relating  to  the  maxima  and 
minima  values  of  double  integrals  are  solved  in  Momsen's  fourth 
section,  the  limits  of  x  and  y  being  supposed  given  in  all  cases. 

(1)  The  maximum  of  liz  {a?-{-y^—az)  dxdy;  this  is  in 
Strauch,  Vol.  Ii.  page  562. 

(2)  The  maximum  of  / /J2  V(«*  +  y'+  O  —  -  [  dxdy. 

(3)  The  minimum  of  |||«V(aj'4-y^  +^  {^-^cYl^xdy. 

(4)  The  surface  of  maximum  or  minimum  area  having  a  given 
boundary. 

(5)  The  sur£etce  of  maximum  or  minimum  area  among  all 
those  which  correspond  to  a  constant  volume. 
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(6)  The  volmne  of  a  solid  being  given,  it  is  required  to  find  its 
bounding  snrbce  so  that  its  centre  of  gravity  may  be  at  a  mazi- 
xnom  distance  from  the  plane  of  (x,  y).  This  problem  is  in  Strauch, 
Vol.  II.  page  610.  The  problem  is  analogous  to  that  considered  in 
Art  340 ;  the  result  is  that  the  required  surface  is  a  plane.  Both 
Momsen  and  Strauch  encumber  their  solution  hj  not  paying  atten-r 
tion  to  the  remark  at  the  end  of  Art.  340. 

(7)  Among  surfaces  of  given  area  to  find  that  which  has  its 
centre  of  gravity  at  a  maximum  distance  from  the  plane  of  {x,  y) ; 
the  differential  equation  of  the  required  surface  is  here  obtained, 
and  as  in  the  preceding  problem  the  investigation  is  needlessly 
encumbered. 

A  general  formula  for  the  variation  of  double  integrals  is  given 
by  Momsen  from  Lacroix,  which  involves  the  errors  already  indi- 
cated ;  see  Art.  27. 

389.  Besides  the  errors  we  have  already  noted  in  Momsen's 
treatise,  a  few  more  may  be  given. 

On  his  page  32  Momsen  is  speaking  of  the  determination  of  the 
constants  in  the  problem  we  have  given  in  Art.  65.  He  has  a  con- 
dition equivalent  to  >*  =  0,  so  that  j-  f-^j  must  «=0  when  a:  =&. 

This  equation  which  holds  for  a  particular  value  of  x  he  integrates, 
and  deduces  z  =  Cp*y  which  is  inadmissible. 

On  his  page  39  Momsen  is  speaking  of  the  determination  of  the 
four  constants  which  occur  in  the  soltttion  of  the  problem  of  the 
brachistochrone  in  a  resisting  medium.  He  says  that  two  are  to  be 
determined  by  making  the  curve  pass  through  given  initial  and 
final  points;  he  proposes  what  he  considers  two  conditions  for 
determining  the  other  two,  but  these  two  conditions  amount  really 
to  only  one  condition.  The  condition  which  he  omits  is  that  the 
initial  velocity  must  be  supposed  given,  as  he  has  really  assumed 
at  the  top  of  his  page  38.  Bemarks  similar  to  that  which  we  have 
noticed  in  Art.  387  as  occurring  in  the  last  eight  lines  of  Mom- 
sen's  investigation  occur  in  other  places  of  Momsen's  treatise ;  see 
his  sections  36,  37,  and  40.    At  the  end  of  his  section  48  he 


460  MOMSEN.      ABBATT.      D£  MORGAN. 

assumes  without  any  proof  that  the  sign  of  C  can  be  easily  ascer- 
tained to  be  positive  when  the  curve  is  convex  to  the  axis  of  x ; 
the  quantity  C  is  the  same  as  that  denoted  bj  If  in  Strauch, 
Vol.  II.  page  516,  and  its  sign  is  not  determined  bj  Strauch.  In 
his  sections  38  and  58  Momsen  retains  terms  which  are  absolutely 

zero,  in  the  same  way  as  /   hydx  is  zero  in  Art  340. 

390.  Abbatt.  A  TretUtse  on  the  Calculus  of  Variatumaj  by 
Bichard  Abbatt.    London,  1837. 

This  is  a  volume  in  foolscap  octavo,  of  207  pages,  with  a  preface 
of  11  pages.  The  writer  in  his  preface  refers  to  Lacroix,  Lagrange, 
Euler,  Woodhouse  and  Airy ;  and  on  page  203  he  refers  to  Pois- 
son^s  memoir.  He  appears  to  have  used  Poisson's  memoir  also  on 
his  pages  18,  62,  115 — 121  and  194—203.  Nevertheless  he  gives 
on  his  pages  192  and  193  the  erroneous  formulas  which  we  have 
noticed  in  Arts.  39  and  40.  He  gives  the  correct  formulae  on  his 
pages  197  and  198,  but  his  mode  of  obtaining  them  is  not  satis- 
fectoiy. 

The  treatise  contains  numerous  examples  selected  from  preced- 
ing writers  on  the  subject. 

391.  De  Morgan.  Li  Professor'  De  Morgan's  Differential  and 
Integral  Calculus^  pages  446--475  are  devoted  to  the  Calculus  of 
Variations;  this  part  of  the  work  was  published  in  1840.  By 
adopting  a  condensed  yet  expressive  notation  a  large  quantity  of 
information  on  the  subject  is  compressed  into  a  brief  space.  There 
is  no  investigation  of  the  terms  of  the  second  order,  but  with  this 
exception  the  student  is  introduced  to  all  the  important  parts  of  the 
subject.  Li  the  formulas  respecting  the  variation  of  double  inte- 
grals the  limits  with  respect  to  both  variables  must  be  understood 
to  be  all  comtanta^  for  the  reason  which  we  have  given  in  Art.  28. 

On  pages  470  and  471  the  problem  of  the  brachistochrone  in  a 
resisting  medium  is  discussed,  and  the  way  of  determining  the  four 
constants  which  occur  is  careftdly  explained.  Mr  De  Morgan 
observes  that  this  part  of  the  problem  is  omitted  in  silence  by 
Woodhouse  and  Lacroix,  and  that  *'  Lagrange  merely  says  that  hz^ 
is  indeterminate,  but  does  not  give  any  reason...*'     Lagrange's^ 
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meaning  is  to  be  found  however  from  what  he  had  previously  given 
on  page  465  of  the  Legons ...,  edition  of  1806 ;  and  it  appears  from 
this  that  Lagrange's  view  was  correct. 

We  may  observe  that  in  Stegmann's  discussion  of  the  problem 
the  constants  are  determined  in  the  same  way  as  by  Mr  De  Morgan ; 
see  Stegmann's  work,  pages  318—321.  Strauch  is  not  satisfactory 
on  this  point ;  see  his  Vol.  ii.  page  418. 

392.  Coumot.  Two  chapters  are  devoted  to  the  Calculus  of 
Variations  in  Coumot's  TraitS  SUmentaire  de  la  Thiorte  dea  FanC" 
turns..,  Paris,  1841.  These  chapters  occupy  pages  113 — 155  of  the 
second  volume  of  the  work ;  they  form  a  good  elementary  treatise 
on  the  subject.  It  should  be  observed  however  that  in  the  varia- 
tion of  double  integrals  Coumot  reproduces  the  error  which  we 
have  explained  in  Art.  27. 

393.  Hall.  The  EncyclopcBdia  MetropoUtana  contains  a  brief 
treatise  on  the  Calculus  of  Variations  by  Professor  Hall.  It 
occupies  pages  209-^-226  of  the  second  volume  of  the  first  divi- 
sion of  the  Encyclopaedia;  the  date  of  this  volume  is  1843.  The 
treatise  gives  the  usual  theory  so  far  as  terms  of  the  first  order  in 
the  variation  of  single  integrals,  and  applies  the  theory  to  a  few 
examples. 

394.  Bruun.  A  Mcmual  cf  the  Calcultis  of  Variatians.  Odessa, 
1848.  ' 

This  is  an  octavo  volume  of  195  pages  in  the  Eussian  language. 
The  difficulty  of  the  language  will  prevent  any  detailed  account  of 
the  work.  It  is  divided  into  four  parts.  The  first  part  occupies 
pages  1 — 36,  and  gives  the  variations  of  expressions.  The  second 
part  occupies  pages  37 — 56,  and  discusses  the  criteria  of  integrability 
of  expressions.  The  third  part  occupies  pages  57 — 181,  and  con- 
tains the  investigation  of  maxima  and  minima  values.  The  fourth 
part  occupies  pages  182 — 195,  and  consists  of  a  sketch  of  the  history 
of  the  subject. 

In  the  third  part  of  the  work  the  terms  of  the  second  order  in 
the  variations  of  integrals  are  investigated  with  the  view  of  dis- 
tinguishing between  maxima  and  minima  values.    Bruun  takes  in 
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succession  the  case  in  which  the  function  under  the  integral  sign 
involves  only  a?,  y  and  y\  and  the  case  in  which  the  function  under 
the  integral  sign  involves  a;,  y,  y'  and  y'\  He  gives  both  Le* 
gendre^s  method  and  Jacobins  method,  and  of  course  bj  comparing 
the  results  of  the  two  methods  the  auxiliary  quantities  introduced 
by  Legendre's  method  become  determined ;  see  Art.  235. 

The  only  passage  in  the  third  part  which  presents  any  appear- 
ance of  novelty  is  that  on  pages  103 — 108.    After  having  finished 

the  discussion  of  the  method  of  Jacobi  applied  to  )  ^  (a;,  y,  y\  y")  dx^ 

Bruun  intimates  that  this  method  is  very  complex,  and  that  he  will 
explain  another  method  of  discriminating  between  maxima  and 
minima  values,  given  by  Sokoloff.  He  does  not  however  do  more 
than  introduce  the  method  to  the  reader  and  refer  for  detail  and  ex- 
emplification to  the  memoir  of  Sokoloff.  The  title  of  this  memoir 
appears  to  be  Researches  on  a  certain  point  of  the  Calculus  of  Varion 
turns.  Charkoff,  1842.  The  following  process  will  give  an  idea  of 
the  method  so  far  as  it  is  explained  by  Bruun. 

Suppose  we  are  investigating  the  sign  of  the  terms  of  the  second 
order  in  the  variation  of  |  *  ^  (a?,  y ,  y')  dx.  The  expression  we  have 
to  examine  may  be  written  thus, 

where  A,  B,  C  are  functions  of  x.  We  wish  to  know  if  this  ex- 
pression retains  the  same  sign  for  all  values  of  By  and  Sjf' ;  we  will 
test  this  by  ascribing  a  certain  convenient  value  to  Bj/. 

We  have  j{A  (%)•  +  2B  By  By  +  C  {By')*}  dz 

■     =j{{ABy  +  BBy')  By+  {BBy  +  CBy')  By'}  dx 

=  {BBy  +  ChJ)  By+j{ABy+ BBy'  -  ^  {BBy  +  CBy')  |  By  dx. 

Thus  if  we  choose  for  By  a  value  which  makes 
ABy  +  BSy'-^{BBy+CBy')=0, 
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the  term  we  wish  to  examine  can  be  actuallj  integrated,  and  so  its 
sign  can  be  easily  ascertained.  Now  a  value  of  Sy  which  will 
satisfy  the  above  equation  can  be  found,  supposing  that  we  can 
solve  the  differential  equation  which  arises  from  making  the  terms 

of  the  first  order  vanish  in  the  variation  of  (^  (»,  y,  y')<^;  see 

Art.  251.  Such  a  value  will  be  of  the  form  fiiU^  +  fi^u^f  where  yS^ 
and)3,  are  arbitrary  constants,  and  u^  and  u^  are  known  fimctions  of 
X.  Thus  {BBy  +  Chy*)  Sy  will  be  a  homogeneous  function  of  the 
second  order  of  the  arbitrary  constants  P^  and  ^,)  and  so  we  may 
by  ordinary  methods  investigate  whether 

is  positive  or  negative  for  all  values  of  these  arbitrary  constants. 

Such  appears  to  be  essentially  all  that  Bruun  gives.  It  is 
obvious  that  by  this  method  we  may  in  some  cases  succeed  in 
shewing  that  a  proposed  expression  has  neither  a  maximum  nor 
a  minimum  value ;  but  it  does  not  appear  obvious  how  we  can 
deduce  a  positive  test  which  shall  shew  when  a  proposed  expression 
18  a  maximum  or  a  minimum. 

The  pages  193 — 195  of  the  work  contain  a  list  of  references  to 
writers  on  the  subject.  In  this  list,  besides  the  memoir  of  Sokolofi^, 
two  works  are  named  which  the  present  writer  has  not  had  an 
opportunity  of  consulting.    These  works  are  the  following. 

Textor.  Kurze  Daratellung  der  hohem  Analysts^  nebst  einem 
Anhange  von  dem  VariatianencalcuL     Berlin,  1809. 

Senff.     JElementa  Calculi  Variationum.  Dorpat,  1838. 

The  present  writer  is  indebted  to  the  kindness  of  Professor 
Bruun  for  a  copy  of  his  Manttal  of  the  Calculus  of  Variations. 

395.  Price.  A  treatise  on  the  Calculus  of  Variations  forms 
part  of  the  second  volume  of  Professor  Price's  Treatise  on  Infinitesi- 
mal Calculus.  Oxford,  1854.  The  Calculus  of  Variations  occupies 
pages  234 — 334 ;  and  there  is  an  application  of  the  subject  to  the 
conditions  of  integrability  on  pages  440 — 446.  The  author  refers 
to  the  works  of  Euler,  Lagrange,  Poisson,  Jacobi,  Ostrogradsky, 
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Delaonay,  Strauch,  Jellett,  and  Schellbach.  The  treatise  gives  the 
usual  theory  of  the  variation  of  single  integrals ;  it  explains  Jacobins 
method  of  distinguishing  between  maxima  and  minima  values ;  it 
treats  copiously  of  geodesic  lines ;  and  it  touches  briefly  on  the 
variation  of  double  integrals. 

396.  It  may  be  of  service  to  a  student  of  Professor  Price's 
work  to  refer  to  a  few  points  in  which  he  may  find  some  dif- 
ficulty. 

In  Art.  93  we  have  given  Poisson's  proof  of  a  certain  relation, 
namely,  By  +  Ksi  =  0,  and  we  have  stated  in  Art.  94,  that  La* 
grange  had  proved  this  relation  repeatedly.  Mr  Price  on  his  pages 
269  and  272  makes  a  remark  which  amounts  to  assuming  that  this 
result  is  obvious  without  demonstration. 

On  page  270  some  remarks  are  made  on  the  method  of  deter- 
mining the  arbitrary  constants  which  occur  in  solving  problems  in 
the  Calculus  of  Variations.  If  the  limiting  values  of  the  quantities 
are  not  restricted,  the  coefficients  of  the  terms  Sx^,  &i?^,  Sy^,  Sy^, ... 
must  be  equated  to  zero.  The  book  proceeds,  "  Suppose,  however, 
that  equations  are  given  connecting  the  variables  at  the  limits,  that 
is,  that  equations  are  given  between  x^  and  y^  and  between  x^  and 
y^ :  then  if  T  =  0  is  the  integral  of  H  =  0,  there  will  be  given 

This  seems  unsatisfactory.  If,  for  example,  T  =  0  then  T^  =  0 
and  T,  =  0  necessarily,  and  no  new  information  is  supplied  by  these 
equations.  The  true  method  when  relations  are  given  between  the 
limiting  values  of  quantities  is  to  deduce  relations  between  the  vari* 
ations  of  these  limiting  values;  thus  some  of  the  variations  are 
expressible  in  terms  of  the  others,  and  the  ntunber  left  arbitrary  is 
diminished;  we  then  equate  to  zero  the  coefficients  of  these  re- 
ipaining  variations,  and  the  equations  so  obtained  together  with  the 
given  relations  can  be  used  to  determine  the  arbitrary  constants. 

In  some  cases,  as  we  have  seen  in  Arts.  276  and  367  the 
number  of  arbitrary  constants  occurring  in  a  solution  may  be  too 
small.    Mr  Price  speaks  of  such  a  problem  as  indeterminate  on 
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page  270 ;  it  should  rather  be  called  imposstblej  for  the  problem 
cannot  be  solved  at  all,  unless  certain  restrictions  are  imposed.  See 
Mr  Jellett's  Treatise,  page  44. 

On  page  274  instead  of  " ...  F^  (a,  b)  =« 0,  F^  (a,  b)  =  0.  By 
means  of  which  four  equations  we  can  determine  -5 ,  a  and  ft,  and 
thereby  definitely  fix  the  line  whose  equation  is  (32),*'  read 

■ 

We  have  now  five  equations  for  finding  »^,  y^,  x^,  y^,  3 ." 

An  important  mistake  occurs  on  page  296.  The  equations  (131) 
cannot  be  deduced  in  the  way  given  in  the  book.  Equations  (131) 
involve  important  properties  of  geodesic  lines,  but  the  equations 
(127),  (128),  (129),  (130),  firom  which  the  book  deduces  (131),  arenas 
at  all  restricted  to  geodesic  lines.  Equations  (131)  may  be  proved 
thus ;  we  may  shew  by  direct  investigation  that 

dK  dfi  dv 


dsd^x  —  dxcPa     dad^y —  dyd^a     dad^z  —  dzdU^ 

and  then  by  means  of  equations  (115)  of  the  book,  we  have 

dK  ^dfi,  ^  dv 

On  page  307  we  read  ^'  suppose  a  series  of  geodesic  lines  to 
originate  at  a  point  (ji^y  v^  and  to  touch  the  line  of  curvature  {ja^  ; 
then  at  that  point...."  It  is  not  possible  to  have  a  series  of 
geodesic  lines  passing  through  a  point  and  touching  a  given  line 
of  curvature.  In  fact  the  words  *' originating  at  a  point"  should 
be  omitted,  as  they  are  not  required  or  used. 

On  page  308  we  read  "  it  may  be  proved  in  the  same  way  as 
the  analogous  theorem  in  plane  geometry,  that  the  geodesic  radii 
vectores  make  equal  angles  with  the  curve  of  curvature."  The 
proposition  in  question  has  been  assumed  to  be  true  in  writbg  the 

equations 

c2r J s <2^ cos f,    <2r^s  — d^coBfi 

30 
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whicli  occtir  immediately  liefore,  bo  that  of  course  we  cannot  use 
any  consequence  drawn  from  these  equations  in  order  to  establish 
the  proposition. 

On  page  329  the  same  mistake  occurs  which  we  have  noticed 
in  Art.  232.    We  have  an  equation 


/w=2>,@\4i>.e)". 


and  it  is  stated  that  any  value  of  u  which  makes  SH  =  0  will  also 
satisfy  the  right-hand  member  of  the  equation.  Either  the  limits 
0  and  1  should  be  omitted  from  the  left-hand  side  and  then  the 
conclusion  is  that  any  value  of  u  which  makes  8S=  0  will  make 
the  right-hand  member  equal  to  a  constant ;  or  if  the  limits  0  and  1 
are  retained  on  the  left-hand  side  the  right-hand  side  must  be 
written 

and  then  any  value  of  u  which  makes  BH^  0  makes  this  expression 
vanish, 

397.  There  are  some  passages  in  the  treatise  which  do  not 
appear  treated  with  sufficient  detail  for  those  who  are  studying  the 
subject  for  the  first  time.  For  example,  the  process  of  page  258  of 
the  treatise  may  be  compared  with  Ostrogradsky's  corresponding 
process^  which  we  have  reproduced  in  Art.  128.  The  statement  on 
page  283  respecting  the  equating  certain  ratios  to  a  constant  quantity 
seems  to  need  explanation.  On  page  310  it  is  stated  that  the 
directions  of  the  principal  lines  of  curvature  at  any  point  of  an 
ellipsoid  are  evidently  parallel  to  the  principal  axes  of  a  section  of 
the  ellipsoid  made  by  a  plane  parallel  to  the  tangent  plane  at  the 
point  in  question ;  they  are  parallel  but  not  evidently  so  without 
demonstration. 

398.  Meyer.  Nouveaux  ilSments  du  Calcul  des  Variations, 
Xidge  et  Leipzig,  1856. 

This  treatise  consists  of  132  octavo  pages.  In  the  preface  the 
author  says  he  has  preserved  the  classification  of  variations  into 
simp^  and  compound^  pure  and  mixed,  given  by  Strauch,  and  that 
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he  has  borrowed  from  the  profound  work  of  that  writer  the  formula 
for  the  variation  of  a  double  integral  when  the  limits  of  the  first 
integration  are  themselves  susceptible  of  variation.  He  says  that 
he  has  given  a  new  method  of  explaining  the  principles  of  the 
subject,  and  he  considers  this  method  to  have  the  threefold  advan- 
tage of  deducing  the  subject  from  Taylor's  Theorem,  of  freeing  it 
from  the  consideration  of  infinitesimals,  and  of  freeing  it  from  any 
question  about  the  convergence  of  series.  As  he  only  proposed  to 
write  an  elementary  treatise  he  has  not  entered  upon  the  calculation 
of  the  variations  of  the  second  order.  He  says  that  for  isoperime- 
trical  problems  he  has  given  a  method  which  is  substantially 
Euler's,  but  that  he  has  introduced  a  modification  which  removes 
some  objections  that  are  brought  against  the  methods  of  Euler  and 
Lagrange.  For  the  composition  of  the  treatise  he  has  consulted 
the  most  eminent  writers,  especially  Euler,  Lagrange,  Poisson, 
Dirksen,  Ohm  and  Strauch ;  but  as  his  method  of  explaining  the 
principles  of  the  subject  differs  from  those  of  all  the  authors  whom 
he  consulted,  he  calls  his  treatise,  New  Elements  of  the  Calculus 
of  Variations. 

The  treatise  however  does  not  seem  to  possess  any  claims  to 
attention ;  the  method  which  the  author  adopts  for  explaining  the 
principles  of  the  subject  would  probably  present  serious  difficulties 
to  a  beginner.  In  many  of  his  earlier  formula  Meyer  retains 
terms  of  a  higher  order  than  the  first ;  this  is  a  useless  encum- 
jbrance,  because  he  makes  no  use  of  those  terms  afterwards.  It 
should  be  added  that  the  book  has  been  obviously  printed  at  a  press 
which  is  rarely  used  for  mathematical  works,  and  thus  it  presents 
an  awkward  and  almost  repulsive  appearance.  Meyer's  method 
will  be  seen  from  the  following  example  which  he  gives.  Let/(x) 
and  F{x)  be  two  functions  of  x;  form  the  equation 

f{x  +  ri)=F{x)y 

from  this  we  may  find  for  rj  a  value,  say  17  =>  ?(«),  so  that  iden* 
tically 

f{x-\-K{x)]  =  F{x). 

Thus  the  original  ftmction  f{x)  changes  its  properties  and  is 
transformed  into  Fipe).     For  example, 

put  a  (05  +  17)  =»Bina?, 

80—2 
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,                                               sin  x  —  osB 
then  fj  == f 

-                             /    .  Binaj  — aaj\ 
and  a  f »  + j  =  sin  x. 

Thus  if  y  =/(a:),  Meyer  puts 

«Sy+P2S'y+  — 


Thus  with  him  ^  =  ^^>  S"y  =  ^  17', ...,  where  17  is  an  arbi- 
trary function  of  x. 

This  method  appears  unsatisfactoiy.  In  the  first  place  it  is 
deficient  %n  generality.  The  usual  method  is  to  suppose  f{x) 
changed  into  ^  {x^  t)  and  not  necessarily  into  the  restricted  form 
f{x+t). 

Meyer  seems  to  want  to  consider  Sy  and  ^y  as  arbitrary 
and  unconnected;  this  however  is  not  the  case  in  his  system, 
for 

£y 


W 


In  the  next  place,  a  beginner  would  be  perplexed  by  the 
author^s  speaking  of  17  as  a  conetanty  after  the  explanation  and 
example  which  have  been  given  of  it.  This  lang^uage  occurs  how- 
ever on  page  6.    Again,  on  page  22  we  have  this  process.    Having 

giYea  the  function  i'  =  ^;^  1  ^  which  x  is  the  constant  element, 

required  Sp^  S^, ...,  y  being  a  function  of  x. 


METEB.  469 

We  have  by  definition 


p+J>p 


_d'if    d'Sy     Id'^y         . 


but  8y  =  |,,     S«y»g,-. 


•  •• 


moreover  17  being  an  arbitrary  function  of  the  constant  element  Xy 
we  must  regard  17,  vf\  ...  as  constants ••••  Here  the  last  statement 
would  appear  obscure  to  a  beginner. 

On  page  81  there  is  some  novelty^  but  it  cannot  be  com- 
mended. The  subject  of  isoperimetrical  problems  is  considered 
on  pages  89  and  90 ;  but  it  is  not  obvious  what  modification  or 
improvement  the  author  has  made  of  the  common  method. 


CHAPTEK  XV. 


MISCELLANEOUS  ARTICLES. 


399.  The  present  chapter  contains  a  brief  account  of  some 
miscellaneous  articles  connected  with  the  Calculus  of  Variations; 
the  connection  is  in  some  cases  very  slight,  but  it  is  useful  for 
purposes  of  reference  to  notice  all  the  articles  which  bear  on  the 
subject.    The  notices  will  take  the  articles  in  chronological  order. 

400.  Ampere.  Eemarks  on  the  application  of  the  general  for- 
mulce  of  the  Calculus  of  Variations  to  mechanical  problems. 

This  memoir  was  published  in  1805,  in  the  first  volume  of  the 
Mimaires  prSsentSs  h  VInatitut  ...par  Divers  Savans.  It  occupies 
pages  493 — 523  of  the  volume.  This  memoir  contributes  nothing 
to  the  theory  of  the  Calculus  of  Variations ;  its  only  interest  arises 
from  its  relation  to  mechanics.  Lagrange  had  remarked  in  the 
MScantque  Analytique^  that  there  is  an  analogy  between  the  equa- 
tions of  equilibrium  in  mechanical  problems  and  the  equations 
furnished  by  the  Calculus  of  Variations  for  determining  the  maxima 
and  minima  values  of  integral  expressions.  Ampere  makes  some 
general  remarks  on  this  analogy ;  he  illustrates  his  remarks  by  the 
example  of  a  imiform  inextensible  string  suspended  by  its  extre- 
mities and  acted  on  by  gravity.  In  connection  with  this  example 
he  indicates  several  properties  of  the  common  catenary. 

On  his  page  503  Ampere  makes  some  remarks  to  the  following 
effS&ct.  The  Calculus  of  Variations  consists  of  two  parts,  one  in 
which  it  is  sufficient  to  attribute  variations  to  the  dependent  vari- 
ables only,  the  other  in  which  variations  must  be  attributed  to  all 
the  variables  dependent  and  independent;  writers  on  the  subject 
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hftve  however  confined  themselves  as  much  as  possible  to  the 
former  part.  The  theory  of  the  Calculus  of  Variations  is  therefore, 
according  to  Ampere,  not  jet  established  upon  absolutely  rigorous 
principles.  There  remains  in  this  respect  a  deficiency  in  Mathe- 
matics which  Ampere  proposes  to  consider  elsewhere. 

It  does  not  however  appear  that  this  purpose  was  accomplished; 
for  the  memoir  in  Gergonne's  u^nnoZe^...  which  we  have  noticed 
in  Art.  375,  can  hardly  be  considered  of  sufficient  importance  to 
correspond  to  the  purpose  here  expressed.  On  his  page  516 
Ampere  refers  to  some  other  memoir,  without  however  indicating 
where  it  is  to  be  found. 

401.  Lagrange.  The  first  volume  of  the  second  edition  of 
Lagrange's  Micantqjie  Ancdytique  was  published  in  1811;  the 
second  volume  was  published  in  1815,  after  Lagrange's  death. 
Lagrange  uses  the  notation  and  the  processes  of  the  Calculus  of 
Variations  freely  throughout  the  work,  but  the  great  interest  which 
belongs  to  his  investigations  is  derived  from  their  connection  with 
Mechanics.  The  theory  of  the  Calculus  of  Variations  receives  no 
accession  from  the  work. 

402.  Crelle.  In  the  article  Variattonsrechnung  of  KlUgel's 
Maihematiaches  Worterhuch,  page  713,  reference  is  made  to  a  work 
by  Crelle.  The  article  says,  "  Crelle's  views  on  the  principles  of 
the  Calculus  of  Variations  seem  not  sufficiently  known ;  they  are 
contained  in  his  Versuch  einer  rein  algebraiachen  DarsteUtmg  der 
Rechnung  mit  verandlichen  Orosaen^  I.  Grottingen,  1813,  pages 
527—776.  The  numerous  new  symbols  render  the  work  difficult 
for  study.  The  application  to  maxima  and  minima  is  not  included 
in  the  work."  The  present  writer  has  not  seen  this  work  by 
Crelle. 

403.  On  the  surface  of  minimum  area  between  given  limits. 
Gergonne's  Annates  de  Mathimatiques^  Vol.  7,  pages  68,  99, 
143—156,  283—287.     1816. 

These  pages  contain  some  problems  proposed  for  solution ;  the 
problems  are  particular  cases  of  the  question  of  the  surfiEu^e  of 
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minimtun  area,  yarions  conditionB  being  giyen  with  lespect  to  the 
limits  of  the  required  surface.  There  is  an  attempt  at  the  solution 
of  one  of  the  problems  by  M.  T^^nat,  and  criticisms  on  this 
attempt  by  Gergonne;  Gkrgonne  also  makes  some  observations 
on  the  general  question. 

The  particular  case  considered  by  T^d^nat  is  the  following ;  it 
is  required  to  determine  a  surface  which  shall  pass  through  the 
inverse  diagonals  of  two  opposite  faces  of  a  cube,  and  so  that  the 
area  of  the  portion  of  the  surface  intercepted  by  the  cube  may  be 
a  minimtun.  By  mechanical  considerations  relating  to  a  flexible 
elastic  membrane^  T^d^nat  considers  that  he  proves  that  the  surface 

must  be  that  which  is  determined  by  the  equation y^x  tan  —  • 

Gergonne  admits  that  this  surface  satisfies  the  general  partial 
differential  equation  for  a  surface  of  minimum  area,  but  objects  that 
it  is  not  proved  that  this  surface  gives  the  solution  of  the  problem 
with  the  prescribed  limiting  conditions.  G^rgonne's  criticisms 
indicate  that  he  had  considered  the  problem  more  closely  than 
T^^nat  had. 

Gergonne  gives  an  interesting  account  of  the  circmnstances 
which  drew  his  attention  to  these  problems.  A  distinguished 
mathematician  informed  Gergonne  that  he  had  serious  doubts  as  to 
the  legitimacy  of  the  methods  given  in  the  Calculus  of  Variations. 
Gergonne  invited  him  to  write  an  article  upon  the  subject  which 
might  appear  in  the  Anncdea ... ;  but  the  article  was  never  sent  for 
publication.  One  of  the  objections  of  the  distinguished  mathe- 
matician is  expressed  thus ;  suppose  the  so-called  minimum  surfiace 
to  be  determined  by  conditions  which  preclude  it  from  being  a  plane 
surface ;  draw  any  plane  curve  upon  it ;  then  remove  the  piece  of 
the  so-called  minimum  surface  which  is  bounded  by  this  plane 
curve,  and  replace  it  by  a  plane  having  the  same  boundary ;  thus 
a  surface  is  obtained  which  is  less  than  the  so-called  minimum 
surface.  Grergonne  replies  that  this  objection  only  amounts  to  a 
proof  that  it  would  be  impossible  to  draw  on  the  minimtun  surface 
a  plane  closed  curve ;  and  this  impossibility  is  consistent  with  the 
fitct  that  the  minimum  surfistce  has  at  every  point  its  principal 
curvatures  in  opposite  directions. 
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Grergonne  states  that  it  appeared  to  him  that  it  would  be  useful 
to  propose  certain  problems  relative  to  the  minimmn  surface  in  which 
there  should  be  definite  limiting  conditions.  Besides  the  problem 
already  giyen,  the  following  are  proposed. 

To  find  the  surface  of  minimum  area  among  all  those  which 
are  bounded  bj  the  curve  of  intersection  of  two  cylinders  of  the 
same  radius,  the  cylinders  having  their  axes  at  right  angles  to  each 
other,  and  the  axis  of  each  cylinder  being  a  tangent  to  the  other 
cylinder. 

A  quadrilateral  is  given  having  its  sides  not  all  in  the  same 
plane ;  find  the  surface  of  minimum  area  among  all  those  which 
are  bounded  by  the  sides  of  this  quadrilateral. 

Find  the  surface  of  minimum  area  among  all  those  which  are 
bounded  by  two  circles  given  in  magnitude  and  position. 

Find  the  surface  of  minimum  area  among  all  those  which  are 
bounded  by  the  sides  of  a  given  square,  and  which  include  between 
themselves  and  the  square  a  given  volume. 

Among  all  surfaces  which  are  bounded  by  the  sides  of  a  given 
square,  and  which  have  within  this  boundary  a  given  area,  find 
that  which  includes  between  itself  and  the  square  a  maximum 
volume. 

No  attempts  seem  to  have  been  made  to  solve  these  problems, 
except  that  T6d^nat  intimates  that  he  believes  that  no  continuous 
surface  can  be  found  as  a  solution  of  a  certain  special  case  of  the 
problem  in  which  the  given  boundary  is  a  quadrilateral  having  its 
sides  not  all  in  the  same  plane ;  see  page  286  of  the  seventh  volume 
of  the  Anncdes..,. 

404.    Crelle.    Eemarks  on  the  Calculus  of  Variations. 

These  remarks  form  part  of  a  collection  of  mathematical  treatises 
published  by  Crelle  under  the  title  of  Sammlunff  Maihemaiiacher 
AufiUtze  und  Bemerhungen.  The  work  consists  of  two  octavo 
volumes;  the  first  was  published  in  1821,  and  the  second  in  1822, 
both  at  Berlin.  The  remarks  on  the  Calculus  of  Variations  occur 
in  the  second  volume ;  they  occupy  pages  44 — 174.  These  remarks 
constitute  an  elementary  treatise  on  the  subject;  the  treatise 
however  does  not  seem  to  possess  any  special  merits  and  the 
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notation  is  repulsive.  Oh  his  page  47  Crelle  refers  to  his  former 
work  on  the  subject,  but  not  in  terms  of  commendation;  see 
Art.  383. 

405.  Crelle.  Remarks  on  the  principles  of  the  Calculus  of 
Variations. 

This  memoir  forms  part  of  the  Transactions  of  the  Academy  of 
Sciences  of  Berlin  for  1833 ;  the  date  of  publication  of  the  volume 
is  1835.  The  memoir  occupies  40  pages ;  it  proves  the  ordinary 
formulfie  for  the  variation  of  a  single  integral,  both  for  constant 
and  variable  limits  of  integration.  The  method  and  notation  differ 
from  those  in  common  use,  but  present  no  obvious  advantages. 

406.  MUller.  On  establishing  and  extending  the  Calculus  of 
Variations.  Crelle'^s  Mathematical  Journal,  Vol.  13,  pages  240 — 249. 
1835. 

This  article  contains  some  general  remarks  on  functions  without 
any  obvious  reference  to  the  Calculus  of  Variations.  At  the  end  of 
the  article  the  author  says  that  he  will  on  another  occasion  explain 
the  method  of  applying  these  remarks ;  it  does  not  however  appear 
that  this  design  was  accomplished. 

407.  Boole.  On  certain  theorems  in  the  Calculus  of  Vari- 
ations, Cambridge  Mathematical  Journal,  Vol.  2,  pages  97 — 102. 
1840. 

The  author  says  at  the  beginning  of  this  article,  **  It  would 
perhaps  have  been  more  just  to  entitle  this  communication  *  Notes 
on  Lagrange.'  The  papers  from  which  it  is  selected  were  written 
towards  the  close  of  the  year  1838,  during  the  perusal  of  the 
Micantque  Analytique,^^  The  article  contains  a  simple  demonstra- 
tion of  a  theorem  which  forms  the  basis  of  Lagrange's  investigations 
on  the  great  problem  of  the  variation  of  the  arbitrary  constants. 
The  theorem  is  that  which  Mr  De  Morgan  speaks  of  as  "  perhaps 
the  most  characteristic  specimen  of  the  genius  of  Lagrange  which 
could  be  given;"  see  his  Differential  and  Integral  Calculus^ 
page  532. 

The  author  thus  indicates  the  object  of  the  latter  part  of  his 
lyticle.    ''I  shall  now  proceed  to  demonstrate  from  the  general 
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transformed  equation  of  motion  the  principles  of  tbe  conservation  of 
living  forces,  and  of  least  action.  The  former  of  these  has  been 
thence  deduced  by  Lagrange.  I  am  not  however  aware  that  the 
latter  has  been  obtained  from  the  same  equation,  either  by  the 
discoverer  of  the.  Calculus  of  Variations,  or  by  any  subsequent 
author." 

408.  Delaunay.  On  the  sur&ce  of  revolution  which  has  its 
mean  curvature  constant.  Liouville^s  Jowmal  of  Mathematics^  Vol.  6, 
pages  309—315.    1841. 

When  we  investigate  the  problem  of  finding  the  surface  which 
with  a  given  area  includes  a  maximum  volume,  we  arrive  at  a 
certain  partial  differential  equation  which  expresses  that  the  sum  of 
the  principal  curvatures  at  any  point  of  the  surface  is  constant. 
Delaunay  proposes  to  determine  what  surface  of  revolution  has  this 
property.  He  finds  that  the  generating  curve  must  be  such  as 
would  be  traced  out  by  the  focus  of  a  conic  section,  if  the  conic 
section  itself  were  to  roll  without  sliding  on  a  fixed  straight  line. 
There  is  a  note  by  Sturm  immediately  after  Delaunay's  article,  in 
which  the  same  result  is  obtained  in  a  different  manner.  The 
result  is  also  given  in  Mr  Jellett's  treatise ;  see  his  page  364. 

409.  Strauch.  Problems  in  the  Calculus  of  Variations. 
Grunert's  Archiv  der  Mathematik  und  Phystk,  VoL  3,  pages 
119—195.    1843. 

This  article  contains  some  problems  which  Strauch  published 
as  a  specimen  of  his  work  on  the  Calculus  of  Variations.  The 
first  seven  pages  of  the  article  contain  some  introductory  remarks 
and  definitions,  and  then  follow  the  problems.  A  few  of  the 
problems  relate  to  expressions  invplving  neither  symbols  of  differ- 
entiation nor  symbols  of  integration ;  the  remainder  relate  to  ex- 
pressions which  involve  differential  coefficients  but  not  integrals.. 
All  these  problems  are  reproduced  by  Strauch  in  his  work. 

In  the  same  volume  of  Grunert's  Arclnv  ...  a  few  remarks  are 
made  on  Strauch's  article  by  G5pel ;  these  remarks  occupy  pages 
405—407  of  the  volume^    Gopel  says  that  the  problems  of  the  first 
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kind  which  Strauch  considers  are  onlj  ordinary  problems  of  maxima 
and  minima  yalues;  and  he  makes  a  few  other  observations. 
Gdpel's  remarks  did  not  convince  Strauch  of  the  necessity  of 
making  any  change,  as  the  parts  which  are  criticised  appear  again 
in  substantially  the  same  form  in  Strauch's  work. 

410.  Laurent.  A  memoir  on  the  Calculus  of  Variations  was 
written  by  Laurent  in  competition  for  the  prize  offered  by  the 
Academy  of  Sciences  at  Paris;  see  Art.  133.  Laurent's  memoir 
was  sent  to  the  Academy  after  the  time  fixed  for  the  reception  of 
the  memoirs,  but  before  the  judges  had  published  their  award. 
A  report  on  Laurent's  memoir  is  given  by  Cauchy  in  the  Comptea 
Bendus  ...  Vol.  18,  pages  920,  921.  1844.  We  will  give  a  trans- 
lation of  the  essential  part  of  this  report. 

The  application  of  the  Calculus  of  Variations  to  the  investi- 
gation of  the  maxima  and  minima  values  of  multiple  integrals 
required  especially  new  formulas  of  integration  by  parts  and  a  new 
notation  which  should  afford  an  easy  expression  of  these  new 
formulsB.  The  judges  of  the  prize  had  particularly  noticed  the 
paragraphs  relating  to  these  two  objects  in  the  memoir  of  Sarrus. 
The  corresponding  paragraphs  in  the  memoir  of  Laurent  are  also 
worthy  of  notice.  The  two  authors  have  employed  different  methods 
of  establishing  the  formula  of  integration  by  parts.  But  the 
formula  are  in  reality  the  same  in  the  two  memoirs,  although  they 
are  expressed  by  two  distinct  notations.  We  may  add  that  when 
once  these  formula  are  established  Laurent  uses  methods  analogous 
to  those  of  Sarrus  in  order  to  obtain  the  limiting  equations. 

The  memoir  of  Laurent  contains  besides  some  observations, 
which  are  not  without  interest,  respecting  the  different  ways  of 
verifying  the  limiting  equations. 

We  will  not  conceal  the  fact  that  among  the  methods  employed 
by  Laurent  some  may  be  considered  rather  as  methods  of  induction 
than  as  perfectly  rigorous  methods.  But  it  is  generally  very  easy 
to  verify  the  exactness  of  the  results  obtained  by  these  methods,  as 
the  calculations  commonly  can  be  easily  effected. 

To  sum  up  we  think  the  memoir  of  Laurent  deserves  to  be 
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japproved  by  the  Academy,  and  to  be  inserted  in  the  Becueil  dea 
Savants  Sirangers. 

We  may  add  that  the  memoir  does  not  seem  to  have  been 
printed  as  yet.  There  is  a  report  on  two  memoirs  by  Lanrent  in 
the  Camptes  Bendus  ...  Vol.  40,  pages  632 — 634.  1855.  The 
report  is  by  Cauchy,  and  it  gives  a  short  account  of  the  scientific 
labours  of  Laurent  then  recently  deceased. 

411.  Strauch.  On  the  sign  of  the  second  variation  and  on 
relative  maxima  and  minima.  Ghrunert^s  Archtv  der  Maihematik 
und  PhysiJcj  Vol.  4,  pages  39—68.     1844. 

This  article  contains  some  problems  in  which  the  second  vari- 
ation of  an  expression  is  examined  in  order  to  determine  whether 
the  expression  is  really  a  maximum  or  a  minimum;  and  some 
problems  of  relative  maxima  and  minima  values  are  discussed.  All 
these  problems  are  reproduced  by  Strauch  in  his  work. 

412.  Strauch.  Bemarks  on  the  words  variation^  variable^... . 
Grunert's  Archtv  der  Mathematik  und  Fhysiky  Vol.  7,  pages 
221—224.     1846. 

This  article  contains  some  remarks  by  Strauch  on  some  of  the 
terms  used  in  the  Calculus  of  Variations ;  the  remarks  are  repro- 
duced by  Strauch  in  his  work,  Vol.  i.,  pages  69 — ^71. 

413.  Boger.  Essay  on  Brachistochrones.  IAouytXLg^s  Journal 
of  Mathematics,  Vol.  13,  pages  41—71.    1848. 

In  this  essay  the  author  demonstrates  several  properties  relative 
to  brachistochrones.  He  considers  the  case  when  the*  moving  par- 
ticle is  constrained  to  remain  on  a  surface  as  well  as  the  case  of  a 
free  particle.  The  differential  equations  of  the  problem  are  obtained 
by  the  ordinary  principles  of  the  Calculus  of  Variations*  and  many 
interesting  results  are  deduced  firom  these  equations. 

414.  Groodwin.  Cambridge  and  Dublin  Mathematical  Journal, 
Vol.  3,  pages  225—238.     1848. 

This  article  is  entitled.  On  certain  points  in  the  theory  of  the 
Calculus  of  Variations.    The  article  is  chiefly  devoted  to  the  expla* 
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nation  of  a  certain  geometrical  conception  relative  to  yariations. 
Suppose  X  and  y  the  co-ordinates  of  a  point  in  a  curve.  Then  it 
is  manifest  that  we  may  give  the  most  general  infinitesimal  vari- 
ation possible  to  the  position  of  the  point  (x,  y)  by  giving  it  a 
small  tangential  displacement  and  also  a  small  normal  displace- 
ment. Let  the  tangential  and  normal  displacements  be  denoted 
by  T  and  v  respectively ;  then  if  Sx  and  Sy  be  the  corresponding 
displacements  parallel  to  the  axes  of  co-ordinates,  and  ds  an  element 
of  the  arc  of  the  curve,  we  have 

and  these  are  equivalent  to 

.,  dx        dy        ^  dy        dx 

The  variation  of  an  integral  is  then  expressed  so  as  to  involve  r 
and  Vy  and  it  appears  that  r  does  not  occur  at  all  in  the  uninte- 
grated  part,  and  only  once  in  the  integrated  part. 

It  is  not  difficult  to  illustrate  geometrically  the  fact  that  r  does 
not  occur  in  the  unintegrated  part.     The  unintegrated  part  may 

be  denoted  by  I  Uvda,  and  then  the  equation  17=0  gives  the  form 

of  the  curve  which  is  required,  and  it  is  manifest  that  a  curve  may 
be  made  to  pass  into  another  which  diflfers  infinitesimally  from 
itself  by  a  normal  variation  only,  and  that  in  fact  a  tangential 
variation  can  have  no  effect  upon  the  form  of  the  curve,  because  if 
ft  point  receive  an  indefinitely  small  displacement  along  the  tangent, 
or  which  is  the  same  thing  along  the  curve,  it  still  remains  in  the 
same  curve. 

The  fact  that  r  does  not  occur  in  the  unintegrated  part  of  the 
variation  of  an  integral  is  the  principal  topic  discussed  in  this 
article,  and  it  is  illustrated  and  developed  in  various  ways.  Three 
examples  are  given  of  the  application  of  the  formulae  which  are 
investigated. 

The  article  concludes  with  some  remarks  on  the  canditum  of 
iniegrability  of  a  function  Vdx.    In  reference  to  the  well-known 
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equation  which  is  obtained  as  the  condition  the  author  says, 
"  I  think  it  would  be  more  proper  to  say  that  the  equation  ex- 
presses a  condition  of  Vdx  being  a  perfect  differential  rather  than 
the  condition,  for  it  is  nowhere  proved  that  there  may  not  be  an 
indefinite  number  of  other  conditions."  It  must  however  be  re- 
marked here,  that  it  has  been  distinctly  proved  that  the  equation 
referred  to  is  sufficient  to  ensure  that  Vdx  should  be  integrable  as 
well  as  necessary  /  see  the  last  Chapter  of  the  present  work. 

415.     Yieille.     Cours  compUmentaire  d^ analyse  et  de  Micanxque 
rationelle.    Paris,  1851. 

This  valuable  work  contains  some  investigations  relating  to  our 
subject. 

An  excellent  demonstration  of  Lagrange's  transformation  of  the 
equations  of  motion  in  Dynamics  is  given  in  pages  1 — 9. 

A  chapter  entitled  Diveloppements  sur  le  calcul  des  variations, 
occupies  pages  38 — 50.  This  chapter  contains  four  articles.  (1)  The 

investigation  of  the  maximum  or  minimum  of  I     Vdx,  where  V 

contains  x,  y,  z  and  the  differential  coefficients  of  y  and  z  with 
respect  to  x ;  and  an  equation  is  given  which  connects  the  variables 
and  differential  coefficients.  (2)  To  determine  the  conditions  which 
must  subsist  among  p,  j»  r  which  are  all  functions  of  x,  y,  and  z^ 

in  order  that  I     (^  (^x  +  j  c7y  +  r  <&)  may  retain  a  constant  value 

whatever  ftmctions  of  t  may  be  denoted  by  x,  y^  z;  the  conditions 
are  found  to  be  those  which  ensure  that  jpdx  +  qdy  +  rdzis  an 
■exact  differential  with  respect  to  x,  y,  and  z,  considered  as  indepen- 
dent. (3)  Having  given  dT  =^  dx  +  qdy  +  rdz,  where  x,  y,  z  are 
any  functions  of  t,  and  ^,  j,  r  are  any  functions  of  x,  y,  z  which 
may  also  contain  t,  it  is  required  to  determine  under  what  con- 
ditions we  shall  also  have  ST  =p  Bx  +  qSy  +  rSz;  the  conditions 
are  found  to  be  the  same  as  in  the  preceding  example.  (4)  The 
example  just  given  is  now  modified  by  the  supposition  that  a?,  y, 
and  z  are  connected  by  a  relation  zszF{x,  y) ;  the  condition  now  is 
found  to  amount  to  this,  that  pdx'\-qdy'\'rdz  must  be  an  exact 
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differential  after  one  of  the  variables  has  been  eliminated  hj  means 
of  the  given  relation  z  »  F{x^  y). 

A  chapter  of  exercises  on  the  Calculos  of  Variations  occupies 
pages  113 — 127.  Four  examples  are  discussed.  (1)  Among  all 
curves  of  given  length  which  are  terminated  in  two  fixed  points 
A  and  B^  to  find  that  for  which  the  sum  of  the  products  of  each 
element  by  the  square  of  its  distance  from  the  line  AB  is  a  maxi- 
mum. (2)  To  find  the  maximum  value  of  I  »J{daf-\-djf)^  subject 
to  the  relation  that  I    *J{da?'\'d}^'hda^  shall  be  equal  to  a  given 

constant.  This  question  admits  of  easj  geometrical  treatment,  but 
the  process  of  the  Calculus  of  Variations  does  not  completely 
succeed^  so  that  Euler's  method  for  solving  problems  of  relative 
maxima  and  minima  appears  to  fail.  The  reason  appears  to  be, 
as  Vieille  conjectures,  that  the  second  integral  involves  a  new 
variable  z  which  is  quite  independent  of  the  other  variables  x  and  y 
which  alone  occurred  in  the  first  integral.  (3)  Assuming  that 
dTs=Xdx+  Ydy  +  ZdZf  it  is  required  to  find  the  curve  for  which 

I    Tds  is  a  minimum;  the  residt  is  that  the  curve  must  be  that 

which  a  flexible  string  would  form  when  in  equilibrium  under  forces 
on  each  element  which  referred  to  a  unit  of  length  of  string  would 
be  X,  Yf  Z,  respectively  parallel  to  the  axes  of  x,  y,  z.  (4)  To  find 
a  curve  of  given  length  terminated  at  two  fixed  points  for  which 

I    f^dx  is  a  maximum ;  this  is  an  example  of  the  first  of  James 

J  x^ 

Bemouilli^s  celebrated  isoperimetrical  problems;  see  Art.  387. 
Vieille  gives  a  figure  similar  to  that  which  we  have  recommended 
in  Art.  387. 

Some  results  relative  to  brachistochrones  are  given  on  pages 
299—308  of  the  work. 

416.  Cauchy.  Variaiions  emphyiea  camme  defi  algihrtqueB. 
This  article  occurs  in  the  Comptes  Rendus  ...  Vol.  37,  pages 
57 — 64.  1853.  The  article  presents  nothing  of  interest  so  far  as  the 
Calculus  of  Variations  is  concerned ;  it  merely  uses  the  symbol  h  to 
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-express  certain  infinitesimal  changes  in  the  values  of  arbitrary 
constants.  At  the  end  of  the  article  Cauchy  promises  another 
article  on  the  subject.  The  student  who  wishes  for  information 
on  what  Cauchy  calls  clefs  algibriques  may  consult  the  Comptea 
JRendus  ...  Vol.  36,  page  70,  and  a  memoir  on  the  subject  in  Vol.  4 
of  Cauchy's  Exercicea  d^ Analyse  et  de  Physique  MaihSmatxque. 

417.  Cauchy.  On  the  advantages  which  arise  from  the  intro- 
duction of  a  variable  parameter  and  of  the  notation  of  the  Calculus 
of  Variations  into  some  of  the  principal  formulae  of  infinitesimal 
analysis.    Comptea  JRendus^  Vol.  40,  pages  261 — 267.     1855. 

The  following  sentences  will  give  an  idea  of  this  article  by 
Cauchy. 

Let  u  be  any  function  of  the  variables  x,  y^z;  suppose 

and  let  u^  be  the  value  which  is  obtained  from  u  by  changing 
a,  y,  z  into  x-^h,  y  +  k,  z  +  l  respectively,  so  that 

Uj=/(a?  +  A,  y  +  kj  z  +  l). 

Then  put  h  =  ah\  k  =  oA;',  l^aV]  thus  u^  may  be  considered 
a  function  of  the  parameter  a,  and  may  be  developed  by  Maclaurin's 
theorem  in  a  series,  which  we  may  express  thus ; 

1.2  [3 

This  notation  is  also  applied  by  Cauchy  to  the  case  of  a  system 
of  differential  equations.  Cauchy  says  at  the  end  that  he  will 
give  another  article  on  the  subject. 

418.  Carmichael.  The  treatise  on  the  Calculus  of  Operations^ 
published  by  Mr  Carmichael  in  1855,  contains  some  investigationis 
bearing  upon  the  Calculus  of  Variations;  they  occupy  pages 
153 — 160  of  the  work.  These  investigations  include  generalisations 
of  the  results  which  occur  on  pages  253,  262,  and  340  of  Mr  Jellett's 
treatise,  and  also  some  interesting  theorems  respecting  attractions*. 

31 
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419.  Braschmann.  On  the  Principle  of  Least  Action.  Bullet 
tin...Phy8icO'Math6fnatiqtie  de  VAcadim%e...de  St  Pitershourg.  Vol. 
17,  pages  487 — 489.    1859. 

We  have  remarked  in  Art.  317  that  Ostrogradsky  criticises 
some  parts  of  Lagrange's  Micanique  Analyttgue,  On  page  139  of 
the  16th  volume  of  the  Bulletin... de  8t  Pitershourg  we  read  that 
M.  Ostrogradsky  announced  a  memoir  on  the  principle  of  least  action ; 
and  it  is  stated  that  he  considers  the  ordinary  enimciation  of  the 
principle  to  require  modification.  Braschmann*s  article  bears  on 
this  point.  It  does  not  appear  obvious  what  error  Ostrogradsky 
thinks  he  detects  in  the  common  account  of  the  principle.  We  will 
however  translate  part  of  Braschmann*s  article. 

Let  there  be  a  system  of  masses  m,  m\  nfi\  w!"^ ...  considered  as 
points  and  acted  upon  by  given  forces.  Let  X,  Y^  Z  denote  the 
projections  of  the  accelerating  force  which  acts  upon  the  mass  m,  let 
i;  denote  the  velocity  of  this  particle  at  the  end  of  the  time  t.     Put 

si 

then  the  equation  of  motion  of  the  system  may  be  written  under  the 
following  form ; 

the  characteristic  S  relating  to  all  possible  displacements  of  the 
masses  m,  w',  m\  rn!"  ....  We  see  by  this  equation,  as  M.  Ostro- 
gradsky has  shewn  in  his  memoir  on  isoperimetrical  problems,  that 
in  the  passage  of  a  system  from  one  position  to  another 


Sj"(n+T)rf«  =  0; 


that  is,  between  given  limits  the  integral  I  (11  +  T)  ef^  is  a  maximum 

or  a  minimum.  Nevertheless  in  the  treatises  on  Mechanics  which 
have  appeared  since  the  publication  of  this  memoir,  we  find  the 
principle  of  least  action  still  treated  after  the  manner  of  Lagrange. 
This  great  mathematician  replaces  in  the  equation  dR^dl^  the 


BRASCHBCANN.  483 

differential  d  hj  the  letter  S,  wluch  relates  to  possible  displace- 
mentSy  and  concludes  that 


2  Vldt  or  iSmvds 


must  be  a  maximum  or  a  minimum.  Although  it  seems  evident 
that  we  cannot  substitute  S  for  d  in  the  equation  of  Vis  Viva,  yet 
it  will  perhaps  be  useful  for  those  who  are  studying  rational 
mechanics,  still  to  prove  by  a  simple  example,  that  the  true  prin- 
ciple of  least  action  is  that  given  by  M.  Ostrogradsky,  and  that  we 
are  not  at  liberty  to  replace  rf  by  S  in  the  equation  of  Vis  Viva. 

Braschmann  then  proceeds  to  his  example.  It  merely  shews 
what  no  one  will  dispute,  that  d  and  8  are  not  to  be  interchanged 
arbitrarily;  but  it  does  not  shew  that  there  is  any  error  in  the 
ordinary  conception  or  proof  of  the  principle  of  least  action. 

420.  In  the  second  edition  of  the  Catalogue  of  the  Library  of 
the  Observatory  of  Pulkova,  St  Petersburg,  1860,  the  titles  of  some 
treatises  occur  bearing  on  the  Calculus  of  Variations  which  the 
present  writer  has  not  had  the  opportunity  of  constdting.  These 
titles  are  the  following. 

Wiedebeck,  J.  S.     In  meihodum  Variationum,  Upsal,  1823. 

Svanberg,  J.  In  Theoriam  Maximorum  et  Mintmorumf  Upsal, 
1830. 

Almquist,  E.  De  Principits  Calculi  Variationia^  I.  ii.,  Upsal, 
1837. 

Senff,  C.  E.    Elementa  Calculi  Variatianum  ..^DorpAt,  1838. 

Lindelof,  L,  L.  Variations-JcaUcylens  theori  och  dess  anvdnd* 
ning ...  Hsfs,  1856. 

Popoff,  A.     Elements  of  the  Calculus  of  VariationSf   Kazan, 

1856  (in  Eussian). 

Simon,  O.    Die  Theorie  der  Variationsrechnung^  Berlin,  1857. 
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421.  The  following  chapter  contains  brief  accounts  of  some 
articles  and  memoirs  on  geometry  and  mechanics  which  have 
some  connection  with  the  Calculus  of  Variations ;  and  a  few  works 
are  noticed  which  really  belong  to  the  ordinary  theory  of  maxima 
and  minima  values  given  in  the  Differential  Calculus,  but  the 
titles  of  which  might  suggest  that  they  were  treatises  on  the  Cal- 
culus of  Variations.     We  adopt  the  chronological  order. 

422.  Busse.  Neue  Meihode  dee  Oroasten  und  Kletnsten  nebst 
Beurtheilunff  und  einiger  Verhesserung  des  biaherigen  Syatemea. 
Freyberg,  1808. 

This  is  an  octavo  volume  of  108  pages  with  a  preface  of  12 
pages.  It  is  devoted  to  the  ordinary  theory  of  maxima  and  minima 
values,  and  does  not  touch  on  the  Calcidus  of  Variations.  The 
chief  point  in  it  seems  to  be  that  it  draws  attention  to  the  fact 
that  a  function  of  a  variable  may  have  a  maximum  or  minimum 
value  when  its  differential  coefficient  with  respect  to  that  variable 
is  infinite  as  well  as  when  it  is  zero.  It  is  stated  in  the  preface 
that  a  second  part  will  soon  appear;  this  has  not  come  to  the 
knowledge  of  the  present  writer,  and  perhaps  never  appeared. 

Ohm  speaks  imfavourably  of  the  views  of  Busse ;  see  Ohm^s 
System  of  Mathimatics^  Vol.  4,  Berlin,  1830,  page  127. 

423.  Flayfair.  Of  the  solids  of  Greatest  Attraction^  or  those 
which  among  all  the  Solids  that  have  certain  properties  attract  with 
the  greatest  Force  in  a  given  direction.  Bead  5th  January,  1807. 
Published  in  the  Transactions  of  the  Koyal  Society  of  Edinburgh, 
Vol.  6,  1812. 
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This  memoir  occupies  pages  187 — 243  of  the  volume.  The 
problems  on  Solids  of  Greatest  Attraction  are  not  treated  by  the 
Calculus  of  Variations,  but  by  the  method  which  we  have  illus- 
trated in  Art.  322. 

It  is  stated  on  page  204,  '*  In  general,  if  x,  y,  and  0,  are  three 
rectangular  co-ordinates  that  determine  the  position  of  any  point  of 
a  solid  given  in  magnitude,  and  if  the  value  of  a  certain  function  Q, 
of  Xy  ify  and  Zy  be  computed  for  each  point  of  the  solid,  and  if  the 
sum  of  all  these  values  of  Q  added  together  be  a  maximum  or  a 
minimum,  the  solid  is  bounded  by  a  superficies  in  which  the  func- 
tion Q  is  everywhere  of  the  same  magnitude." 

And  on  page  205,  ''All  the  questions,  therefore,  which  come 
under  this  description,  though  they  belong  to  an  order  of  pro- 
blems, which  requires  in  general  the  application  of  one  of  the 
most  refined  inventions  of  the  New  Greometry,  the  Calculiu  Vo' 
ricUionumy  form  a  particular  division  admitting  of  resolution  by 
much  simpler  means,  and  directly  reducible  to  the  construction 
of  loci." 

The  problems  respecting  solids  that  have  certain  properties 
and  attract  with  the  greatest  force  in  given  directions  are  exam- 
ples of  the  ordinary  methods  of  maxima  and  minima  explained 
in  the  Differential  Calculus. 

424.    Knight.   Cf  the  attractions  of  such  Solids  as  are  terminated 
hy  Planes;  and  of  Solids  of  greatest  attraction.  Bead  March  19,  1812. 
-Published  in  the  Philosophical  Transactions^  1812. 

This  memoir  occupies  pages  247 — 309  of  the  volume.  It  con- 
tains investigations  of  the  attractions  of  solids  of  various  forms. 
Knight  refers  frequently  to  Playfair's  memoir  which  we  noticed  in 
the  preceding  Article.  One  section  of  Knight's  memoir  occupying 
pages  283 — 301  is  devoted  to  Solids  of  greatest  attraction,  ^ight 
states  that  besides  Flayfair  this  subject  had  been  considered .  by 
Silvabelle  and  Frisi,  but  that  these  mathematicians  had  confined 
themselves  to  the  case  of  a  homogeneous  solid  of  revolution.  Ejii^ht 
obtains  his  solutions  by  a  simple  application  of  the  Calculus  of 
Variations.     He  proves  the  well-known  result  for  the  figure  of  a 
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homogeneotis  solid  of  reyolution  of  given  mass  which  exerts  the 
greatest  attraction  on  a  particle  in  its  axis ;  and  he  notices  that  the 
generating  curve  is  the  same  as  would  be  obtained  if  the  problem 
proposed  were  to  find  the  form  of  a  curve  such  that  the  area  in- 
cluded may  be  a  given  quantity,  and  the  attraction  on  a  given  point 
a  maximum.  Flajfair  had  established  these  results.  Knight  then 
shews  that  the  same  form  is  obtained  for  the  solid  of  revolution  of 
given  mass  and  greatest  attraction  on  a  point  in  its  axis  if  the 
solid  be  not  homogeneous,  provided  the  density  at  any  point  ia  a 
fdnction  of  the  distance  of  that  point  from  the  axis  and  of  the 
distance  between  the  foot  of  the  perpendicular  from  that  point  on 
the  axis  and  the  attracted  particle. 

425.  Lehmus.  Uebungs-Aufgaben  zur  Lehre  vom  Orossten 
und  Kleinsten,     Berlin,  1823. 

This  is  an  octavo  volume  of  202  pages,  containing  examples  of 
ordinary  maxima  and  minima  problems ;  it  does  not  touch  upon 
the  Calculus  of  Variations.  The  problems  are  principally  of  a  geome- 
trical character.  Ohm  refers  to  the  work  in  favourable  terms ;  see 
Die  Lehre  vom  Orossten  und  Kleinsten^  p&ge  208. 

426.  Crelle's  MaihematicalJoumal^  Vol.  6,  pages  81 — 83.  1830. 

This  is  an  anonymous  article  respecting  Minding*s  solution 
which  we  have  examined  in  Article  307,  which  was  not  known  to 
the  present  writer  when  that  Article  307  was  printed.  The 
anonymous  article  agrees  with  what  we  have  stated  respecting  the 
inaccuracy  of  Minding's  result.    The  equation  given  by  Minding 

is  here  developed  into  the  form 
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The  writer  says  that  neither  ^  =  0  nor  3-7-  =  0  can  give  the 
general  solution ;  that  most  be  found  from  the  equation  in  the  form 
which  it  takes  after  removing  the  factor  ^  -tt  by  division. 

The  writer  gives  a  geometrical  interpretation  of  the  result 

=  a  constant,  which  belongs  to  the  required  curve.    Suppose 

tangent  planes  drawn  to  the  given  surface  at  all  the  points  of  the 
required  curve;  we  may  suppose  a  developable  surface  generated 
by  the  lines  which  form  the  perpetual  intersections  of  these  tangent 
planes.  The  required  curve  is  then  common  to  the  given  surface 
and  the  generated  developable  surface.  Then  if  the  developable 
surface  be  developed  into  a  plane  the  required  curve  becomes  a 
circle  on  that  plane. 

It  appears  from  page  161  of  the  same  volume  of  Crelle's  Mathe^ 
matical  Journal  that  Minding  admitted  his  error. 

427.  Amdt.  Diaquisitiones  historicce  de  maximia  et  minimis. 
Berlin,  1833. 

This  essay  was  written  for  a  degree  in  the  University  of  Berlin. 
It  contains  a  history  of  the  ordinary  theory  of  maxima  and  minima 
values  without  any  reference  to  the  Calculus  of  Variations.  Giesel 
refers  to  it  on  page  38  of  his  work. 

428.  Scherk.  Eemarks  on  the  least  surface  between  given  limits. 
Crelle's  Mathematical  Journal,  Vol.  13,  pages  185—208.     1835. 

This  memoir  was  presented  to  the  Royal  Academy  of  Sciences 
at  Copenhagen  in  September,  1833.  Some  historical  information 
is  supplied  as  to  the  problem  of  the  least  surface.  Lagrange  found 
the  partial  differential  equation.  Meunier  shewed  the  geometrical 
interpretation  of  the  equation,  namely,  that  the  required  surface 
must  have  at  every  point  its  two  principal  radii  of  curvature  equal 
in  magnitude  and  opposite  in  sign.  Meunier  also  indicated  two 
surfaces  which  satisfy  this  equation,  namely,  the  surface  called  the 
hSligoide  gauche  by  the  French  writers,  and  the  surface  formed  by 
revolving  a  catenary  round  its  directrix.    Beference  is  then  made 
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to  the  general  integral  of  the  partial  differential  equation  found  by 
Monge,  and  to  the  note  on  the  problem  by  Foisson  in  the 
dghtii  volume  of  Crelle's  Mathematical  Journal. 

The  surface  in  question  was  proposed  as  the  subject  of  a  prize 
essay  by  a  scientific  society  in  Leipsic,  and  the  prize  was  awarded 
to  Professor  Scherk  in  Nov.  1830. 

The  essay  which  gained  the  prize  is  printed  in  the  Acta  Bocte^ 
tatis  JablanoviancBf  YoL  IV.  Fasc.  Ii.  pages  204 — 280,  under  the  title 
De  prcprtetattbtis  superficiei  quce  hoc  continetur  cBqtuUione 

(l+j^r-2pj«+(l  +  p*)<  =  0 

disquisitumes  analyticcB. 

The  two  memoirs  by  Professor  Scherk  belong  to  the  subject  of 
differential  equations  rather  than  to  the  Calculus  of  Variations. 
The  result  of  them  appears  to  be  that  some  additional  surfaces  are 
indicated  which  satisfy  the  differential  equation  in  question.  An 
iavestigation^is  ^\ren  with  the  view  of  shewing  that  the  hSligoide 
gauche  is  the  only  ruled  surface  which  satisfies  the  differential 
equation,  but  the  author  admits  that  he  has  not  folly  established 
this  proposition. 

The  following  are  the  equations  to  three  surfaces  which  are 
sh'^wn  by  the  author  to  satisfy  the  differential  equation, 

^  '  COS  oa; 

(2)  (<"-0(«"-«^)  =  ±48inoy. 

(3)  z  =  h  log  |v(r'+  a*)+ V(r*- J')|  -  o  tan-  ^^^^^j  +ae  +  c, 

where,  as  usual,  r  cosO^x  and  r  sin  0  =  y. 

The  last  result  includes  two  well-known  results;  for  by 
putting  a  3=  0  we  obtain  the  solid  formed  by  revolving  a  catenary 
round  its  directrix,  and  by  putting  &  =  0  we  obtain  the  hiligoide 
gauche.  Two  other  equations  are  given  by  the  author,  but  they  are 
very  complicated. 
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We  tike  this  opportmiitj  of  adyerting  to  a  point  in  the  history 
of  the  problem  here  considered. 

The  statements  which  we  have  noticed  in  Art.  315  as  made 
by  Bonnet  are  not  correct.  Bonnet's  words  are,  On  sait  que 
rh^Ii9oide  gauche  k  plan  directeur  est  la  seule  surface  r^gle^  qui 
ait  en  chacun  de  ses  j)oints  ses  rayons  de  courbure  principauz 
^gaux  et  de  signes  contraires.  Meunier  a  le  premier  d^montr^  cette 
proposition  remarquable  dans  son  Mdmoire  sur  les  surfaces,  qui 
a  ^t^  ins^r^  au  JRecueil  des  Savants  Strangers.  Plus  tard  Legendre 
y  a  ^t^  aussi  conduit  {voir  les  MSmoires  de  VAcadimie  des  Sciences^ 
annfe  1787). 

The  memoir  of  Meunier  is  in  the  MSnunres  presentfs  ...par 
Divers  Savans  ...No\.  10,  1785;  see  page  504  of  the  volume. 
Meunier  proves  that  the  hSligoide  gatAche  is  the  surface  of  minimum 
area  among  all  surfaces  that  can  be  generated  by  the  motion  of  a 
line  which  always  remains  parallel  to  a  fixed  plane,  not  among  all 
ruled  surfaces;  thus  he  does  not  prove  so  much  as  Bonnet 
says.  Legendre  does  not  prove  any  thing,  but  he  asserts  more 
than  Bonnet  intimates.  His  words  are,  Si  on  cherche  la  sur- 
face la  moindre  entre  deux  lignes  droites  donnas,  non  situ^  dans 
le  m^me  plan,  soit  m  la  plus  courte  distance  de  ces  lignes,  X  Tangle 
qu'elles  font  entr'elles ...  il  en  r^sultera  pour  T^uation  de  la  surface 
cherchee,  r^duite  2t  la  forme  la  plus  simple, 

These  words  occur  on  page  314  of  the  volume  cited  by  Bonnet. 
Thus  Legendre  asserts  that  the  Mligoide  gauche  is  the  surface 
of  minimum  area  among  all  surfaces  which  have  two  rectilinear 
boundaries  not  in  one  plane ;  this  is  not  true ;  see  Art.  442. 

429.  Michaelis.  De  lineis  brevissimis  in  datis  superfidebuSf 
imprimis  de  Linea  Oeodetica.     Berlin,  1837. 

This  is  an  exercise  for  a  degree  in  the  University  of  Berlin ; 
it  consists  of  27  quarto  pages.  The  differential  equations  are  in- 
vestigated by  the  Calculus  of  Variations  for  two  problems,  (1)  The 
shortest  line  on  a  given  surface.     (2)  The  problem  considered  by 
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Minding  and  others ;  see  Art.  307.  The  investigations  are  given 
in  two  forms,  first  by  using  the  ordinary  variables  «,  y,  «,  and 
secondly  by  using  two  variables  p  and  j  in  the  manner  explained 
by  Gauss  in  his  Disquisitionea  generates  circa  superficies  curvas. 
In  the  second  problem  Michaelis  gives  the  result  which  had  been 
published  in  the  sixth  volume  of  Crelle*s  Mathematical  Jou/mal ; 
see  Art.  427. 

A  large  part  of  the  memoir  is  devoted  to  the  geodetic  line,  by 
which  the  author  means  the  shortest  line  on  the  surface  of  an  oblate 
spheroid.  The  investigations  in  this  part  chiefly  involve  the  theory 
of  elliptic  integrals. 

430.  Minding.  On  the  shortest  lines  on  curved  surfaces. 
Crelle's  Mathematical  Journal,  Vol.  20,  pages  323—327,  1840. 

In  this  article  the  differential  equations  furnished  by  the 
Calculus  of  Variations  are  assumed,  and  some  inferences  are  de- 
duced from  them  with  respect  to  the  shortest  lines  on  developable 
surfaces. 

431.  Catalan.  On  ruled  surfaces  with  a  minimum  area, 
liouville's  Journal  of  Mathematics,  Vol.  7,  pages  203 — 211.    1842. 

The  problem  discussed  is  the  following;  among  all  ruled 
surfaces  to  find  that  of  which  the  area  is  a  minimum,  or  which 
amounts  to  the  same  thing,  to  find  that  which  has  its  two  prin* 
cipal  radii  of  curvature  at  every  point  equal  in  magnitude  and  of 
opposite  sign.  The  memoir  does  not  make  any  use  of  the  Calculus 
of  Variations.     The  result  has  been  already  stated ;  see  Art.  311. 

• 

432.  Catalan.  On  the  line  of  given  length,  which  includes  a 
maximum  area  upon  a  surface.  Journal  de  VEcole  Polytechnigue^ 
Cahier  29,  pages  151—156.    1843. 

Reference  is  made  to  an  investigation  by  Delaunay  in  the 
eighth  volume  of  Liouville's  Journal  of  Mathematics;  see 
Art.  314.    (Catalan  by  mistake  names  the  seventh  volume). 

The  following  theorems  are  demonstrated  by  Catalan  in  his 
interesting  article. 
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(1)  Sappose  any  surface  S,  and  let  there  be  a  curve  L  of  given 
length  described  on  it  so  as  to  include  a  maximum  area ;  construct 
a  developable  surface  2  which  touches  the  surface  B  along  the  curve 
L ;  then  if  the  surface  2  be  developed  the  curve  L  is  transformed 
into  a  circle.  This  theorem  had  been  obtained  however  by  previous 
writers ;  see  Arts.  427  and  429. 

(2)  Suppose  any  surface  8  and  on  it  a  curve  L  of  TniniTn^n^ 
length ;  construct  a  developable  surface  2  which  touches  the  sur- 
fsLce  8  along  the  line  L ;  then  if  the  sur£EU»  ^  be  developed  the 
curve  L  is  transformed  into  a  straight  line. 

433.  Bj5rling.  In  tntegrationem  ceqtuitionis  Derivatarum  par^- 
tialtum  superficiet,  cujtis  in  puncto  unoquoque  principales  ambo  radii 
curvedinia  cequales  sunt  signoque  contrario.  Grunert's  Archiv  der 
Maihemattk  und  Pht/aik,  Vol.  4,^pages  290 — 315.   1844. 

In  the  beginning  of  1842  BjQrling  published  a  treatise  entitled 
Calculi  Variationum  Integralium  Duplictum  Exercitationea^  of  which 
an  account  has  already  been  given  in  Art.  311.  A  large  part  of  that 
treatise  was  devoted  to  the  integration  of  the  differential  equation 
which  belongs  to  surfaces  of  minimum  area.  In  a  French  scientific 
journal  called  U  Institute  Bjorling  saw  it  stated  that  Wantzel  and 
Catalan  had  proved  that  the  only  ruled  surface  of  minimum  area 
was  the  hSligoide  gauche.  Bjorling  then  resolved  to  reprint  his 
investigations  on  the  integration  of  the  partial  differential  equation, 
with  some  modifications  and  additions. 

Thus  the  present  memoir  is  devoted  to  the  solution  of  the  partial 
differential  equation,  and  tlie  results  obtained  coincide  essentially 
with  those  of  the  treatise  already  referred  to,  namely,  that  of  all 
surfaces  of  revolution,  the  only  one  which  satisfies  the  proposed 
differential  equation  is  that  formed  by  the  revolution  of  a  catenary 
round  its  directrix,  and  that  of  all  surfaces  which  can  be  formed 
by  the  motion  of  a  straight  line  which  always  remains  parallel 
to  a  fixed  plane,  the  only  one  which  satisfies  the  proposed  dif- 
ferential equation  is  the  hSligoide  gauche.  Bjorling  expresses  a 
hope  that  the  demonstrations  of  Wantzel  and  Catalan  of  the  state- 
ment that  this  is  the  only  surface  out  of  all  ruled  surfaces  which 
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satisfies  the  proposed  differential  equation,  will  soon  be  published  ; 
Catalan's  has  since  been  published,  as  we  have  seen  in  Art.  431. 

There  are  two  points  in  the  memoir  to  which  we  will  ad- 
vert. 

In  a  note  on  page  303  Bj5rling  makes  a  statement  to  which 
he  refers  more  than  once  afterwards;    it  is  to  the  effect  that  if 

we  are  seeking  the  surface  for  which   llda;rfyV(l +i>*  +  2*)  is  a 

minimum,  and  suppose  the  surface  to  be  bounded  bj  two  given 
curves,  the  curves  must  be  such  that  when  they  are  projected  on 
the  plane  of  (a?,  y)  one  projection  must  be  entirely  within  the 
other.  It  is  not  obvious  what  he  means  to  be  inferred  when  this 
condition  does  not  hold,  whether  he  regards  the  problem  as  then 
impossible,  or  whether  he  thinks  that  the  ordinary  formulas  of  the 
Calculus  of  Variations  cannot  be  ^plied  to  it. 

On  page  312  Bj5rling  considers  a  certain  special  example.  Sup- 
pose we  have  two  circles  in  parallel  planes  at  a  distance  2,  and  sup- 
pose that  the  line  joining  their  centres  is  perpendicular  to  the  planes 

of  the  circles,  and  that  the  radius  of  each  circle  is  5  (^  +  -)  • 

Take  the  line  joining  the  centres  as  the  axis  of  x  and  the  origin 
midway  between  the  centres.  Then  it  might  be  supposed  that  the 
minimum  surface  would  be  that  formed  by  revolving  round  the 
axis  of  Xj  the  catenary  determined  by 

and  taking  that  portion  of  it  comprised  between  x^-^l  and  x^l. 
But  it  will  be  found  on  trial  that  the  surface  thus  obtained  is 
not  necessarily  less  than  that  which  would  be  obtained  by  taking 
a  cylindrical  surface  round  the  axis  of  x  as  axis  with  any  radios 

r  which  is  less  than  o  (^  +-)  >  a^d  forming  the  surface  of  the 

part  of  this  cylindrical  surface  which  is  contained  between  a;  =  —  1 
^d  a;  =  1,  together  with  the  plane  circular  strips  at  each  end 
which  are  necessary  to  connect  the  cylindrical  surface  with  the 
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given  limiting  circles.    In  fact  the  area  of  the  surface  formed  by 
the  revolution  of  the  catenary  will  be  found  to  be 

27rll  + 


Hi^-il 


and  the  area  of  the  surface  made  up  of  the  cylindrical  surface 
and  the  plane  circular  strips  is 

2,r|2r-r«  +  i(e  +  i)}. 

Now  it  is  quite  possible  for  the  former  expression  to  exceed  the 

latter ;  for  example,  the  former  will  exceed  the  latter  ^7  ^  ( j—  ^)  i 

3 

if  r  be  taken  so  that  r^—  2r  4-  ^  =  0,  that  is  if  r  be  taken  about  =  '2. 

o 

Bjdrling  brings  this  forward  as  an  example  of  the  necessity  of  the 
restriction  he  proposed  in  his  note  on  page  303.  It  seems  to  shew 
no  more  than  this ;  a  result  furnished  by  the  Calculus  of  Variations 
must  not  be  assumed  to  be  a  maximum  or  a  minimum  without 
investigating  the  terms  of  the  second  order. 

434.  Grunert.  On  the  Cycloid  as  the  Brachistochrone. 
Grunert*s  Archiv  der  Mathematik  und  Phynk^  Vol.  7,  pages 
308—315.     1846. 

This  article  contains  an  elementary  proof  of  the  fact  that  the 
cycloid  is  the  brachistochrone,  without  the  use  of  the  Calculus  of 
Variations. 

435.  Jacobi.  On  a  particular  solution  of  the  partial  differ- 
ential equation 

d^V    d^V    d'V^^ 
dof      dy^       ds? 

Crelle's  Mathematical  Journal,  Vol.  36,  pages  113 — 134.  1848. 
In  the  course  of  this  memoir,  Jacobi  makes  that  application  of  the 
Calculus  of  Variations  which  we  have  given  in  Art.  323. 

436.  Schlaeffli.  On  the  minimum  of  a  certain  Integral.  Crelle's 
Mathematical  Journal,  Vol.  43,  pages  23 — 36.     1852. 


1. 

i 
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The  problem  of  finding  the  shortest  line  On  a  surface  of  the 

second  order  amounts  to  making  the  integral  \\/{dx^-\-dx^-{-dx^ 

a  minimum,  where  a?i,  a^,  x^  are  connected  by  an  equation  of  the 
second  degree.     In.  the  present  memoir  the  problem  considered  is 

to  make  the  integral  j\/{dx^^  +  dx^*+  ...  +  dx^*)  a  minimum,  where 

the  variables  a?j,  aj^,  ...  a?,  are  connected  by  an  equation  of  the 
second  degree.  The  memoir  however  does  not  belong  to  the 
Calculus  of  Variations,  as  there  is  only  one  line  connected  with 
that  subject;  in  this  line  the  equations  for  a  minimum  value 
furnished  by  the  Calculus  of  Variations  are  written  down,  merely 
for  the  purpose  of  indicating  the  number  of  arbitrary  constants 
which  should  occur  in  the  solution.  The  solution  of  the  prob- 
lem considered  in  the  memoir  is  effected  by  some  complex  alge- 
braical investigations  which  do  not  involve  the  Calculus  of  Varia- 
tions, 

437.  Hohl.  Aufgahen  zur  Lehre  vom  Orossten  und  Kleinsten 
der  Differemial-Functianen ...   Stuttgart,  1852. 

This  is  an  octavo  volume  of  162  pages ;  the  author  is  a  pro- 
fessor of  Mathematics  in  the  University  of  Tubingen.  The 
problems  are  of  the  same  kind  as  that  which  we  have  considered 
in  Art,  3,  after  Lagrange.     Three  cases  are  considered  by  the 

author.     (1)  The  maximum  or  minimum  of  Fix,  y,  ^  j  .    (2)  The 

maximum  or  minimum  of  F  (x^  y,  ^ ,  ^ j  .     (3)  The  maximum 

(dz     dz\ 
Xy  y>  ^>  ^  >  3" )  •    Each  case  is  illustrated  by 

the  solution  of  numerous  simple  examples.  The  author  says  that 
the  examples  are  intended  for  the  exercise  of  beginners,  in  Dif- 
ferentiation, in  Integration,  and  in  the  higher  Geometry. 

• 

The  author  says  in  his  preface  that  he  did  not  become  ac- 
quainted with  the  work  of  Strauch  before  the  printing  of  his 
own  had  advanced  to  the  last  sheet.  He  promises  if  his  work 
is  favourably  received,  to  follow  it  up  by  a  similar  collection  of 
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examples  on  the  maxima  and  minima  values  of  integral  ex- 
pressions; the  present  writer  is  not  aware  that  this  continuation 
has  appeared. 

438.  Wituski.  De  Mcudmis  atqtie  Minimis  vahribua  Func- 
tionum  Algebraicarum ...  Berlin,  1853. 

This  is  an  essay  written  for  a  degree  in  the  University  of 
Berlin ;  it  contains  25  quarto  pages.  The  essay  has  no  relation 
to  the  Calculus  of  Variations ;  it  consists  of  investigations  partly 
respecting. the  equations  furnished  by  the  Differential  Calculus  for 
determining  the  maxima  and  minima  values  of  expressions,  but 
chiefly  respecting  the  tests  for  ascertaining  whether  a  maximum 
or  minimum  value  really  eidsts. 

439.  Jellett.  On  the  surface  which  has  its  mean  curvature 
constant.  Liouville's  Journal  of  Mathematics^  Vol.  18,  pages 
163—167.     1853. 

The  Calculus  of  Variations  shews  that  for  a  surface  which 
includes  a  maximum  volume  under  a  given  surface,  the  mean 
curvature  must  be  constant.  The  object  of  the  article  is  to  prove 
that  among  all  the  surfaces  whose  volume  can  be  expressed  by 
the  integral 

I    j     f^drBmed0d<l>, 

Jq  Jq  J  9 

the  sphere  is  the  only  surface  which  has  its  mean  curvature 
constant.    The  proof  depends  upon  two  theorems. 

(1)     For  any  closed  surface 


IKi^^)<'^-'lh' 


see  Mr  Jellett's  Calculiis  of  Variations,  page  353. 

(2)     For  any  closed  surface  the  whole  area  of  the  surface 


"i/z^a^)"". 
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the  integral  being  taken  over  the  whole  surface.    This  remarkabl 
theorem  is  proved  in  the  article: 

440.  Bonnet.      Note  on   the   general   theory   of   Surfacei 
Comptea  Bendus  ...  Vol.  37,  pages  529—532.     1853. 

This  note  contains  some  results -relative  to  the  surface  of  mini 
mum  area.  A  new  form  is  proposed  for  the  integral  of  the  diffei 
ential  equation  which  belongs  to  such  a  surface,  the  new  form  bein^ 
in  Bennetts  opinion  preferable  to  that  given  by  Monge.  Some  ne\ 
properties  of  such  surfaces  are  enunciated  without  demonstratioi 
The  investigations  relative  to  the  integral  depend  upon  a  metha 
of  considering  surfaces  which  is  due  to  Gauss.  Bonnet  does  no 
demonstrate  the  fundamental  formidad  which  he  uses. 

441.  Grunert.  On  the  shortest  line  between  two  points  o: 
any  surface  and  on  the  fundamental  formulae  of  spheroidal  Trigone 
metry.  Grunert's  Archiv  der  Mathemattk  und  Phyatk,  Vol.  22 
pages  64—106.     1854. 

The  design  of  this  memoir  is  to  discuss  in  an  elementar 
manner  the  subjects  mentioned  in  its  title,  and  there  is  no  refereno 
in  it  to  the  Calculus  of  Variations. 

442.  Serret.  On  the  least  surface  comprised  between  givei 
right  lines  not  situated  in  the  same  plane.  Comptes  Bendtis  .. 
Vol.  40,  pages  1078—1082.     1855. 

Legendre  asserted  that  the  least  surface  comprised  between  tw( 
given  right  lines  which  are  not  situated  in  the  same  plane  is  th< 
hSligoide  gauche;  see  Art.  428.  Serret  shews  that  this  assertioi 
is  incorrect,  for  there  is  an  infinite  number  of  such  surfaces,  an< 
the  Mliqoide  gauche  is  only  a  particular  case  of  them.  Serret' 
investigation  is  based  on  Monge's  form  of  the  integral  of  th( 
differential  equation  belonging  to  surfaces  of  minimiun  area. 

443.  Bonnet.  On  the  determination  of  the  arbitrary  function 
which  occur  in  the  integral  of  the  equation  for  surfaces  of  minimun 
area.    Comptes  Bendus  ...  Vol.  40,  pages  1107 — 1110.     1855. 
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Bonnet's  design  is  to  shew  that  the  question  discussed  by  Serret 
on  pages  1078—1082  of  this  volume  of  the  Comptes  Bendus...^ 
and  similar  questions  of  greater  diflSculty,  may  be  investigated  by 
means  of  the  formula  which  he  himself  gave  in  the  37th  volume  of 
the  Comptes  Bendus  ... ;  see  Art.  440. 

444.  Roger.  Memoir  on  a  certain  class  of  curves.  Comptes 
Bendus...  Vol.  40,  pages  1176,  1177.     1855. 

This  is  a  brief  account  by  the  author  of  the  results  of  his  in- 
vestigations.    It  is  as  follows. 

We  may  imagine  in  space  or  on  a  given  surface  an  infinite 
number  of  different  trajectories  which  a  particle  can  describe  under 
the  action  of  a  given  system  of  forces.  Among  these  trajectories 
I  have  considered  those  which  make  an  integral  of  the  form 

<f>{v)ds  a  minimum,  where  <f>{v)  is  a  certain  function  of  the 


. 


velocity,  supposed  known  in  terms  of  the  co-ordinates  of  the  moving 
particle,  and  s  is  the  arc  described  from  the  starting-point. 

Some  curves  which  have  been  already  studied  under  various 
points  of  view  fall  under  the  class  which  I  have  defined,  and  form 
particular  cases  of  it.  The  principal  are  the  following.  1.  Greodesic 
lines  which  correspond  to  the  case  for  which  <^  (r)  =  a  constant. 

2.   Brachistochrones.  for  which  (f>{v)  =■- .    3.   The  trajectories  of 

least  action  which  are  obtained  by  taking  <f>{v)  ^v;  these  trajec- 
tories by  a  well-known  principle  due  to  Euler  are  those  which  the 
moving  particle  is  naturally  led  to  describe  under  the  action  of  the 
given  forces.  4.  The  lines  of  greatest  slope  {Itffnes  de  phis  grands 
pente) ;  these  form  a  peculiar  species,  which  I  find  corresponds  to 

the  case  of  ttt-t  =  0,  whatever  v  may  be. 

The  lines  belonging  to  these  different  species  and  to  other 
species  of  the  same  class  which  have  not  as  yet  obtained  a 
definition,  or  rather  a  distinctive  appellation,  possess  on  the  one 
hand  a  set  of  common  properties,  and  on  the  other  hand  properties 
peculiar  to  the  different  species ;  the  study  of  these  properties  ap- 

32 
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pears  to  me  to  have  some  interest.  The  most  striking  resnlts  which 
I  have  obtained  are  the  following. 

I.  If  we  snppose  on  a  given  surface  a  series  of  trajectories  of 
the  same  species  which  start  normally  from  the  same  curve,  and 
take  on  each  of  them  arcs  described  in  the  same  time,  the  curve 
formed  hj  the  extremities  of  these  arcs  will  be  itself  normal  to 
every  one  of  the  trajectories,  if  these  trajectories  are  geodesic  lines 
or  brachistochrones,  and  only  in  these  two  cases.  (This  theorem 
has  already  been  demonstrated  for  geodesic  lines  by  Ghiuss  and  for 
brachistochrones  by  Bertrand.) 

n.    The  trajectories  of  least  action,  the  brachistochrones,  and 

generally  the  species  for  which  the  ratio  ^tVt  vanishes  when  t;  =  0, 

are  tangents  to  the  lines  of  greatest  slope,  or,  which  is  the  same 
thing,  are  normals  to  the  curves  of  level  {courbes  de  niveau)  ^  in  all 
the  points  where  the  velocity  is  zero. 

HE.  If  we  suppose  the  moving  particle  to  be  free  or  to  be  con- 
strained to  move  on  a  plane,  and  consider  the  ratio  of  the  centrifugal 

force  —  to  the  component  N  of  the  force  estimated  along  the  radius 

of  curvature  of  the  path  described  by  the  particle,  then 

1.  For  all  the  curves  which  make  the  integral  j^  (v)  c&  a  mini- 
mum the  ratio  of  the  component  N  to  the  centrifugal  force  is  con- 
stant  throughout  the  extent  of  any  curve  of  level. 

2.  This  ratio  is  absolutely  invariable  for  all  the  particular 
species  determined  by  a  frmction  of  the  form  <f>  (v)  =  v*,  where  k  is 
an  arbitrary  constant,  which  is  in  fact  the  value  of  the  ratio  of 

iV^to-. 
r 

3.  In  a  more  special  manner  this  ratio  reduces  to  ±  1  for  bra- 
chistochrones and  for  curves  of  least  action ;  so  that  in  these  two 
species  the  component  N  is  equal,  in  actual  magnitude,  to  the  cen- 

trifugal  force  — ,  and  this  property  belongs  exclusively  to  these 
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two  curves,  including  the  right  line,  which  may  be  considered  as 
a  variety  of  either  of  them. 

rV.  If  a  curve  belongs  to  two  different  species  it  will  possess 
the  properties  of  all  the  species ;  that  is,  it  will  be  at  every  point 
geodesic,  curve  of  least  action,  brachistochrone,  line  of  greatest 
slope,  &c.  For  example,  in  the  case  of  gravity,  any  meridian  of 
a  surface  of  revolution  with  its  axis  vertical. 

This  is  the  end  of  the  author's  account  of  the  results  of  his 
investigations.  It  would  appear  that  these  investigations  constitute 
a  development  of  the  memoir  published  in  Vol.  13  of  Liouville^s 
Journal  of  Mathematics;  see  Art.  413.  In  that  memoir  Roger 
explains  what  he  means  by  a  line  of  greatest  slope  and  by  surfaces 
of  level.  It  is  there  stated  that  the  theorem  attributed  to  Qauss 
was  published  by  him  in  the  memoir  in  the  6th  volume  of  the 
Gottingen  Transactions.  The  theorem  attributed  to  Bertrand  is 
there  proved  by  Roger.  Roger  first  supposes  the  curves  to  start 
all  from  the  same  point;  he  says  that  this  theorem  was  communi- 
cated to  him  by  Bertrand,  and  he  also  gives  Bertrand's  proof,  which 
is  as  follows. 

Suppose  a  point  on  a  surface ;  see  figure  12.  Let  AMy  AM\  ••• 
be  brachistochrones,  commencing  at  the  same  point  A^  such  that 
they  would  be  described  in  equal  times  by  particles  starting  from 
A  with  the  same  velocity ;  then  the  locus  of  the  points  2f,  M\  ... 
will  be  normal  to  every  brachistochrone.  For  if  the  angle  at  M* 
be  acute  we  can  make  at  M  an  angle  NMM'  greater  than  NM'M; 
then  we  shall  have  MN  less  than  M'N;  thus  the  moving  particle 
having  arrived  at  N  with  a  certain  velocity  would  describe  the 
element  NM  in  less  time  than  it  would  describe  the  element  NAT^  its 
velocity  not  being  sensibly  altered  while  describing  the  element ; 
thus  the  curve  -^j^Tif  would  be  described  in  less  time  than  ANM\ 
that  is  in  less  time  than  AM,  which  is  absurd. 

445.  Catalan.  Note  on  a  surface  at  every  point  of  which  the 
radii  of  curvature  are  equal  and  of  opposite  sign.  Comptes  Rendus . . . 
Vol  41,  pages  35—38.    1855. 

Catalan  proposes  to  consider  whether  the  well-known  differential 
equation  admits  of  a  solution  of  the  form  ««^  (a?)  +'^(y).     He 

32—2 
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shews  that  the  only  solution  of  such  a  form  is  one  which  in  its 
simplest  form  may  be  written  z  =  log  cos  y  —  log  cos  a?.  He  also 
points  out  many  properties  of  the  surface  denoted  by  this  equation. 

This  equation  had  been  noticed  before ;  see  Art.  428. 

446.  Catalan.  Note  on  two  surfaces  which  have  at  every 
point  their  radii  of  curvature  equal  and  of  opposite  sign.  Comptea 
Rendus  ...  Vol.  41,  pages  274—276.    1855. 

Two  surfaces  are  here  given  which  satisfy  the  well-known 
differential  equation.  One  of  them  is  that  determined  by  equar 
tion  (3)  of  Art.  428.  Catalan  points  out  some  properties  of  this 
surface. 

447.  Catalan.  On  the  surfaces  which  have  at  every  point 
their  radii  of  curvature  equal  and  of  opposite  sign.  Chmptes 
Rendus  ...  Vol.  41,  pages  1019 — 1023.    1855. 

This  is  an  extract  from  a  memoir  on  the  subject  named.  Some 
results  are  given  without  demonstration.  Catalim  appears  to  have 
transformed  the  differential  equation  into  forms  more  convenient 
for  integration  than  the  common  form.  He  is  thus  enabled  to 
obtain  the  integral  in  a  more  convenient  form  than  Mongers.  Some 
new  examples  are  giten  of  surfaces  which  have  the  property 
considered. 

448.  Bonnet.  Observations  on  Minima  Surfaces.  Chmptes 
Rendus  ...  Vol.  41,  pages  1057,  1058.    1855. 

Bonnet  adverts  to  three  notes  on  the  subject  of  Surfaces  of 
minimum  area  which  Serret  had  communicated  to  this  volume  of 
the  Comptes  Rendus  ...  Bonnet  intimates  that  his  own  formulas  in 
the  37th  volume  of  the  Comptes  Rendus ...  had  rendered  such 
investigations  superfluous.  Bonnet  claims  for  himself  the  example 
given  by  Catalan  in  his  second  note,  which  as  we  have  seen  had 
been  given  before  either  of  them  by  Scherk ;  see  Arts.  446  and  428. 
Bonnet  then  adds  two  more  examples  of  the  use  of  his  formulas. 

On  page  1155  of  the  41st  volume  of  the  Comptes  Rendus  ... 
Catalan  offers  a  brief  reply  to  the  remarks  of  Bonnet.  This  reply 
was  referred  by  the  Academy  to  the  members  who  had  already 
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been  appointed  to  examine  Catalan's  memoir,  namely  LioaviUe, 
Binet  and  Chasles. 

449.  Bonnet.  Note  on  the  surfaces  for  which  the  sum  of  the 
two  principal  radii  of  curvature  is  equal  to  twice  the  normal. 
Compt€8  Rendua  ...  Vol.  42,  pages  110 — 112.    1856. 

This  is  an  application  of  the  formulse  which  Bonnet  gave,  as 
he  says,  in  the  Comptea  Rendus  ...  Vol.  37,  page  349,  to  the  deter- 
mination of  a  class  of  surfaces  which  have  a  remarkable  analogy  to 
the  surfaces  of  minimum  area.  Page  349  seems  to  be  put  by 
mistake  for  page  529. 

450.  Bonnet.  New  remarks  on  surfaces  of  minimum  area. 
Comptea  Rendua  ...  Vol.  42,  pages  532 — 535.    1856. 

Bonnet  says  that  this  article  contains  a  simpler  solution  than 
that  which  he  had  given  in  Vol.  40  of  the  Comptea  Rendtia  ...  of  the 
problem  to  determine  the  surface  of  minimum  area  which  touches 
a  given  surface  along  a  given  curve. 

451.  Liouville.  Remarkable  expression  of  the  quantity  which 
by  the  principle  of  least  action  is  a  minimum  in  the  movement  of 
a  system  of  material  particles  subject  to  any  connexions.  Comptea 
Rendua  ...  Vol.  42,  pages  1146—1154.    1856. 

This  article  is  not  connected  with  the  Calculus  of  Variations ; 
it  is  interesting  in  its  relation  to  Dynamics. 

452.  Richelot.  Remarks  on  the  theory  of  Maxima  and  Minima. 
Schumacher's  Aatronomiache  Nachrichten.    No.  1146.    1858. 

This  article  relates  to  the  ordinary  theory  of  maxima  and 
minima  values  of  the  Differential  Calculus. 

453.  Richelot.  On  the  theory  of  elliptic  functions,  and  on 
the  differential  equations  of  the  Calculus  of  Variations.  Comptea 
Rendua...  Vol.  49,  pages  641—645.     1859. 

This  article  states  that  the  differential  equations  furnished  by 
the  Calculus  of  Variations  for  the  maximum  or  minimum  of  an 
integral  may  be  transformed  into  other  differential  equations  of  the 
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first  order  and  first  degree,  which  take  what  the  author  calls  the 
canonical  form ;  this  term  is  used  because  the  form  agrees  with 
the  analogous  form  in  Dynamics.  Bichelot's  object  is  thus  the 
same  as  that  of  Ostrogradskj  and  Clebsch ;  see  Art,  817. 

454.  Bode  and  Fischer.  Maihematiache  Lehrstunden  van  K. 
H,  Schellbach.  Aufyahen  aus  der  Lekre  vom  Gfrossten  und  Klein-- 
atenj  bearbeitet  und  herausgegeben  von  A.  Bode  und  E.  Fischer, 
1860. 

This  is  an  octavo  volume  of  154  pages  containing  elementary 
problems  not  involving  the  Differential  Calculus. 

455.  We  have  in  Art.  327  referred  to  some  remarks  by  Ldffler 
as  destitute  of  value ;  since  that  article  was  printed  the  present 

'  writer  has  seen  a  later  paper  by  L5ffler.  This  paper  is  entitled 
Beitrag  zum  Probleme  der  Brachyatochrone ;  it  is  published  in  the 
41st  volume  of  the  Sitzungaberichte  of  the  Academy  of  Sciences 
of  Vienna,  pages  53 — 59,  1860.  It  is  remarkable  that  a  scientific 
society  should  print  a  communication  with  so  little  to  recom- 
mend it. 

Ldffler's  notion  is  that  the  limiting  equationa  in  problems  of 
maxima  and  minima  are  often  inadmissible  or  contradictory,  and 
that  in  the  brachistochrone  problem  they  do  not  supply  sufficient 
conditions. 

He  takes  for  example  the  case  in  which  we  require  the 
maximum  or  minimum  value  of 

and  supposes  that  the  limiting  values  of  y  are  not  fixed.  The 
term  outside  the  integral  sign  in  the  variation  of  |(y'*  +  — — )  dx 

is  2ySy ;  and  L5ffler  says  that  it  is  equal  to  fa^  H )  Sy,  where 

Oj  is  a  constant.  Thus  the  coefficient  of  By  is  infinite  when  x^a^ 
and  so  we  cannot  make  the  integrated  part  vanish  at  the  lower 
limit.    Ldffler  has  not  given  the  coefficient  of  Sy  correctly ;  for  to 
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make  the  proposed  expression  a  maximum  or  minimum,  we  liave 
the  equation 

and  this  leads  to 

2y  =  a^x  '{-a^^ix'-d)  log  {x'^a)^ 

where  a^  and  a,  are  arbitrary  constants. 

Thus  2y'  =  a^  —  1  —  log  {x  —  a), 

and  this  should  be  the  coefficient  of  hy  instead  of  what  Loffler 
gives.  Nevertheless  it  is  true,  as  he  says,  that  this  coefficient  is 
infinite  when  x=^a;  this  indicates  that  if  the  limiting  values  of 
if  are  not  fixed  the  proposed  integral  cannot  be  made  a  maxi- 
mum or  a  minimum,  and  this  involves  no  contradiction  and  no 
difficulty. 

Loffler  next  considers  the  brachistochrone  problem  on  the  sup- 
position that  the  initial  point  is  constrained  to  lie  on  one  fixed 
vertical  line  and  the  final  point  on  another  fixed  v^tical  line. 
Take  the  axis  of  y  vertically  downwards,  and  let 


-i:^^- 


If  we  proceed  to  make  U  a  minimum,  we  obtain  in  the  usual 
way 

where  a^  is  a  constant.     The  integrated  part  of  the  variation  re- 
duces to 


V(«i))x=6       V(«i)J*=a ' 


and  this  will  not  vanish  if  By  is  arbitrary  at  both  the  limits  unless 
y  vanishes  at  both  limits.  Loffler  says  that  this  is  inadmissible, 
because  the  first  element  of  the  cycloid  must  be  vertical  and  not 
horizontal.  There  is  no  reason  for  saying  that  the  first  element 
of  the  cycloid  must  be  vertical ;  the  fact  is  that  our  result  indi- 
cates that  there  is  no  minimum  in  the  present  case ;  see  Art.  23. 
There  is  therefore  here  no  contradiction  and  no  difficulty. 
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Loffler  now  takes  the  general  brachistochrone  problem  when 
the  initial  and  final  points  are  constrained  to  lie  on  given 
curves,  and  the  velocity  is  supposed  given  at  the  initial  point. 
He  puts  down  a  few  of  the  steps  and  arrives  at  the  results  which 
we  have  denoted  thus  in  Art.  300, 

{;>^'(^)  +  i},=o,    x(^,)i?,+  l=0; 

therefore  '^'(^^2)  =  x'(^i)* 

He  then  asserts,  quite  untrulj,  that  from  the  nature  of  the 
cycloid,  we  must  have 

and  on  this  error  he  constructs  a  large  figure  and  a  corresponding 
page  of  text. 

Lastly,  he  considers  that  there  are  not  enough  conditions  for 
determining  the  constants  of  the  problem;  he  seems  to  be  in 
difficulty  with  respect  to  the  quantity  A.  But  in  the  case  which 
he  has  himself  considered,  A  is  equal  to  the  value  of  y  at  the 
initial  point;  and  if -4  were  any  given  fimction  of  the  value  of  y  at 
the  initial  point  the  problem  could  be  discussed  in  a  similar 
manner.  Loffler's  difficulties  arise  solely  from  his  own  miscon- 
ceptions. 


CHAPTER    XVII. 


CONDITIONS  OF  INTEGRABILITY. 


456.  The  present  chapter  will  be  devoted  to  the  subject  of 
the  criteria  which  determine  whether  proposed  expressions  are 
immediatelj  integrable.  The  history  of  the  subject  has  not  hitherto 
been  fully  treated ;  and  it  will  be  seen  that  the  statements  which 
have  been  made  are  deficient  in  precision. 

457.  In  Gregory's  Examples  of  the  processes  of  the  Differential 
and  Integral  Calculus,  first  edition,  page  285,  the  relations  are 
given  which  must  hold  in  order  that  a  function  involving  two 
variables  and  their  diflTerentials  may  be  integrable  once,  twice, 
thrice,...  Gregory  says,  "these  remarkable  formulae  were  first 
discovered  by  Euler  {Comm,  Petrop.  Vol.  viii.)  in  his  investigations 
concerning  maxima  and  minima.''  This  does  not  appear  correct; 
Euler  first  gave  the  relation  which  must  hold  in  order  that  a 
function  of  one  variable  and  its  differential  coefficients  may  be  iu-> 
tegrable  once,  but  not  in  the  place  which  Gregory  cites. 

The  eighth  volume  of  the  Comm.  Petrop.  is  represented  to  be  for 
the  year  1736,  and  was  published  in  1741.  It  contains  a  memoir 
by  Euler,  entitled  Curvarum  maximi  minimive  proprtetate  ffauden^ 
tium  inventio;  there  is  nothing  in  this  memoir  relating  to  the 
conditions  of  integrability. 

The  eighth  volume  of  the  Novi  Comm. ...  Petrop.  is  represented 
to  be  for  1760  and  1761,  and  was  published  in  1763 ;  it  has  nothing 
bearing  on  the  conditions  of  integrability. 

458.  The  tenth  volume  of  the  Novi  Comm. ...  Petrop.  is  re- 
presented to  be  for  1764,  and  was  published  in  1766 ;  this  volume 
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contains  two  memoirs  by  Euler,  connected  with  the  Calculns  of 
Variations.  The  first  memoir  is  entitled  Elementa  Calculi  Varion 
tionum;  the  second  memoir  is  entitled  Analytica  explicatio  methodi 
maximorum  et  minimorum.  At  the  end  of  the  second  memoir 
Euler  says :  Anteqoam  autem  finiam  examini  Analystarum  egre- 
giom  Theorema  subjiciam  cujus  Veritas  ex  principiis  hactenus 
positis  hand  difficulter  perspicitur,  et  quod  in  Calculo  integrali 
ftximiiim  usmn  prsBstare  videtor.  The  theorem  is  that  Zdx  is 
integrable  if 

and  that  Zdx  is  not  integrable  imless  this  relation  holds;  N,Pj  Qf* 
being  derived  from  Z  in  the  well-known  manner. 

This  appears  to  be  the  earliest  reference  to  the  Theorem. 

459.  The  third  volume  of  the  first  edition  of  Euler's  treatise  on 
the  Integral  Calculus  was  published  in  1770;  the  present  writer 
has  not  seen  it,  but  this  date  is  assigned  to  it  by  Strauch  in  his 
preface,  page  x,  and  the  date  is  confirmed  by  the  testimony  given 
in  Vol.  15  of  the  Novt  Comm. ...  Petrop.  which  will  presently  be 
quoted. 

It  appears  that  the  third  chapter  of  the  part  which  treats  of 
the  Calcidus  of  Variations  contains  the  theorem,  that  the  necessary 
and  sufficient  condition  for  the  integrability  of  Vdx  is  that 

2^_:^+^_  ^  +  ^- ...  =0; 
dx      da?      da?       cfa* 

the  proof  given  is  in  substance  the  same  that  has  usually  been 
adopted  in  Treatises  on  the  Calculus  of  Variations.  The  present 
writer  has  not  had  the  opportunity  of  consulting  the  first  edition  of 
Euler's  Integral  Calculus,  so  that  he  cannot  assert  positively  that 
the  proof  is  there  given.  Bertrand,  in  his  Memoir  in  Cahier  28  of 
the  Journal  de  VEcoU  Polytechntguey  quotes  Euler's  proof  but 
without  giving  any  precise  reference.  The  passage  Bertrand  quotes 
occurs  in  Art.  92,  page  425  of  the  second  edition  of  Euler*a  Integral 
Calculus ;  the  date  of  the  volume  is  1793.    In  the  same  volume, 
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Art.  129,  page  454,  Euler  gives  the  form  of  the  variation  of  I  Vdx^ 

where  V  contains  two  dependent  variables  y  and  z,  and  their  differ- 
ential coefficients  with  respect  to  x.  From  his  result  he  infers  in 
Art.  131  that  two  relations  must  be  satisfied  in  order  that  Vdx  maj 
be  integrable,  namely, 

dx      da?      dm?      ~d^      '"        ' 

and  a  similar  relation  in  connexion  with  z  and  its  differential 
coefficients. 

460.  The  fifteenth  volume  of  the  Novi  Gomm.  ...  Petrap.  is 
represented  to  be  for  the  year  1770,  and  was  published  in  1771.  It 
contains  a  memoir  of  68  pages  by  Lexell,  entitled  De  criteriia  InU" 
grabilitatta  Formularum  Differentialium.  There  is  a  short  account 
of  this  memoir  given  in  pages  18 — 22  of  the  volume.  In  this 
account  Euler's  theorem  is  referred  to  as,  insigne  Theorema  ab  111. 
Eulero  in  Tomo  lii.  Calculi  Integralis  allatum,  and  the  following 
statement  is  made.  Hoc  autem  Theorema,  licet  jam  demum  anno 
praeterito  in  nunquam  satis  laudato  opere  Calculi  Integralis  evul- 
gatum  fait,  tamen  ad  minimum  ante  16  annos  ab  Illustris.  ejus 
Auctore  inventum  fuisse  certissime  nobis  habemus  perspectum. 
Quum  vero  interea  Illustr.  Eulerus  hoc  Theorema  cum  insigni 
quodam  Grallise  Mathematico  communicasset,  probabile  omnino  est, 
Illustr.  Marchionem  de  Condorcet  per  eum  in  cognitionem  hujus 
Theorematis  pervenisse.  Ex  Historia  enim  lUustrissimsB  Academ. 
Scient.  Parisinse  pro  annis  1764  et  1765  accepimus,  modo  laudatum 
Marchionem  primum  demonstrationem  hujus  Theorematis  cum 
Illustr.  Acad.  Parisina  communicasse,  tum  vero  conscripto  Tractatu 
de  Calculo  Integrali  doctrinam  de  criteriis  integrabilitatis  omnino 
fiisius  explicasse. 

It  seems  singular  that  in  this  passage,  which  claims  priority 
for  Euler,  it  is  implied  that  the  theorem  was  first  given  by  Euler 
in  his  Integral  Calculus  in  1770,  when  we  have  seen  that  it  was 
really  given  by  him  in  the  volume  of  the  Novi  Gomm. ...  published 
in  1766.    Lexell,  in  his  memoir,  gives  the  criteria  which  determine 
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when  an  expression  admits  of  integration  sereral  times  in  siio- 
cession. 

461.  The  volume  of  the  HUtoire  de  rAccMnde  ...de  Parig... 
icft  the  year  1765  was  pfnblished  in  1768.  Here  on  pages  54  and  55 
we  find  the  following  statements.  M.  Le  Marqnis  de  Condoroet 
presented  to  the  Academy  a  treatise  on  the  Integral  Calcnlns.  He 
solves  this  problem;  given  a  differential  equation  of  anj  order 
with  anj  number  of  variables,  required  to  determine  if  this  equa- 
tion in  the  state  in  which  it  is  proposed  admits  or  does  not 
admit  of  an  integral  of  an  inferior  degree.  This  important  solu- 
tion is  given  with  all  the  elegance  and  all  the  generality  pos- 
sible. 

Lacroix,  TratU  du  Cole.  Biff. ...  Vol.  2,  page  238,  says  "  •••  jc 
passerai  aux  ^nations  de  condition  qu*EuIer  a  rencontr^es  par 
nne  sorte  de  hasard,  et  qui  ont  €\&  d^ontr^  pour  la  premiere 
fois  directement  par  Condorcet,  dont  je  suivrai  d'abord  la  marche." 
Accordingly  we  may  presume  that  Lacroix  gives  Condoroet's 
method.  The  necessity  of  the  condition  is  shewn  very  distinctly, 
and  the  conditions  are  given  which  must  hold  for  a  function  to 
admit  of  integration  twice,  thrice,  &c. 

462.  The  sixteenth  volume  of  the  Novi  Comm. ...  Petrop,  is 
represented  to  be  for  the  year  1771,  and  was  published  in  1772. 
It  contains  a  memoir  by  Lexell  which  occupies  59  pages.  Lexell 
says  that  he  wished  to  give  some  examples  of  the  application  of 
the  criteria  of  integrability,  and  also  to  give  a  new  demonstration 
of  Euler's  theorem,  since  that  which  he  formerly  gave  was  liable 
to  objection. 

Lacroix,  in  his  TraiU  du  Calc.  Diff.  ...  Vol.  2,  page  249,  says, 
On  trouve  dans  les  Novi  Commentarii  Acad.  Petrop.  T.  XV.  et 
XVI.  deux  Memoires  dans  lesquels  M.  Lexell  s^est  propose  de 
prouver  la  proposition  ci-dessus ;  mais  ses  proc^^  sont  extr^me- 
ment  compliqui^s,  et  ont  paru  tels  li  M.  Lagrange.  {Lemons  sur  le 
Calcul  dea  Foncttans,  p.  409,  de  T^dition  tn-8®  imprim^e  par 
M.  Cotircier,  en  1806.)  Lagrange's  words  are  quoted  in  the  next 
article,  and  they  do  not  bear  out  the  remark  of  Lacroix;   La- 
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grange  sajs  that  the  demonstration  in  the  fifteenth  volume  is 
complicated,  and  says  nothing  of  the  other  demonstration,  while 
Lacroix  speaks  of  Lagrange's  t)pinion  of  both  demonstrations. 

463.  Lagrange  has  proved  both  the  necessity  and  sufficiency 
of  the  condition  of  integrability  for  the  case  of  a  single  dependent 
variable ;  and  he  adds  that  in  the  same  way  the  two  conditions 
can  be  obtained  which  must  hold  when  there  are  two  dependent 
variables.  See  the  Thiorie  dea  Fonctions,  first  edition,  page  217 ; 
and  the  Legons  sur  le  Calcul  dea  Fonctions,  edition  of  1806,  page 
402.  It  is  usual  on  this  point  to  refer  to  the  latter  work,  but  the 
proof  is  substantially  the  same  in  the  two  works,  though  the 
nature  of  it  is  perhaps  seen  more  readily  in  the  former  work. 

On  page  409  of  the  latter  work,  after  Lagrange  has  given  his 
proof,  he  remarks.  Nous  venous  de  prouver  non  seulement  que  la 
fonction  propos^e  ne  pent  fitre  une  fonction  d^rivfe  exacte,  h  moins 
que  r^quation  de  condition  n'ait  lieu,  conmie  Euler  et  Condorcet 
Tavaient  trouv^,  mais  encore  que  si  cette  Equation  a  lieu,  la 
fonction  sera  n^cessairement  une  d^riv^e  exacte,  ce  qui  restait,  ce 
me  semble,  k  d^montrer;  car  la  demonstration  qu'on  en  trouve 
dans  le  tome  xv.  des  Novt  Commentarii  de  P^tersbourg,  est  si  com- 
pliqude,  qu'il  est  difficile  de  juger  de  sa  justesse  et  de  sa  g^n^ralit^. 

464.  Li  the  Legons.,.  Lagrange,  after  investigating  the  con- 
ditions of  integrability,  gives  some  examples  of  their  use;  see 
pages  417 — 421  of  the  work.  Suppose  in  the  first  place  that  we 
have  a  function  of  the  first  order  f{x,  y,  y') ;  the  condition  that 
it  may  be  an  exact  differential  is 

/(y)-[/'(y)]'=o. 

Li  order  that  this  may  be  identical  /'(y')  must  not  contain 
y\  for  if  it  did  [/'(y')]'  would  contain  y",  and  as  y"  would  not 
occur  in  /'(y),  the  whole  expression /'(y)  —  [/'(y')]'  would  not 
vanish  identically. 

Thus  /(a;,  y,  y')  must  be  of  the  form 

^(«>y)+y^(«^y); 
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then  it  will  be  found  that  the  condition  reduces  to 

^'(y)=f(^)- 

Next,  consider  a  function  of  the  second  order /(a?,  y,y',  y") ;  the 
condition  that  it  maj  be  an  exact  differential  is 

/(y)-[/'(y')]'+[/(y")]"=o. 

As  before,  it  is  necessary  thaty(y")  should  not  contain  y"; 
so  that  /(a?,  y,  y',  y")  must  be  of  the  form 

'^  (^»  y»  y') +y'Xa?,  y,  y')- 

Then  it  will  be  found  that  the  equation  of  condition  will 
become 

t'  (y)  +  y"  f  (y)  -  [^'  (y')]'  +  [f  (a:)]'  +  [y'f  (y)]'  =  0. 

Let  </»'(i»)  +yV(y)  --^'(yO  be  denoted  by  x  (a?,  y,  y')>  «>  that 
the  condition  becomes 

t'(y)  +y"f  (y)  +  [x  (^»  y»  y')]' = o ; 

that  is 

t'(y)+x'(«)+yx'(y)+y"[f(y)+x'(y')]=o. 

And  y"  does  not  occur  in  any  of  the  ftmctions  -^'(y),  x'(^), 
X  (y)>  so  that  the  last  equation  cannot  be  identically  true  unless 

f(y)+x'(y')=o, 

and  it'  (y)  +  x'  {^)  +y'x{y)  =  0. 

Lagrange  adds  on  page  421 — Li  like  manner  as  in  the  case  of 
a  fanction  of  the  second  order,  the  equation  of  condition  decomposes 
into  two  which  must  hold  simultaneously,  so  it  may  be  proved  that 
for  a  function  of  the  third  order  it  will  decompose  into  three,  for  a 
function  of  the  fourth  order  it  will  decompose  into  four;  and  so  on. 
This  statement  has  been  developed  in  two  elaborate  memoirs  by 
Baabe  and  Joachimsthal.  Baabe's  memoir  is  in  Crelle's  Mathematical 
Joumalj  Vol.  31,  pages  181 — 212.  1846.  Joachimsthal's  memoir  is 
mGrtVLt^B  Matliematical  Journal  J  Vol.33,  pages  95— 116.    1846. 
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465.  As  we  have  already  stated,  ILiacroiz  gives  a  proof  of  the 
necessity  of  the  conditions  of  integrability.  His  method  is  inde* 
pendent  of  the  Calculus  of  Variations.  But  he  does  not  prove  the 
sufficiency  of  the  conditions  by  this  method,  but  refers  to  the  Cal- 
culus of  Variations  on  this  point.  Accordingly  he  returns  to  the 
subject  in  the  chapter  on  the  Calculus  of  Variations,  and  there  he 
improves,  as  he  considers,  Euler's  proof;  see  the  TraitS  du  Cede. 
Biff. ...  Vol.  2,  pages  249  and  764. 

466.  The  fourteenth  volume  of  Gergonne's  Annales  de  MathS" 
mattques  contains  a  memoir  on  the  integrability  of  differential 
expressions  by  M.  F.  Sarrus ;  the  date  of  publication  is  January, 
1824.    The  memoir  occupies  pages  197 — 205  of  the  volume. 

Sarrus  begins  by  referring  to  the  remarks  of  Lagrange  which 
we  have  quoted  in  Art.  463.  He  then  proves  that  the  conditions 
of  integrability  are  necessary;  he  takes  the  case  in  which  two 
variables  x  and  y  are  functions  of  a  third  variable  t,  and  an  ex- 
pression involves  x  and  y  and  their  differential  coefficients.  In 
proving  that  the  conditions  are  necessary,  Sarrus  adopts  precisely 
the  same  method  as  Lacroix,  but  he  does  not  give  any  reference  to 
him  or  to  Condorcet.  Sarrus  then  proves  that  the  conditions  are 
sufficient. 

The  demonstration  given  by  Sarrus  is  perhaps  the  best  for 
elementary  purposes  that  has  yet  appeared,  unless  it  be  considered 
preferable  to  prove  the  necessity  of  the  conditions  in  the  manner 
given  by  Sarrus,  and  the  sufficiency  of  the  conditions  in  the  manner 
given  in  Moigno's  Legons  de  Calc.  Biff,  el  de  Calc.  Int. 

467.  Another  memoir  on  the  conditions  of  integrability  ap- 
peared in  the  fourteenth  volume  of  Gergonne's  Annales  ... ,  pages 
319—323. 

The  question  considered  is  the  following.  Suppose  Fa  function 
of  X  and  y  and  their  differential  coefficients  with  respect  to  a  third 
variable  t.  Then  the  two  conditions  which  must  hold  in  ord^r 
that  Vdt  may  be  integrable  are  known  from  the  memoir  of  Sarrus. 
Now  suppose  that  y  is  made  a  function  of  x^  it  is  obvious  that  a 
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single  omAitioa  would  ensure  the  integiabOitj  of  Vdi ;  it  is  leqiiiied 
to  find  that  amdition.    The  result  is 

where  X  and  Y  are  the  fdnctions  which  we  should  have  to  equate 
to  zero  to  ensure  the  integrabilitj  of  Vdt  if  y  had  not  been  made 
a  function  of  x.  This  result  is  obtained  bj  simple  transformationa. 
The  result  maj  be  easilj  obtained  bj  the  Calculus  of  Yariationa ; 
for  if  y  be  not  supposed  a  function  of  x^  we  obtain  in  the  ordinaij 

waj  for  the  unintegrated  part  of  5  /  Vdi  the  expression 

/{^(&.-§j,)  +  r(«,-*j,)}.*, 

suppose  y  is  made  a  function  of  x^  then  this  term  becomes 

Thus  in  order  that  Vdt  maj  be  integrable,  we  must  have 

dy^ 

X+Y^  =  0. 
ax 

It 

At  the  end  of  the  memoir  the  writer  says  that  the  condition  is 
exactly  that  of  Lagrange,  Legons ...  page  412  of  the  edition  of  1806. 
But  I^agrange  has  there  a  different  question  before  him;  Lagrange's 
result  is  in  fact  that  which  we  have  noticed  in  Art.  93,  and  have 
expressed  tlius, 

468.  Graeffe  briefly  refers  to  the  condition  of  integrabilitj  on 
page  46  of  his  essay ;  see  Art.  306.     He  quotes  the  theorem  of 
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Elder  as  we  have  given  it  in  Art.  458,  and  says,  Manifesto  Eulertis 
ad  illam  sequationem  in  quaBStionibus  qosB  ad  calculom  yariationmn 
spectant,  instituendis  venit,  unde  accidit,  at  his  principiis  theorema 
superstmeret.  Sed  ejusdem  evidentia  adhuc  desiderabatur  et  quan- 
quam  Condorcet  et  Lexell  demonstrationem  in  solios  calculi  inte- 
gralis  notionibus  fundatam  tentabant,  Lagrange  tamen  primus  rite 
confirmavit,  si  formula  Fevanescat,  semper  quantitatem  Zdx  inte- 
grari  posse.  Graeffe  refers  to  Condorcet,  du  Gcdcul  Integral^ 
p.  16  aeq.  Novi.  Comm.  ...  Petrop.  T.  XV.  p.  127.  Lagrange 
Legons  •••  p.  401  seq^ 

469.  ti  Poisson's  Memoir  on  the  Calculus  of  Variations,  pages 
260 — 270  are  devoted  to  our  present  subject ;  see  Art.  96.  Poisson 
first  shews  very  briefly  the  necessity  of  the  condition.  He  says 
that  if  Vdx  is  an  exact  diflerential  the  integral  CTwill  be  a  function 
of  a:^,  y^,  y^,',  y^\  ...  y/,  y/',  ... ;  thus  the  value  of  SZ7  must  reduce 
to  the  part  F,  and  therefore  the  factor  H  under  the  integral  sign 
must  vanish ;  see  equation  (3)  of  Art.  86.  Poisson  adds  the  follow- 
ing words :  "  Thus  the  same  equation  n=  0  which  determines  the 
value  of  y  corresponding  to  the  maximum  or  minimum  of  U,  when 
Vdx  is  not  an  exact  differential^  must  become  identical  when 
Vdx  is  an  exact  differential.  This  remark  is  due  to  Euler,  who 
has  thus  been  the  first  to  express  by  an  equation  the  necessary 
condition  for  the  integrability  of  a  differential  formtda  of  any  order. 
Lagrange  has  proved  by  means  of  very  complicated  series  not  only 
that  the  equation  H^  0  is  necessary,  but  that  it  is  sufficient  for  the 
integrability  of  Vdx*,  Legons  ...  page  409  of  the  edition  of  1806." 

Poisson  then  says  that  he  will  give  a  demonstration  of  the  second 
part  of  the  proposition  which  appears  more  simple  to  him,  and 
which  has  the  advantage  of  presenting  the  integral  of  Vdx  under  a 
finite  form,  when  the  condition  I{=  0  holds. 

470.  A  note  by  Sarrus  is  given  m  the  Comptes  Rendus, . .  Vol.  i. 
pages  115 — 117,  1835.  This  note  enunciates  some  restdts,  which 
the  author  had  obtained  as  generalisations  of  his  memoir  in  Ger* 
gonne's  Annales,... 

471.  A  memoir  by  Dirksen  on  the  conditions  of  integrability 

of  functions  of  several  variables  occurs  in  the  volume  for  1836  of 

33 
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the  Transactionfl  of  the  Academy  of  Sciences  of  Berlin ;  the  date  of 
the  Yolmne  is  1838.  This  memoir  names  Enler,  Condoroet,  liexell, 
Lagrange  and  Foisson.  Dirksen  agrees  with  Lagrange  in  speak- 
ing nnfayonrablj  of  Lexell's  first  memoir ;  and  Dirksen  adds  that 
Lexell's  second  memoir,  which  Lagrange  does  not  mention,  is  un- 
satisfactory. Dirksen  objects  to  Poisson*s  proof,  because  it  depends 
on  the  Calculus  of  Variations,  and  intimates  that  a  proof  depending 
upon  considerations  which  are  not  foreign  to  the  subject,  is  still 
required.  Accordingly,  he  supplies  some  tedious  investigations  on 
the  subject ;  he  proves  both  the  necessity  and  sufficiency  of  the  con- 
dition, considering  the  case  of  one  variable. 

472.  A  memoir  by  Bertrand  on  the  conditions  of  integrability 
of  differential  functions  was  published  in  the  Journal  de  TEcole 
Polytechniquey  Cahier  28,  1841,  pages  249 — ^275.  Bertrand  infers 
from  the  words  of  Lagrange  and  Poisson  that  they  did  not  know 
that  Euler  had  professed  to  prove  the  sufficiency  as  well  as  the 
necessity  of  the  condition.  Bertrand  quotes  Euler's  words  as  we 
have  already  stated  in  Art.  459.  After  some  remarks  on  the  history 
of  the  subject,  Bertrand's  memoir  is  divided  into  three  sections.    - 

In  his  first  section,  Bertrand  proves  the  necessify  and  sufficiency 
of  the  condition.  He  says  himself  that  his  proof  agrees  with 
Euler^s  when  the  latter  is  so  modified  as  to  be  placed  beyond  the 
reach  of  objection.  He  then  shews  how  to  efiect  the  integration 
when  the  condition  is  satisfied.  Bertrand  then  investigates  the 
conditions  when  a  function  is  to  admit  of  successive  integration ; 
next  he  considers  the  case  when  there  are  two  dependent  variables ; 
and  lastly,  he  considers  the  condition  which  must  hold  in  order  that 


// 


Vdxdy  may  be  capable  of  expression  without  assigning  any  par- 
ticular relation  between  z,  x  and  y,  where  Fis  a  function  of  a?,  y,  «, 
and  the  differential  coefficients  of  z  with  respect  to  x  and  y.  All 
these  investigations  are  simple  and  conclusive. 

Bertrand  begins  his  second  section  by  saying  that  his  demonstra- 
tion in  the  first  section  depended  entirely  on  the  Calculus  of  Varia- 
tions, and  so  he  says,  diff^re  en  cela  de  celles  qui  avaient  6\i&  pro- 
pose jusqu'*ici  par  Lexell,  Lagrange,  Poisson,  et  demi&rement 
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encore  par  M.  Sarms.  These  words  would  suggest  to  a  reader  that 
the  memoir  of  Sarrus  was  subsequent  to  that  of  Poisson,  which  we 
know,  however,  is  not  the  case.  Bertrand  adds  that  these  mathe- 
maticians establish  the  sufficiency  of  the  condition  bj  effecting  the 
integration,  the  possibilify  of  which  they  wish  to  prove,  and  he  says 
that  they  seem  to  regard  this  as  the  only  difficulty  in  the  question. 
He  considers  all  the  demonstrations  which  have  been  given  veiy 
complicated,  and  thinks  he  has  found  a  simple  demonstration.  Ac- 
cordingly, he  establishes  the  sufficiency  of  the  condition.  E[is  proof 
is,  as  he  says,  founded  on  the  same  principle  as  Foisson's,  but  it 
avoids  the  use  of  the  Calculus  of  Variations.  Bertrand's  proof  is  a 
simplification  of  Poisson's.  Bertrand  next  proves  the  necessity  of 
the  condition ;  this  proof  seems  rather  difficult  but  decisive. 

In  his  third  section  Bertrand  gives  some  interesting  applications 
to  Mechanics. 

473.  The  second  volume  of  Moigno's  Legons  de  Cole.  Diff.  et 
de  Calc.  Integ,  is  dated  1844.  Moigno  refers  to  our  present  subject 
on  page  xxxvii.  of  his  preface,  and  considers  it  on  pages  550 — ^563 
of  the  work.  Moigno  states  that  Lexell,  Lagrange,  and  Poisson 
seem  not  to  have  been  aware  that  Euler  had  proved  not  only  that 
the  condition  is  necessary,  but  that  it  is  sufficient.  This  seems  in- 
correct so  far  as  Lexell  is  concerned;  for  Lexell  says  that  his  object 
was  to  give  a  proof  without  vmng  the  Calcultis  of  Variational  so  that 
he  appears  to  imply  that  the  proposition  had  been  established  by  the 
use  of  that  calculus. 

Moigno's  proof  was  communicated  to  him  by  M.  Jacques  Binet^ 
The  method  of  proving  the  sufficiency  of  the  condition  may  be  de- 
scribed as  an  improvement  on  Bertrand's  simplification  of  Poisson's 
proof.  The  proofe  of  Poisson  and  Bertrand  are  liable  to  failure,  be- 
cause a  certain  quantity  which  occurs  may  become  infinite  or  inde- 
terminate ;  the  proof  given  by  Moigno  is  firee  from  this  difficulty. 

The  proof  of  the  necessity  of  the  condition  given  by  Moigno 
seems  open  to  an  objection  urged  by  Professor  De  Morgan  in  a 
memoir  which  we  shall  presently  notice.  Mr  De  Morgan  says  : — 
"  Again,  it  is  to  be  shewn,  not  only  that  the  criterion  is  auffident^ 
but  that  it  is  neceasary.     Some  of  the  proofs  of  the  latter  point 
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appear  to  me  to  fail  entirely.  They  depend  upon  the  reduction  of 
I  Vdx  to  an  integrated  portion  together  with  an  integral  of  the  form 

l{Vg—V,'+...)Qdx.    This,  it  is  assumed,  must  vanish ;  which 

though  clear  enough  in  the  common  case  in  which  Q=fff  and  F^— ... 
is  a  function  of  x  only,  is  not  sufficiently  supported  in  any  other. 
Why  may  not  ( 1^  — ...)  C  te  a  new  integrable  function?"  It  does 
not  seem  that  this  objection  holds  against  any  other  proof  besides 
that  given  by  Moigno. 

Both  Bertrand's  proof  and  that  given  by  Moigno  of  the  suffi- 
ciency of  the  conditions  allow  us  to  draw  the  two  inferences  drawn 
by  Poisson ;  see  Art.  96. 

474.  An  article  on  the  integrability  of  Amctions  by  Professor 
Bruun,  of  Odessa,  was  published  in  1848,  in  the  eighth  number  of 
the  seventh  volume  of  the  Bulletin...  Phyaico-Mathematique  o£  the 
Academy  of  St  Petersburg ;  the  article  is  in  German.  This  article 
proves  both  the  necessity  and  sufficiency  of  the  condition ;  the  proof 
depends  on  the  Calculus  of  Variations.  The  method  resembles 
Poisson's,  but  is  much  simpler.  This  article  is  included  in  Pro- 
fessor Bruun^s  Mantial  of  the  Calculus  of  Variattona. 

475.  We  may  now  refer  to  some  investigations  by  Bertrand 
and  Sarrus  which  are  connected  with  the  present  subject.  Ber- 
trand^s  investigations  were  mentioned  in  the  Comptea  Rendus ... 
Vol.  28,  pages  350,  351.  1849.  Sarrus  gave  on  pages  439 — 442  (rf 
the  same  volimie  a  brief  account  of  the  method  which  he  had  for 
many  years  explained  in  his  lectures,  and  which  he  presumed 
would  be  found  to  agree  with  Bertrand's.  A  memoir  by  Bertxand 
explaining  his  method  was  published  in  Liouville's  Journal  cf 
Mathematics^  Vol.  14,   pages  123—131.     1849.     This   memoir  is 

followed  by  a  note  by  Sarrus,  which  occupies  pages  131 ^184  of 

the  volume. 

The  method  of  Bertrand  and  Sarrus  is  diflTerent  from  that  of 
previous  writers  on  the  subject.  Bertrand's  own  words  will  give 
an  idea  of  it.  After  referring  to  Euler's  well-known  condition  of 
integrability,  which    had  been  so  often  demonstrated,  Bertrand 
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makes  the  following  remarks.  Notwithstanding  the  elegant  form 
of  this  condition  the  application  of  it  is  very  laborious.  In  order 
to  make  use  of  the  condition,  we  have  to  perform  a  large  number 
of  differentiations,  and  when  the  condition  is  satisfied  we  have  to 
perform  a  new  set  of  operations  in  order  to  obtain  the  integral 
which  is  thus  known  to  exist.  The  method  which  I  propose  in  this 
memoir  differs  widely  from  that  of  Euler,  and  it  would  require 
some  complicated  investigations  to  establish  their  agreement  in  a 
direct  manner;  the  method  does  not  certainly  lead  to  such  an 
elegant  condition  as  Euler's,  but  the  operations  which  it  requires 
have  the  great  advantage  of  simplicity.  It  is  by  integrating  a 
proposed  function  that  we  ascertain  that  it  is  integrable;  each 
operation  is  followed  by  a  verification,  and  we  are  relieved  from  the 
necessity  of  continuing  the  process  if  the  verification  does  not 
succeed.  We  have  thus  an  advantage  analogous  to  that  of  the 
method  of  commensurable  roots  in  the  Theory  of  Equations ;  for 
this  method,  although  it  does  not  give  us  a  formula  for  the  roots, 
indicates  a  series  of  operations  by  which  we  may  find  these  roots, 
and  a  single  operation  will  often  shew  that  such  a  root  does  not 
exist. 

We  may  add  that  the  method  is  explained  in  Professor  Boole's 
Differential  Equations,  pages  219 — 222. 

476.  Minich.  An  article  on  the  present  subject  occurs  in 
Tortolini's  Annali  di  Scieme  Matematicke  e  Fmche,  Vol.  1,  pages 
321 — 336.  1850.  The  article  is  said  to  be  an  extract  from  an 
unpublished  memoir.     The  article  is  divided  into  three  sections. 

In  the  first  section  Minich  proposes  to  exhibit  the  conditions 
which  ensure  that  a  function  shall  be  susceptible  of  repeated  inte- 
gration, under  a  simpler  form  than  the  well-known  form.  An 
example  will  give  a  clear  idea  of  Minich's  object.  Suppose  we 
have  an  expression  V  which  involves  x  and  y  and  the  differential 

coefficients  of  y  with  respect  to  or  up  to  -j^ ;  and  let  the  partial 

differential  coefficients  of  V  with  respect  to  y,  -^,    -r^,    -^ 

d*y 
and  -t4  >  ^  denoted  by  N,  P,  Q,  B,  8  respectively.    Then  the 
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conditionB  which  are  neceasaiy  and  sufiScient  in  order  that  V 
may  be  immediately  integrable  four  times  in  sncoeasion  axe  kmyim 
to  be 

dx       daf         da?         dx*        * 
do        d*B       e^8 

^     ^  dR      ^d  8     ^ 

5-4^  =  0. 
dx 

Minich  substitutes  for  this  sjstem  the  following  more  simple 
system, 

^-s-O'  ^-''^">-  ^«-»g-»'  ^-^i-- 

If  we  only  require  that  V  shall  be  immediately  integrable  three 
times  in  succession,  the  conditions  will  consist  of  the  first  three  of 
the  first  system  given  above ;  and  Minich  substitutes  for  them  the 
following, 

And  similarly  if  F  is  to  be  immediately  integrable  tunoe  in 
succession,  Minich  gives  the  two  conditions, 

^^     ^dP       d*Q      d^R      ^ 
fwj         dor         dar 
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Thus  in  every  case  the  last  condition  of  Minich*s  system  is  the 
same  as  the  last  condition  of  the  ordinary  system,  and  the  other 
conditions  of  Minich's  system  are  simpler  than  the  conditions  of 
the  ordinary  system.  Minich  gives  a  general  investigation,  and 
shews  that  the  ordinary  system  can  be  deduced  from  his  system. 
He  does  not  shew  conversely  that  his  system  can  be  deduced  from 
the  ordinary  system ;  this  however  is  the  case,  and  it  can  be  easily 
verified  in  the  example  which  we  have  given. 

The  object  of  the  second  section  of  Minich's  article  may  be  seen 
from  an  example  which  occurs  in  it.  Suppose  we  require  the  con- 
dition which  must  hold  in  order  that  a  given  expression 

Rdoi?'\'8dxdy-\-Tdy' 

may  result  by  differentiating  an  expression  of  the  form  Pdx+  Qdy^ 
on  the  supposition  that  dx  and  dy  are  both  constant.  The  required 
condition  is  found  to  be 

d^R      d'S      d^T^^ 
dy*     dxdy      da?  "" 

The  third  section  of  Minich's  article  relates  to  the  integration 
of  expressions  in  Finite  Differences.  Lacroix  intimates  that  Con- 
dorcet  was  the  first  to  consider  this  subject,  and  Lacroix  considers 
the  subject  more  curious  than  useful;  see  the  TraiU  du  Calc. 
Biff,  et  du  Oak.  Int.  Vol.  3,  page  311.  Minich  investigates  the 
condition  which  is  necessary  in  order  that  one  immediate  Finite 
Integration  may  be  possible.  Suppose  V  any  function  of  a;,  y, 
Ay,  A'y, ...  A"y ;  let  Ay  be  denoted  by  ^j,  and  A'y  by  j?,,  and  so  on. 
Let  the  symbol  E  be  equivalent  to  1  +  A.  Then  the  necessary 
condition  is 

j^4^«A^-i4^+A".E7*^^~ +  (~irA*^  =  0. 

dy  dp^  dp^  dp^ 

This  condition  may  also  be  put  in  another  form. 

Suppose  that  in  F  we  put  for  Ay,  A'y, ...  their  values  in  terms 
ofy,yi,y„  •..;  namely 

%=.yi"-y»  ^V=y«-2y,+y, ... 
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then  Fbeoomes  a  fanction  of  x,  y,  y^,  y,, ...  y».  The  condition  may 
now  be  expressed  thus, 

dy  dy^  dy^  dy^ 

In  this  form  of  the  condition  --r-  ib  not  the  same  thing  as  was 

dV 
denoted  by  -7-  in  the  first  form  of  the  condition. 

Minich  then  briefly  indicates  the  conditions  necessary  in  order 
that  it  may  be  possible  to  eflect  immediate  Finite  Integration  any 
number  of  times  in  succession ;  and  he  shews  that  the  system  of 
conditions  which  he  first  obtains  is  deducible  from  a  second  system 
which  is  more  simple,  so  that  this  part  of  the  third  section  ia 
analogous  to  the  first  section. 

477.  In  Mr  Jellett's  treatise  on  the  Calculus  of  Variations  a 
chapter  is  devoted  to  the  present  subject.  The  ordinary  proof  by 
the  Calculus  of  Variations  of  the  necessity  and  sufficiency  of  the 
condition  of  integrability  is  given,  and  then  five  propositions  are 
discussed.  (1)  To  investigate  the  conditions  under  which  a  frmc- 
tion  will  admit  of  immediate  integration  m  times  successively. 

(2)  To  find  the  form  of  the  fanction  F  in  order  that  1 1  Vdx  dy  may 

be  reduced  to  a  single  integral,  when  F  is  a  function  of  a?,  y,  «,  ^, 
and  J.     (3)  To  find  the  form  of  the  function   F  in  order  that 

1 1  Vdx  dy  may  be  reducible  to  a  single  integral,  when  F  is  a  func- 
tion of  a?,  y,  Zy  p,  q,  r,  ^,  and  t.  (4)  To  find  whether  it  is  possible 
to  represent  tlie  superficial  area  of  a  surface  by  any  such  formula  as 


T  +  jJF{P,0,<t>)d0d<f>, 


where  T  is  a  quantity  referring  solely  to  the  limits  of  integration, 
P  is  the  peri)endicular  from  the  origin  upon  the  tangent  plane,  and 
0  and  (f>  are  the  polar  angles  which  determine  the  position  of  this 
perpendicular.     (5)  Let  li  and  M'  be  the  principal  radii  of  curvature 
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of  a  closed  snrface,  P  the  perpendicular  on  the  tangent  plane,  and 
da>  the  element  of  the  spherical  snrface  described  bj  a  portion  of 
this  perpendicular  whose  length  is  equal  to  unity.    Then 


fJ(5-hi2')da)  =  2Jjpda), 


the  integrals  being  extended  throughout  the  entire  of  the  closed 
surface. 

478.  A  memoir  On  some  points  of  the  Integral  Calculus  by 
Professor  De  Morgan  was  published  in  1851  in  the  second  part  of 
the  ninth  volume  of  the  Tranaactiona  of  the  Cambridge  Philosophical 
Society.  The  fourth  section  of  the  Memoir  is  devoted  to  the  con- 
dition of  integrability  of  a  differential  expression.  After  the  memoir 
had  been  read  before  the  Society  Mr  De  Morgan  became  acquainted 
with  the  memoir  of  Sarrus,  which  we  have  noticed  in  Art.  466 ;  but 
as  Mr  De  Morgan's  copy  of  this  memoir  was  detached  from  the 
volume  to  which  it  belonged,  he  did  not  know  in  what  journal  it 
had  been  published,  and  made  a  wrong  conjecture.  Mr  De  Morgan 
says  with  respect  to  Sarrus's  memoir,  **  This  memoir  contains  the 
proof  here  given,  in  substance,  though  the  equations  on  which 
the  condition  is  founded  are  not  demonstrated.  It  is  singular  that 
M.  Bertrand  takes  no  notice  of  it,  except  to  observe  that  M.  Sarrus 
does  not  use  the  calculus  of  variations.  MM.  Cauchy  and  Moigno 
pass  it  over  altogether.  But  it  must  be  observed  that  M.  Sarrus 
establishes  only  the  necessity  of  the  condition,  and  does  not  esta- 
blish its  sufficiency,  except  when  the  equations  that  give  it  are 
presented  with  it.'*  The  statement  that  Sarrus  does  not  prove  the 
sufficiency  of  the  condition  is  incorrect.  By  "  MM.  Cauchy  and 
Moigno"  is  meant  the  work  published  imder  the  name  of  Moigno 
which  we  have  noticed  in  Art.  473.  It  is  not  obvious  what  is  meant 
by  the  remark  that  **the  equations  on  which  the  condition  is 
founded  are  not  demonstrated." 

479.  There  is  a  very  good  elementary  discussion  of  the  subject 
in  Stegmann's  treatise  on  the  Calculus  of  Variations,  pages 
118 — 132.  Stegmann  begins  by  remarking  that  the  equation  fur- 
nished by  the  Calculus  of  Variations  for  the  maximum  or  minimum 
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of  an  integral  may  in  some  cases  be  impossible  and  in  some  cases 
identical.    An  instance  of  the  first  kind  is  supplied  hj  endeayonr- 

ing  to  find  the  maximtun  or  nnnimnm  of /(:^-y)  dx.     He«  we 

should  obtain  as  the  condition  for  a  maximum  or  a  minimum 

—  1  —  ^  a:  =  0,  that  is  —  2  =  0,  which  is  impossible.    In  (act  if  we 

transform  the  proposed  expression  to  polar  co-ordinates  we  find 

that  we  are  requiring  the  maximum  or  minimum  of  j^d0,  and  it 

is  obvious  that  this  function  may  be  made  either  as  great  as  we 
please  or  as  small  as  we  please.  Stegmann  then  passes  on  to  the 
ease  in  which  the  equation  becomes  an  identity,  and  this  leads  him 
to  discuss  the  condition  of  integrability.  He  proves  the  necessity 
of  the  condition  in  the  same  way  as  Sarrus,  and  the  sufficiency 
of  the  condition  in  the  same  way  as  Binet  in  Moigno*s  work* 

Stegmann  makes  a  remark  on  his  page  123  which  we  will  ^ve 
here.  Suppose  Vdx  a  perfect  differential  of  u,  where  u  involves  x 
and  y  and  the  differential  coefficients  of  y  with  respect  to  a;  up  to 

^ .    Let  f/r  stand  for  -j^ .    Then 

^     du     du       ,   du  ,    du 

.       gf       dV       d^u       d*u  d^u  d^u 

therefore  ^  =^^+  _y,+  ^^^y.+ ...  +^^J^,. 

fp,       dV  ^  d  du 
dy  ^  dxdy^ 

where  the  right«hand  member  means  the  complete  differential  co- 
efficient of  TT-  with  respeet  to  x. 


Therefore  'd'~\  "Z"  ^' 


that  is  Ty\^^^\%^^ 


CONDfnONS  OF  INTEa&ABILITT.  52 

430  that  if  Vdx  is  a  perfect  differential,  the  two  operations  of  com- 
plete integration  with  respect  to  x  and  partial  differentiation  with 
respect  to  y,  may  be  performed  on  F  in  either  order. 

480.  We  will  close  this  chapter  by  giving  a  translation  of  the 
memoir  of  Sarros  which  we  have  noticed  in  Art.  466,  and  also  an 
account  of  the  method  adopted  by  Bruun  which  we  have  noticed  in 
Art.  474. 

481.  The  present  article  is  a  translation  of  the  memoir  of 
Sarros. 

The  investigation  of  the  conditions  of  integrability  of  differential 
functions  which  has  chiefly  engaged  Euler  and  Condorcet  constitutes 
one  of  the  most  important  branches  of  the  higher  analysis.  The 
method  of  variations  leads  very  simply  to  these  conditions,  but  the 
use  of  this  method  in  investigations  which  strictly  belong  to  the 
Integral  Calculus  seems  indirect,  and  moreover  it  does  not  assist 
us  in  arriving  at  the  integral  when  these  conditions  are  fulfilled. 

Euler  and  Condorcet  proved  satisfactorily  by  their  analysis 
that  the  conditions  which  they  obtained  are  necessary;  but  Lexell 
appears  to  be  the  first  who  without  using  any  considerations  foreign 
to  the  integral  calculus,  tried  to  demonstrate  that  these  conditions 
are  sufficient^  that  is,  that  they  assure  us  of  the  possibility  of  effect- 
ing  the  integration,  which  is  the  important  point  in  the  theory 
{Novi  Comm. ...  Pet,  Vol.  xv).  Unfortunately,  as  Lagrange  re- 
marks^ the  demonstration  of  Lexell  is  so  complicated  that  it  is 
difEcult  to  judge  of  its  accuracy  and  its  generality. 

Li  reflecting  on  this  subject  it  appears  to  us  that  the  processes 
of  the  differential  calculus,  strictly  so  called,  are  sufficient  by  them- 
selves to  lead  in  a  simple  manner  to  the  conditions  of  integrability 
and  to  the  demonstration  of  the  important  proposition  of  Lexell ; 
and  this  we  propose  to  shew  in  this  brief  memoir. 

Li  all  that  follows  x  and  y  will  be  any  functions  of  a  third 
variable,  the  differential  of  which  we  shall  take  for  unity,  and  of 
any  number  of  constants.     For  abridgement,  we  shall  represent 

dxy(Px,d*x,...  bya5i,a?„a:„...,andrfy,  rf"y>^y>--l^yyi»y«>y8»--5 
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P,  !Pj,  P,,  P,,  ...  will   be  any  functions  of  a:,   ar^,  «,,  a?,,  ... 

^«-i>  y>  yi>  y«>  yi»  •••  y»-i>   ^"^^  *^®^  differentialB  wiU  be  re- 
spectively p,  p^y  p„  ;?„  ... 

Thus  we  have  identically, 
dP      ,  dP         dP 


cZa;. 


€£r. 


,    cf  P  dP         dP         dP      ^        ^  dP 


and  therefore 


c2a; 


,^     ^^  ,^     dP     dp  ^jdP     dP 
dx^   dx^        dx^      etc'  dx^'       dx^     dx^^* 


dp    ^  ,  dP        dP 
*  dx^^        dx^^     dx„^ '   dx^ 


dp  _  dP 
dx, 


(1), 


dy        dy'  dy^ 

dp 


'  dy^ 


dtf^     dy'   dy^        dy^     dy^''^ 

-  dP        dP       dp       dP 
—  d- + -^- 


•»-x 


rfy«-i      dy^'   dy^     dy 


«-i 


(2) 


From  the  first  of  these  systems  of  equations  we  obtain  by  sneces- 


sively  eliminating  the  differentials  of-i ,   -r- 

dP  ^  dp 
dx^^ "  dx^ 

dP   __    dp        J  dp 
dx^^     c^m_i         dx^ 

^4^ d^^d'^ 


dP      dP 
'dx/    dx' 


dP 
dx, 


dx, 


dx, 


•»-x 


dx^ 


dP 
dx 


dx^         €tx.  dx^ 


dx^ 

dx        dx^         dx^  dx, 


vt-l 


dx. 


(3). 
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The  last  of  these  equations  is  an  equation  of  condition  which 
must  be  satisfied  bj  the  differential^  of  the  function  P. 

The  equations  (2)  treated  in  the  same  manner  give  a  similar 
system  to  (3),  namelj 

dF       dp 

dF  _  dp       j^P 


(4). 


^y    ^Vx     dy%      ^Vz  ^yn 

dy        dy^         dy^  dy^^         dy^- 

The  last  of  these  is  a  new  equation  of  condition  which  must  be 
satisfied  by  the  differential  jp  of  the  function  P. 

Before  we  proceed  further  we  may  remark  that  if  P  is  a  function 
oixi,  ic^j,  x^^, ...  ic^i,  y,  y^,  yg,  ...  y«_i,  only,  that  is,  if  this  func- 
tion does  not  contain  any  of  the  quantities  a;,  ar^,  a:,, ...  a?^j,  we 
shall  have 

dF 


^=0 
dx     "' 


_        dF  _  ^^-.A 


<£i; 


-0     -^£  =  0      ^  =  0   -^  =  0- 


dx 


dx^ 


dx. 


f-i 


the  application  of  the  same  method  will  then  lead  to  the  results 

(5), 


dx\     dxi 


0  =  ^- 


d 


dxi        dx, 


dp  ^^  dp 


i+l 


dx 


±d'^ 


Ml 


dp 


(6). 


This  remark  will  be  useful  to  us  in  the  sequel. 

When  we  are  sure  that  p  is  an  exact  differential  the  equations 
(3)  and  (4)  will  supply  the  simplest  means  for  obtaining  the  in- 
tegral P  by  quadratures  only.  But  we  have  now  to  prove  that  any 
differential  function  which  satisfies  identically  equations  (3)  and  (4) 
is  necessarily  an  exact  differential. 
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In  the  first  place  let  Ui  be  anj  ftinction  whatever  of 
subject  onlj  to  the  condition  of  satisfjing  the  equation 

in  which  At  is  anj  constant  quantity  whatever.  This  equation  may 
be  put  in  the  form 

^i  i^Uri        dx^^         eto^  dxj 

and  hence  we  infer  that  since  the  first  member  does  not  involve 
differentials  of  x  and  y  of  a  higher  order  than  x^j  y^,  the  part  of 
the  second  member  comprised  between  the  brackets  cannot  involve 
differentials  of  the  same  variables  of  a  higher  order  than  x,^^  and 
y^j ;  and  therefore  it  will  be  possible  to  find  a  function  P<  of  Xi^ 
a?^j, ... ,  x^^^j  y,  y^,  y„  ... ,  y^^,  which  satisfies  the  equation 

dPi_  duj      J  duj      ^g  duj  7m-<+i  ^^i 

dXi     dx^^        dx^         dx^^     •"  dx^' 

and  firom  this  by  means  of  (5)  we  shall  have 

— *  =  ^  +d^  =  A  +^ 
dxi        *         dxi         '      dxi^ 

and  therefore  Ui==AiXi+pi  +  u^^^ (8), 

where  w^; denotes  a  function  of  a:^,,  a?i+a, ...,  a?m,  y,  y^,  y,,  ...,y«, 
which  must  be  determined  In  a  suitable  manner.  Substitute  this 
value  of  Ui  In  (7),  and  observing  that  since  ^<  is  ari  exact  differential 
we  have  by  (6) 

we  shall  find  after  redaction 

(i  =  dp^-d*^^^  +  d*P^-...:^dr*^, 
<to,^i         dxt^        dXi^  dx^  ' 

and  therefore  by  integrating 
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***     c&^j        cte^         cir^     •••  cfo^  ' 

which  shews  that  u^^^  is  entirely  of  the  same  nature  as  ii^. 

Let  us  now  suppose  that  w  is  a  function  of  a?,  aj^,  a?^,  ... ,  a?^, 
y>  Viy  y%y  •••  >  y«>  which  satisfies  the  condition 

du       ydu   ,    -f^du  .    ,_  e?M 

0  =  3--cf-T-+tf'3 ±^*:r-  ; 

cte        ctoj         oa?,  oa?^ 

by  operations  analogous  to  those  which  gave  us  equation  (8)  we 
shall  obtain 

^8  =  A«S+A  +  «*4> 


rbeing  a  function  of  y,  y^,  y„  ... ,  y^  only. 
Add  these  equations  and  put  for  abridgement 

thus  u  =  q+  Yy 

in  which  q  is  evidently  an  exact  differential  because  leach  of  the 
terms  of  which  it  is  composed  is  an  exact  differential. 

If  u  did  not  involve  y  and  its  differential  coefficients  tf^jy^j 
y,,  ...,  y.j  the  function  which  we  have  represented  by  F would  be 
a  constant  and  therefore  zero,  otherwise  u  would  be  composed  of 
heterogeneous  terms,  which  can  never  be  the  case ;  thus  u  would 
then  be  an  exact  differential. 
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If  on  the  contraiy  u  involyes  y  and  its  differential  coefficients 
yu  ya>  y«>  •••  >  y«>  ^^t  »<>  ^^^^  t^®  following  equation  is  identically 
satisfied, 

dtf        dy^  dy^  dy^ 

the  function  Fmay  be  different  from  zero;'  but  by  substituting  in 
this  equation  the  value  of  u  just  given,  and  observing  that  since  ^ 
is  an  exact  differential  we  have 

o  =  ^..,;^+cf«^- ±rf-^, 

^y      ^Vx      «yt  »y» 

we  obtain,  by  reduction, 

^     dY     jdY  _^.,dY  ^.,dY 

0  =  -3 a -J — ha   -^ ...  ±a  -7—; 

ay        rfyi        rfya  rfy« 

from  this  we  conclude  as  before,  that  since  Y  only  involves  y  and 
its  differential  coefficients  y^,  y,,  y,,  ••• ,  y^,  this  frmction  Fis  neces- 
sarily an  exact  differential,  so  that  in  this  case,  as  in  the  preceding, 
u  is  still  an  exact  differential. 

In  order  to  simplify  the  question  we  have  supposed  that  all  the 
functions  involved  only  two  variables  x  and  y  and  their  differential 
coefficients;  but  it  is  easy  to  see  that  the  question  would  not  be- 
come very  much  complicated  if  we  wished  to  consider  more  than 
two  variables,  and  that  moreover  the  conclusions  would  be  abso- 
lutely the  same. 

[It  would  perhaps  have  been  clearer  if  Sarrus  had  explicitly 
introduced  the  third  variable,  say  t,  of  which  x  and  y  may  be  sup- 
posed functions ;  thus  in  his  value  of  p  we  should  add  a  term  on 

the  right  -^  ;  his  equations  (1)  and  (2)  would  still  hold.     His 

method  really  amounts  to  the  following ;  let  Fbe  any  function  of 
Xj  y,  ty  and  the  differential  coefficients  of  x  and  y  with  respect  to  i  * 

then  suppose  j  Vdt  separated  into  two  parts,  first,  that  part  which 

would  arise  from  supposing  t  variable,  but  not  x,  y,  and  their  differ* 
ential  coefficients,  secondly,  that  part  which  would  arise  from  regard- 
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ing  X,  y  and  their  differential  coefficients  as  variables.  Then  the 
first  part  may  be  supposed  obtained  by  ordinary  explicit  integration, 
and  Sarros  disregards  it. 

Dirksen's  process,  which  we  have  referred  to  in  Art.  471, 
resembles  that  of  Sarros  in  this  respect;  both  in  fact  follow 
Condorcet's  method  as  given  by  Lacroix.] 

482.  We  will  now  give  an  account  of  the  method  adopted 
by  Bruun  which  we  have  noticed  in  Art.  474. 

Bruun  proves  the  necessity  of  the  condition  in  the  same  way  as 
it  is  usually  proved  in  works  on  the  Calculus  of  Variations.  His 
proof  of  the  sufficiency  of  the  condition  is  substantially  the  fol- 
lowing. Let  F"  be  a  function  of  x  and  y  and  the  differential 
coefficients  of  y  with  respect  to  a;,  which  satisfies  the  condition  of 
integrability,  say  F=/(a;,  y,  y,  y", ...).  Change  y  into  y  +  (Sy^ 
and  let  Vt  denote  what  V  now  becomes,  so  that 

V,  ^f{x,  y  +  %,  y'  +  %',  y  +  %", . . .). 
Then  let  U^jv.dx,  so  that 

dt  -j  "ST"^- 

dV 
Now  --^'  will  consist  of  a  series  of  terms  which  we  may  de- 
note by 

Apply  the  process  of  integration  by  parts  in  the  usual  manner 
of  the  Calculus  of  Variations,  and  we  shall  obtain 

dU     .    /,,    dN  ^  d'P  \ 

+sy'(i'- ) 

+ 

dM     d}N     d*P 
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The  part  under  the  integral  sign  vanishes,  because  the  con- 
dition of  integrability  is  supposed  to  be  satisfied  with  respect  to 
/(^>y>y>y">  •••)>  *^^  ^*  "^^11  therefore  be  satisfied  when  y  is 
changed  into  y  +  tSy,    Thus  we  may  express  our  result  9^3  follows, 

+¥>«(^»y+%>  y +%',  y"+%",...) 
+ 

Integrate  with  respect  to  ^  firom  f  =  0  to  ^  =e  1 ;  then  the  left- 
hand  member  gives  us  f^  —  Z^,  so  that 

[/(»*  y + %» y' + V>  f + V>  •••)  ^  -//(^>  y»  y''  y">  •••)  ^ 


^0 


+  ¥ ti  (^>  y + %;  y' + %',  y" + %">  •••) 

+ ¥'ta  (a?»  y+tBt,,y'  +  %',  y  +  %", ...) 

-f \dL 

In  this  result  put  0  for  y  and  y  for  Sy ;  thus 

j/(^>  y»  y'>  y"»  — )  ^- j/(a?,  o,  o,  o, ...)  <& 

=  I  [Sy^lr  {x,  ty,  iy\  ty\  ...)  +¥ ti  {^^  %  ¥^  ¥\  -O 


-{-Sy'ylr^ix,  ty,  ty\  ty\  ...)  + I  ^^. 


This  is  «n  fact  the  result  originally  obtained  by  Poisson  •  see 
Art.  96. 
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necessary  to  make  it  quite  independent  of  the  ALGEBRA.  It  has  now  a 
hurgo  and  increasing  sale  in  all  classes  of  Schools  at  home  andinthe  Colomes. 
A  very  copious  collection  of  Examples,  under  each  rule,  has  been  embodied 
in  the  work  in  a  systematic  order,  and  a  Collection  of  Miscellaneous  Papers 
in  all  branches  01  Arithmetic  haye  been  appended  to  the  book. 

The  EXERCISES  haye  been  published  in  order  to  giye  the  pupO 
examples  of  eyery  rule  in  Arithmetic,  and  they  haye  been  carefully  com- 
piled from  the  latest  Uniycrsity  and  School  Examination  Papers. 
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This  work  contains  all  the  propositions  which  are  usually  included 
in  elementary  treatises  on  Algebra,  and  a  large  number  01  £xatnples 
for  Exereiae.  The  author  has  sought  to  render  tl^  work  easily  intelligible 
to  students  without  impairing  the  accuracy  of  the  demonstrations,  or 
contracting  the  limits  of  the  subject.  The  examples  haye  been  selected 
with  a  yiew  to  illustrate  eyery  part  of  the  subject,  and  as  the  number 
of  them  is  about  tixteen  humdred  and  fifty,  it  is  hoped  theiy  will  supply 
am^e  exercise  for  the  student.  Each  set  of  examples  has  Seen  carenuly 
arranged,  commencing  with  yery  simple  exercises,  and  prooecding 
gradiiaUy  to  those  which  are  less  ooyious. 
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This  work  forms  the  first  i>art  of  a  Treatise  on  Arithmetics  in  which 
the  Author  has  endeavoured,  from  ver^  different  principles,  to  £zplain  in 
a  full  and  satisfactory  manner  all  the  miportant  processes  in  that  subject. 

The  proofs  have  in  all  oases  been  given  in  a  form  entirely  arithmetical : 
for  the  author  does  not  think  that  recourse  ought  to  be  hiad  to  Algebra 
until  the  arithmetical  proof  has  become  hopelessly  long  and  perpkoing. 

At  the  end  of  every  chapter  several  examples  have  been  worked  out  at 
length,  carefully  pointing  out  the  best  practical  method  of  operation. 


A    SHOKT   MANTJAIi    OF    ARITHMETIC. 


By  C.  W.  UNDERWOOD,  M.A. 

Vice-Principal  of  the  Collegiate  Institution,  Liverpool. 

Fcp.  8yo.     96  pp.  (i860),  limp  cloth.     2b.  6d. 

• 
The  object  aimed  at  by  the  Compiler  of  this  Manual  is  to  brin^  before 
jtmior  students  so  much  of  the  Theory  of  Arithmetic  as  may  be  feurly  ex- 
pected of  them,  and  to  present  it  in  such  a  form  that  the  study  of  the 
Science  may  become  to  some  extent  a  nnenial  training.  It  is  rather  a 
Chreunmar  of  Arithmetic  than  a  treatise  on  that  subject,  and  diould  for 
the  most  part  be  committed  to  memory.  It  will  be  found  well  adapted 
for  vivd  voce  examination,  and  enable  candidates  to  prepare  themsdves 
for  the  Local  University  Examination.  The  DefinitionB  are  briefLy  and 
carefully  worded.  Each  rule  is  stated  so  as  to  include  the  proof  of  it 
where  this  was  possible. 


PLANE    TBIOONOMETBT. 

FOB  SCHOOLS  AND  COLLEGES. 

By  L  TODEUNTER,  M.A. 

Second  Edition.   Crown  ^vo.  279  pp.  (i860),  strongly  bound 

in  cloth.  5«. 

The  design  of  this  work  has  been  to  lender  the  sabjeot  intelli- 
gible to  beginners,  and  at  the  same  time  to  afibrd  the  student  the 
opyortuniW  of  obtaining  all  {he  information  which  he  will  require  on 
this  branch  of  Mathematics.  Each  chapter  is  followed  by  a  set  of 
examples;  those  which  are  entitled  MiteelUmmmt  Bttm^fietj  together 
with  a  few  in  some  of  the  other  sets,  may  be  advantageously  reserred 
by  the  student  for  exercise  after  he  has  made  some  progress  in  the 
subject  As  the  Text  and  Examples  of  the  present  work  have  been  tested 
b^r  considerable  experience  in  teibchine,  the  hope  is  entertained  that  tiiey 
will  bo  suitable  for  imparting  a  sound  and  comprehensiTC  knowledge  of 
Plane  Trigonometry,  together  with  readiness  in  the  application  of  this 
knowledge  to  the  solution  of  problems.  In  the  Second  jBdition  the  hints 
for  the  solution  of  the  Examples  have  been  considerably  increased. 


SPHEBICAIi    TBIOONOMETBT 

FOB  THE  USE   OF   COLLEGES   AND   SCHOOLS. 

£y  I.  TOBHUNTER,  M.A. 

112  pp.  Crown  8to.  (1859),  strongly  bonnd  in  doth.    44.  6d. 

This  woik  is  constructed  on  the  same  plan  as  the  l^reatiie  on  JElum 
IHffOHometiy,' to  which  it  is  intended  as  a  sequel.  Considerable  labour 
has  been  expended  on  the  text  in  order  to  render  it  comprehensiTe  and 
accurate,  and  the  Examples,  which  haye  been  chiefly  selected  from 
University  uid  College  Papers,  have  all  been  carefully  vraified. 


PLANE     TBIGONOMETBT. 
An  Elementary  Treatise. 

WITH  A  NUMEROUS  COLLECTION  OF  EXAMPLES. 

By  R.  D.  BEASLET,  M.A. 
Head  Master  of  GTanlJiam  School. 

1 06  pp.  (1858),  strongly  bound  in  cloth.     3«.  6d. 

This  Treatise  is  specially  intended  for  oae  in  Schools.  The  choice  of 
matter  has  been  ohiefly  guided  by  the  requirements  of  the  three  days' 
Examination  at  Cambri^be,  with  the  exeention  of  proportional  parts  in 
logarithms,  which  haye  been  omitted.  About  four  hundred  examples 
haye  been  added,  mainly  collected  from  the  Examination  Papers  of  the 
last  ten  years,  and  great  pains  have  been  taken  to  exclude  from  the  body 
of  the  work  any  wmch  nught  dishearten  a  beginner  by  their  difficulty. 


PLANE    AND    SPHEBICAIi 
TEIGONOMETEY. 

WITH    THE   C0N8TEUCTI0N   AND    USE   OF   TABLES    OP 

LOGAEITHMS. 

By  J.  C.  SNOWBALL,  M.A. 

Late  Fellow  of  St.  John's  College,  Cambridge. 
Ninth  Edition.      240  pp.  (1857).  Crown  8vo.     7*.  6d. 

In  preparing  a  new  edition,  the  proofs  of  some  of  the  more  im- 
portant propositions  have  been  rendered  more  strict  and  general ;  and 
a  considerable  addition^  of  tnore    than  ttoo   hundred   examples,  taken 

Principally  frx}m  the  questions  in  the  Examinations  of  Colleges  and  the 
rniyersity,  has  been  made  to  the  collection  of  Examples  and  Problems 
for  practice. 
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ELBMENTABT    TREATISE    ON 

MECHANICS. 

WITH  A  COLLECTION  OF  EXAMPLES. 

By  8.  PARKINSON,  B.D. 

Fellow  and  Praelector  of  St  John's  College,  Cambridge. 

Secoj^d  Editiow.   345  pp.  (i86i).    Crown.  8 vo.  cloth.  f)s,6d. 

The  Author  has  endeaTonred  to  render  the  present  volume  suitable  aa 
a  Manual  for  the  junior  classes  in  IJniTersities  and  the  higher  dasaes  in 
Schools.  With  this  object  there  have  been  included  in  it  those  portions  of 
llieoretical  Mechanics  which  can  be  conTenientty  investigated  without 
the  Diflbirential  Calculus,  and  with  one  or  two  short  exceptions  the 
student  is  not  presumed  to  require  a  knowledge  of  any  branches  of 
Mathematics  beyond  the  elements  of  Algebra,  G^metry  and  Trigo- 
nometry. A  collection  of  Problems  and  Examples  has  been  added, 
chiefly  taken  from  the  Senate-House  and  College  Examination  Papers — 
which  will,  it  is  trusted,  be  found  useful  as  an  exercise  for  the  student. 
In  the  Second  Edition  several  ad^tional  propositions  have  been  incorpo- 
rated in  the  work  for  the  puipose  of  rendering  it  more  complete,  and  the 
Collection  of  Examples  and  Problems  has  been  largely  increased. 


ELEMENTABT    HYDBOSTATICS. 

WITH    NUMEROUS   EXAMPLES    AND    SOLUTIONS. 

By  J.  B.  BEEAR,  M.A. 

Fellow  and  late  Mathematical  Lecturer  of  Clare  College. 

Second  Edition.     156  pp.  (1857).  Crown  8vo.  cloth.     5*.  6d. 

"An  excellent  Introductory  Book.  The  definitions  are  very  clear; 
the  descriptions  and  explanations  are  sufficiently  ftill  and  intelligiole ;  the 
investigations  are  simple  and  scientific  The  examples  greatly  enhance 
its  value." — ^Ehoubh  Joubnal  of  Education. 

This  Edition  contains  147  Examples,  and  solutions  to  all  these  ex- 
amples are  given  at  the  end  of  the  book. 


ANALTTIOAIi     STATICS. 

WITH  NUMEROUS  EXAMPLES. 

By  L  TODHVNTER,  M.A. 

Second  Edition.   330  pp.  (1858).   Crown  8yo.  cloth.    10s,  6d. 

*  In  this  work  will  be  found  all  thepropositions  which  usualJ^  appear 
in  treatiaes  on  Theoretical  Statics.  To  the  different  chapters  ]^jcamples 
are  appended,  which  ha^e  been  principally  selected  from  the  University 
and  College  Examination  Papers ;  these  will  furnish  ample  exercise  in 
the  application  of  the  principles  of  the  subject 


DTNAMIOS.     A  Treatise. 

By  W.  P.  WILSON,  M.A. 
Professor  of  Mathematics  in  the  University  of  Melbourne. 

176  pp.  (1850).      8vo.     9«.  6d, 

This  Treatise  contains  the  fundamental  principles  of  the  science,  with 
their  application  to  the  motion  of  particles  and  to  the  simpler  cases  of  the 
motion  of  bodies  of  finite  magnitude. 


DYNAMICS    OF    A    FABTICLE. 

WITH  NUMEROUS  EXAMPLES. 
By  F,  G.  TAIT,  M.A,,  and  W.  J.  STEELE,  B.A. 

Late  Fellows  of  St.  Peter's  College,  Cambridge. 
304  pp.  (1856).     Crown  8yo.  cloth.     108.  6d. 

In  this  Treatise  will  be  found  all  the  ordinary  propositions  connected 
with  the  Dynamics  of  Particles  which  can  he  conveniently  deduced 
without  the  use  of  D*Alemberf  s  Principles.  Throughout  the  book  will 
be  found  a  number  of  illustrative  Examples  introduced  in  the  text,  and 
for  the  most  part  completely  woiked  out ;  others,  with  occasional  solutions 
or  hints  to  a»nst  the  student,  are  appended  to  each  Chapter. 
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A  TBEATISE   ON  ATTSAOTIONS, 

liA  FliAOE'S  FXTNOnONS  AND 

THE     FiaXTBB     OF      THE     EARTH, 

By  J.  H.  PRATT,  M.A. 

Archdeacon  of  Calcutta,  late  Fellow  of  Gonville  and  Cains  College, 

Cambridge.  • 

Crown  8yo.  126  pp.  (i860),  cloth.    6$.  6d. 

In  the  present  Treatise  the  author  has  endeavoured  to  supply  the  irant 
of  a  woiIl  on  a  subject  of  great  importance  and  high  interest— La  Place's 
Coefficients  and  Functions  and  the  calculation  of  the  Figure  of  the  Earth 
by  means  of  his  remarkable  analysis.  No  student  of  the  higher  branches 
of  Physical  Astronomy  should  be  isnorant  of  Laplaoe's  audysis  and  its 
result^**  a  calculus,"  says  Airy,  **  the  most  singular  in  its  zuiture  and  tJie 
most  powerful  in  its  application  that  has  erer  appeared.' 


•• 


DYNAMIOS    OF    A    SYSTEM    OF    BIQID 

BODIES. 

WITH  NUMEBOITS  EXAMPLES. 
By  EDWARD  JOHN  ROUTE,   M.A. 

Fellow  and  Assistant  Tutor  of  St.  Peter's  College,  Cambridge. 
336  pp.  (i860).    Crown  8vo.  cloth.     io».  6d. 

The  numerous  Examples  which  will  be  found  at  the  end  of  each 
chapter  hare  been  chiefly  selected  irom  the  Examination  Plipers  set  in 
the  Uniyersity  and  Colleges  of  Cambridge  during  the  last  few  years. 
CoT^TKNTs  :  Chap.  I.  Of  Moments  of  Inertia. — II.  D'Alembert's  Prin- 
ciple.— III.  Motion  about  a  Fixed  Axis. — lY.  Motion  in  Two  Dimen- 
sions.— ^V.  Motion  of  a  Kgid  Body  in  Three  Dimensions. — ^YI.  Motion 
of  a  Flexible  String.—VII.  Motion  of  a  System  of  Rigid  Bodie8.~yilI, 
Of  Impulsiye  Forces. — IX.  Miscellaneous  Examples. 
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A    TREATISE    ON    OPTICS. 

By  S.  PARKINSON,  B.D, 

Fdlow  and  Aasbtant  Tutor  of  St  John's  Collego,  Cambridge. 

304  pp.  (1859).    Crown  8vo.     io».  Sd, 

The  present  work  may  be  regarded  as  a  new  edition  of  the  Titatiw  on 
Optics,  by  the  Key.  W.  N.  GrSSn,  which  being  some  time  ago  out  of 
print,  was  very  kindly  and  liberaUy  placed  at  my  disposal  by  the  author. 
The  author  has  freely  used  the  liberty  accorded  to  him,  and  has  rearranged 
the  matter  with  considerable  alterations  and  additions— especially  in  those 
parts  which  required  more  copious  explanation  and  illustration  to  render 
the  work  suitable  for  the  present  course  of  reading  in  the  University. 
A  collection  of  Examples  and  Problems  has  been  appended,  which  are 
sufficiently  numerous  and  varied  in  character  to  afford  an  useful  exercise 
for  the  student :  for  the  greater  part  of  them  recourse  has  been  had  to 
the  Examination  Papers  set  in  the  University  and  the  several  Colleges 
dnrinff  the  last  twenty  years. 

Subjoined  to  the  copious  Table  of  Contents  the  author  has  ventured  to 
indicate  an  elementary  course  of  reading  not  unsuitable  for  the  require- 
ments of  the  First  Three  Days  in  the  Cambridge  Senate  House  Ex- 
aminations. 


QEOMETBIOAIi    TBEATISE    ON    OONIC 

SECTIONS. 

WITH    A   COPIOUS    COLLECTION    OF   EXAMPLES. 

By  W.  H.  BREW,  M.A. 

Second   Master   of  Blackheath    School. 

121  pp.  (1857).     Crown  8vo.  cloth.     4^.  6«?. 

In  this  work  the  subject  of  Conic  Sections  has  been  placed  before 
the  student  in  such  a  form  that,  it  is  hoped,  after  mastering  the  ele- 
ments of  Euclid,  he  may  find  it  an  easy  and  interesting  continuation  of 
his  geometrical  studies.  With  a  view  also  of  rendering  the  work  a  com- 
plete Manual  of  what  is  required  at  the  Universities,  there  have  been 
either  embodied  into  the  text,  or  inserted  among  the  examples,  every 
book-work  question,  problem,  and  rider,  which  has  been  propoaed  in  the 
Cambridge  examinations  up  to  the  present  time. 
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A   TREATISE   ON 
PLANE    00-OBDINATE    QEOMETBY 

AS    APPLIED   TO   THE   8TKAIGHT   LINE   AND    THE 

CONIC   SECTIONS; 

88it^  ^fxaaztauB  (Sxamplts. 

By  I.  TODHUNTER,  M.A, 

Second  Edition.  316  pp.  (1858).    Crown  8yo.  cloth,    icm.  6d. 

Thia  T^taUm  ezhibitB  the  fabject  in  a  simple  mumer  for  the  benefit  of 
beginners,  and  at  the  same  tmie  includes  in  one  yolome  all  that 
students  usually  require.  In  addition,  therefore,  to  the  propoeitioos 
which  haye  always  appeared  in  such  treatises,  the  methods  (tf  abridged 
notation,  which  are  of  more  recent  origin,  have  been  introduced ;  these 
methods,  which  are  of  a  less  elementary  character  than  the  rest  of  the 
work,  areplaoed  in  separate  chapters,  and  may  be  omitted  by  the  student 
at  first.  The  Examples  at  the  end  of  each  chapter  will,  it  is  hoped,  famish 
sufficient  exercise,  as  they  have  been  carefully  selected  with  the  view  of 
illustrating  the  most  important  points,  and  have  been  tested  by  repeated 
experience  with  pupils. 


EXAMPLES    OF    ANALYTICAL 
GEOMETBT    OF     THREE    DIMENSIONS. 

Collected  hy  L  TOLEUNTER,  M.A. 
76  pp.  (1858).     Crown  8vo.  cloth.     4«. 

A  collection  of  examples  in  illustration  of  Analytical  Oeometnr  of 
Three  Dimensions  has  long  been  required  both  by  students  and  teachers, 
and  the  present  work  is  puolished  with  the  yiew  of  supplying  the  want. 
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CONIC    SECTIONS    AND    AIiQEBBAIO 

QEOMETBY. 

WITH  NUMEROUS  EASY  EXAMPLES  PEOGRESSIVELY 

AREAKGED. 

By    Q.   H.    PUCKLE,    M,A. 

Principal  of  Windenncro  College. 

Second  Edition.  264  pp,  (1856).    Crown  8yo.    ']s.6d. 

This  book  has  been  written  with  n)ecial  reference  to  those  difficulties 
and  misapprehensions  which  commonly  beset  the  student  when  he  com- 
mences. With  this  object  in  view,  the  earlier  part  of  the  subject  has  been 
dwelt  on  at  lcng;th,  and  geometrical  and  numerical  illustrations  of  the 
analysis  have  been  introduoed.  The  Examples  appended  to  each  section 
are  mostly  of  a  very  elementary  description.  The  work  wiU,  it  is  hoped, 
be  found  to  contain  all  that  is  required  by  the  upper  classes  of  schools 
and  by  the  generality  of  students  at  the  Uniyersities,  and  will  also  serve 
as  a  preparation  for  such  as  may  wish  to  study  more  extensive  modem 
treatises. 


THE    DIFFEBENTIAIi    OALCULUS. 

By  I.  TODSUNTER,  M.A. 
Third  Edition,  398  pp.  (i860)  Crown  8yo.  cloth,  io«.  6d, 

This  work  is  intended  to  exhibit  a  comprehensive  view  of  the  Differ- 
ential Calculus  on  the  method  of  limits.  In  the  more  elementary 
portions,  explanations  have  been  given  in  considerable  detail,  with  the  hope 
that  a  reader  who  is  without  the  assistance  of  a  tutor  may  be  enabled  to 
acquire  a  competent  acquaintance  with  the  subject.  More  than  one  in- 
vestigation of  a  theorem  has  been  frequently  given,  because  it  is  believed 
that  the  student  derives  advantage  from  viewing  the  same  proposition 
under  different  aspects,  and  that  in  order  to  succeed  in  the  cxammations 
which  he  may  have  to  undergo,  he  should  be  prepared  for  a  considerable 
variety  in  the  order  of  arrangmg  the  several  branches  of  the  subject,  and 
for  a  corresponding  variety  in  the  mode  of  demonstration. 
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THE    INTEaBAL    OAIjCXTIjIJS    AND    ITS 

APFLIOATIONS. 

By  I.  TOBBUNTER,  M.A. 

268  pp.  (1857),     Crown  8vo.  cloth.     io».  6d, 

In  ^liting  tho  present  Trtatise  on  ihs  Integral  Cakulut^  the  object  has 
been  to  produce  a  work  at  once  elementary  and  oomplete--adaptcd  for  the 
use  of  bcginncrSf  and  sufficient  for  the  wants  of  adranccd  students.  In 
the  selection  of  the  propositions,  and  in  tho  mode  of  establishing  them, 
the  author  has  endeavoured  to  exhibit  fully  and  clearly  the  principles  of 
the  subject,  and  to  illustrate  all  their  most  important  results.  In  order 
that  the  student  may  find  in  the  volume  all  that  he  requires,  a  large 
collection  of  Examples  for  exercise  has  been  appended  to  the  different 
chapters. 

DIFFEBEirTIAIi    EQUATIONS. 

By  OEORQE  BOOLE,  D.CX. 

Professor  of  Mathematics  in  the  Queen's  University,  Ireland. 

468  pp.  (1859).     Crown  8vo.  cloth.     144. 

The  Author  has  endeavoured  in  this  treatise  to  convey  as  complete  an 
Qpcount  of  the  present  state  of  knowledge  on  the  subject  of  the  Differential 
Equations  as  was  consistent  with  the  idea  of  a  worx  intended,  primArily, 
for  clementiry  instruction.  The  object  has  been  first  of  all  to  meet  the 
wants  of  those  who  had  no  previous  acquaintance  with  the  subject,  and 
also  not  quite  to  disappoint  others  who  might  seek  for  more  advanced 
information.  The  earlier  sections  of  each  (xoapter  contain  that  kind  of 
matter  which  has  usually  been  thought  suitable  for  the  beginner,  while 
the  latter  ones  are  devoted  either  to  an  account  of  recent  discoveiy,  or  to 
the  discussion  of  such  deeper  questions  of  principle  as  arc  likely  to 
present  themselves  to  the  lenoctive  student  in  connec&on  with  the  methods 
and  processes  of  hu  previous  course. 

The  CALCULUS  of  FINITE  DIFFEBENCES 

By  GEORGE  BOOLE,  D.C.L. 

248  pp.  (i860).    Crown  8vo.  cloth,    icm.  6d, 

In  this  work  particular  attention  has  been  paid  to  the  connexion  of  the 
methods  with  those  of  the  Differential  Calculus — a  connexion  which  in 
some  instances  involves  far  more  than  a  merely  formal  analogy.  The 
work  is  in  some  measure  designed  as  a  sequel  to  the  Author's  Treatise  on 
Differential  Equations,  and  it  has  been  composed  on  the  same  plan. 
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SENATE-HOUSE    MATHEMATIOAL 

FBOBLEMS. 

WITH     SOLUTIONS. 

1848-51.    By  FERRERS  and  JACKSON.    Byo.     15«.  M. 
•   1848-61.     (Riders).    By  JAMESON.    8vo.    7».  6rf. 
1854.    By  WALTON  and  MACKENZIE.    8vo.     10«.  6d. 
1857.    By  CAMPION  and  WALTON.    8vo.    8*.  6rf. 
18C0.    By  ROUTH  and  WATSON.    Crown  8va    7».  6</. 

The  above  books  contain  Problems  and  Examples  which  have  been  set 
in  the  Cambridge  Senate-house  Examinations  at  various  periods 
during  the  last  twelve  years,  together  with  Solutions  of  the  same, 
and  will  afford  Teachers  and  Students  who  are  living  at  a  distance 
from  the  University  a  better  idea  of  the  nature  of  the  Studies  and  the 
best  methods  of  pursuing  them  than  anything  else  would.  The 
Solutions  arc  in  all  cases  given  either  by  the  Examiners  themselves  or 
under  their  sanction. 


A     COLLECTION     OF     MATHEMATICAL 
FBOBLEMS    AND    EXAMPLES. 

WITH    ANSWERS. 

By   m  A,    MOR\^AN,   M.A. 

Fellow  of  Jesus  College,  Cambridge. 

190  pp.  (1858).     Crown  8vo.     6«.  6d. 

This  book  contains  a  number  of  problems,  chiefly  elementary,  in  the 
Mathematical  subjects  usually  read  at  Cambridge.  They  have  been 
selected  from  the  papers  set  during  late  years  at  Jesus  Colleee.  Very 
few  of  them  are  to  be  met  with  in  other  collections,  and  by  far  the 
larger  number  are  due  to  some  of  the  most  distinguished  Mathematicians 
in  tiie  University. 

MATHEMATICAL     TBACTS 

ON    THE    LUNAR   AND    PLANETARY    THEORIES,    FIGURE 
OF    THE    EARTH,    THE    UNDULATORY    THEORY    OF 
^  OPTICS,  &c. 

Bff  the  ASTRONOMER  ROYAL,  G.  B.  Aikt,  M.A. 

Fourth  Edition.     400  pp.  C1858).     Svo.     1^9, 
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THEOBY     of     EBBOBS      of     OBSEBVA- 

TIONS    AND    THE    COMBINATION 

of    OBSEBVATIONS. 

By  the  ASTRONOMER  ROYAL,  G.  B.  Aiby,  M.A. 
103  pp.  (1861).     Crown.  8yo.    69.  6d.  • 

In  order  to  spare  astronomen  and  obserren  in  natoral  philoaophy 
the  confusion  and  loss  of  time  which  are  produced  by  referring  to  the 
ordinary  treatises  embracinff  both  branches  of  Probabilities,  the  author 
has  thought  it  desirable  to  ou^w  up  this  work,  relating  only  to  Errors  of 
Obsermtion,  and  to  the  rules  deriTable  from  the  consideration  of  these 
Errors,  for  the  Combination  of  the  Results  of  Observations.  The  Author 
has  thus  also  the  advantage  of  entering  somewhat  more  fully  into  several 
points  of  interest  to  the  observer,  than  can  possibly  be  done  in  a  General 
Theory  of  Probabilities. 

THE  CONSTRUCTION  OF 
WBOUGHT-IBON    BBIDGES. 

EMBRACING     THE    PRACTICAL    APPLICATION     OF     THE 
PRINCIPLES  OP  MECHANICS  TO  WROUGHT-IRON 

GIRDER-WORK. 

By  J.  HERBERT  LATHAM,  M.A.,   Ctml  Engineer. 

"  The  great  merit  of  this  book  is  that  it  deals  with  practice  more  than 
theory.  All  the  calculations  in  the  book  connected  with  the  strength  of 
girders  are  based  upon  their  actual  application  which  abounds  in  practical 
investigations  into  girder- woriL  in  all  its  bearings,  and  wiU  be  welcomed  as 
one  of  the  most  valwMe  contributiont  yet  made  to  this  important  braneA  of 
Mgineering" — Athenaux. 

HISTORY  OF  TP  PR0OBES8  OF 
THE    CAIiCULUS    OF    VABIATIONS 

DURING  THE  NINETEENTH  CENTURY. 

By  L  TODHUNTER,  M.A. 

Fellow  and  Principal  Mathematical  Lecturer  of  St  John's  Coll.  Camb. 

It  is  of  importance  that  those  who  wish  to  cultiyate  any  subject  may 
be  able  to  ascertain  what  results  have  already  been  obtamed,  and  thus 
reserve  their  strength  for  difficulties  which  haye  not  yet  been  conquered. 
And  those  who  merely  desire  to  ascertain  the  present  state  of  a  subject 
without  any  purpose  of  original  investigation  will  often  find  that  tiie 
studj  of  the  past  history  of  that  subject  assists  them  materially  in  ob- 
taimng  a  sound  and  extensive  knowledge  of  the  condition  which  it  has 
attained.  The  Author  has  endeavoured  in  this  work  to  ascertain  distinctly 
what  has  been  effected  in  the  Progress  of  tiie  Calculus,  and  to  fonn  some 
estimate  of  the  manner  in  which  it  has  been  effected :  accordingly,  unless 
the  contrary  is  distinctly  stated,  it  may  be  assumed  that  any  treatise  or 
memoir  relating  to  the  Calculus  of  Yafiations  which  is  described  in  this 
work  has  undergone  thorough  examination  and  study. 
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HELP    TO    LATIN    QBAMMAB. 

WITH    EASY    EXERCISES,    BOTH  ENGLISH    AND    LATIN, 

QUESTIONS  AND  VOCABULARY. 

By  J.   WRIGHT,  M.A. 

Head  Master  of  Sutton  Coldfield  School. 

175  pp.  (1855).     Crown  8vo.  doth.     4*.  6d. 

"This  book  aims  at  helping  the  learner  to  oTerstep  the  threshold 
difficulties  of  the  Latin  Ghiitmmar;  and  never  was  there  a  better  aid 
offered  alike  to  teacher  and  scholar  in  that  arduous  pass.  The  style  is  at 
once  familiar  and  strikingly  simple  and  lucid ;  and  the  explanations  pre- 
cisely hit  the  difficulties,  and  thoroughly  explain  them.  It  will  also 
much  facilitate  the  acquirement  of  English  Graminar." — ^English  Joubnal 
OF  Education. 


THE    SEVEN    KINGS    OF    SOME. 

A  FIRST  LATIN  READING  BOOK,  ABRIDGED  FROM  LIVY, 
BY  THE  OMISSION  OF  DIFFICULT  PASSAGES,  WITH 
NOTES  AND  INDEX. 

By  J.    WRIGHT,  M.A. 

Second  Edition.     138  pp.  (1857).    Fcap.  8vo.  cloth.     3*. 

This  work  is  intended  to  supply  the  pupil  with  an  easy  Construing-hook, 
which  may,  at  the  same  time,  be  made  me  yehicle  for  instructing  him  in 
the  rules  of  grammar  and  principles  of  composition.  These  bnmches  of 
the  study  of  Latin  seem  to  the  author  to  hare  hitherto  been  kept  too  much 
apart.  iBoys  have  construed  their  Delectus,  or  Eutropius,  or  Nepos,  and 
have  gone  elsewhere  for  their  grammatical  exercises.  Nor  can  this  be 
wondered  at.  An  educated  man  must  feel  positiyely  ashamed  of  taking 
his  pupils  away  from  our  good  English  authors,  and  setting  before  him 
instead  a  Delectus  or  Eutropius.  He  therefore  skims  over  them  as 
lightly,  and  escapes  from  them  as  quickly  as  possible,  and  has  recourse 
for  his  composition  lesson  to  one  of  the  many  exercise-books  which 
swarm  from  our  educational  press.  To  remedy  these  evils  this  book 
has  been  published.  Here  Liyy  teUs  his  own  pleasant  stories  in  his  own 
pleasant  words.  What  is  omitted,  is  that  which  no  one  can  wish 
a  beginner  to  learn,  and  which  may  be  better  learnt  elsewhere.  Let 
Liyy  be  the  master  to  teach  a  boy  Latin,  not  some  English  collector  of 
sentences,  and  he  wiU  not  be  found  a  dull  one. 
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VOOABUIiABT    AJSrJ>    EXEBOISES 
ON    "THE    SEVEN    KINGH9    OF    BOUE.*' 

94.pp.  (1S57).     Crown  8vo.  cloth.    t$.  6d. 

The  Vocabulan  ii  publiihed  spirt  frran  the  Text  in  order  to  fuit  tbe 
vieiTB  of  thon!  who  ^efec  thuir  papilB  to  comult  a  gcneiml  dietionan. 
A»  the  aim  of  the  Teit  ia  to  teach  the  elements  of  gTBmmar,  bo  the 
Eiercieee  are  intended  to  test  the  pupil's  knowledge  of  gtsmmar.  Indeed 
there  u  hardlj  as  ordinal^  I^tin  conabuction  vMch  ia  not  illuitiBited  in 
the  text,  ei^ained  in  the  notes,  and  proved  in  the  exerciaea. 

HEIiLENIOA. 
A  First   Chreek  Beading  Book. 

FROM  DIODOEUS  ASD  THUCTDIDEB.     WITH  TOCABULART. 

By  J.   WRIGET,  M.A. 

Author  of  "A  Latin  Grammar." 

Second  Edition.   150  pp- (1^51).     Fcap.  8to.  cloth,   jt.  6d. 

In  the  last  twenty  chapters  of  Ihii  Tolome,  Thucydidea  aketches  the 
rise  and  progreHS  of  the  Athenian  Empire  in  so  dear  a  style  and  in  niuh 
simple  language,  that  the  author  doubts  whether  any  easier  or  more 
instructive  passages  can  be  selected  for  the  use  of  the  pupil  who  is 
uoDUDencing  Greek. 


A    FIBST    LATIN    C0N8TBTT1NO    BOOK. 

Ji!f,  EDWARB    THRINO,    M.A. 

noad*  Master  of  Uppingham  School. 

104  pp.  (185s).    Pcap.  8to.     z»,  6i. 

This  Construing  Book  is  drawn  up  on  the  same  sort  of  gradneted  aoale 
OS  the  Author's  EngitA  Crraamar.  Faesagea  out  of  the  h«Bt  l^Oa  Poeta 
aie  grmdually  built  up  into  their  perfect  shape.  The  f^w  mtia  altered,  or 
insorted  oa  the  paseages  go  on,  are  printed  in  Italioa.  It  is  iiopad  by 
this  plan  that  the  leajner,  whilat  acquiring  the  rudimenta  of  language, 
m^  store  bis  mind  with  good  poetry  and  a  good  vocabulary. 
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JUVENAL. 

WITH  ENGLISH  NOTES. 
By  JOHN  E.  B,  MA  TOR,  M.A. 

Fellow  and  Classical  Lecturer  of  St.  John's  College,  Cambridge. 

464  pp.  (1854).     Crown  8yo.  cloth.     io».  6d. 

"A  School  edition  of  Juvenal,  which,  for  really  ripe  scholarship, 
extensiye  acquaintance  with  Latin  literature,  and  familiar  knowledge  wim 
Continental  criticism,  ancient  and  modem,  is  unsurpassed,  we  do  not  say 
among  English  School-books,  but  among  English  editions  generally."*— 
EnxifBUBOH  Reyikw. 

CIOEBO'S    SECOND    PTnTiTPPIO, 

WITH  ENGLISH  NOTES. 
By  JOHN  E.  B.  MAYOR,  M.A. 
168  pp.  (1861).    Fcp.  8vo.  cloth.     5«. 

The  Text  is  that  of  Halm's,  2nd  edition  (Leipsig,  Weidmann,  1858^, 
with  some  corrections  from  Madvig's  4th  Edition  (Copenhu^  1858). 
Halm's  Introduction  has  been  closely  translated,  with  some  additions.  His 
notes  have  been  curtailed,  omitted,  or  enlarged,  at  discretion ;  passages 
to  which  he  gives  a  bare  reference,  are  for  the  moet  part  printed  at 
length ;  for  the  Greek  extracts  an  English  version  has  been  substituted. 
A  large  body  of  notes,  chiefly  g^rammatical  and  historical,  has  been  added 
from  various  sources.  A  bst  of  books  useful  to  the  student  of  Cicero, 
a  copious  Argument,  and  an  Index  to  the  introduction  and  notes,  complete 
the  i)ook. 

SALLUST. 

WITH  ENGLISH  NOTES. 
By  C.  MERIVALE,  B.B. 

Author  of  "A  History  of  Rome,"  &c. 
Second  Edition.      172  pp.  (1858).    Fcap.  8yo.    44.  Sd, 

<(  This  School  edition  of  Sallust  is  precisely  what  the  School  edition  of 
a  Latin  author  ought  to  be.  No  useless  words  are  spent  in  it,  and  no 
words  that  could  be  of  use  are  spared.  The  text  has  bc«i  carefully 
collated  with  the  best  editions.  It  is  printed  in  a  large  bold  type,  whicn 
manifests  a  just  regard  for  the  yotmg  eyes  that  are  to  work  upon  it : 
xmder  the  text  there  flows  through  every  page  a  full  current  of  ex- 
tremely weU-sdected  annotations." — The  Examtneu. 

The  **  Catiuka"  and  "  Jugvbtha"  may  he  had  separately,  price 

2b.  6d.  each,  hound  in  eloth. 
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DEMOSTHENES    ON    THE    OBOWN. 

WITH  ENGLISH  NOTES. 
By  B.  DRAKE,  M.A. 

Late  Fellow  of  King's  College,  Cambridge. 

Second  Edition.      To  which  is  prefixed  Mscbis^b  against 
GiESiPHOK.    With  English  Notes. 

287  pp.  (i860).    Foap.  8yo.  doth.     5«. 

The  fint  edition  of  the  late  Mr.  Dzake's  edition  of  Demosthenes  de 
Corona  having  met  with  conBiderable  acceptance  in  Taiious  SchooLs,  and 
a  new  edition  being  called  for,  in  accordance  with  the  wishes  of  many 
teachers  has  been  appended  the  Oration  of  /Rachines  against  Cteaiphon, 
with  useful  notes  by  a  competent  scholar. 

DEMOSTHENES    ON    THE    CBOWN. 

TRANSLATED  INTO  ENGLISH. 
By  J.  P,  N0RRI8,  M.A. 

H.M.  Inspector  of  Schools. 
(1850).     Crown  8vo.     3«. 
'<  Admirably  representing  both  the  sense  and  style  of  the  originaL" 

.-AniENiBUM. 

THUOYDIDES.     Book    VI. 

WITH  ENGLISH  NOTES,  MAP  AND  INDEX. 

By  P.   FROST,  Jun.,  M.A. 

Late  Fellow  of  St  John's  College,  Cambridge. 

8yo.  cloth.     7«.  6d. 

It  has  been  attempted  in  this  work  to  facilitate  the  attainment  of 
accuracy  in  translation.  With  this  end  in  Tie  w  the  Text  has  been  treated 
grammatically. 

iESCHYLI     EUMENIDES. 

WITH   ENGLISH   VERSE    TRANSLATION,    COPIOUS 
INTRODUCTION,  AND  NOTES. 

By  B.  DRAKE,  MA. 

Editor  of  "  Demosthenes  de  Corona." 

**  Mr.  Drake's  ability  as  a  critical  Scholar  is  known  and  admitted.  Li 
the  edition  of  the  Eumenides  before  us  we  meet  with  him  also  in  the 
capacity  of  a  Poet  and  Historical  Essayist.  The  translation  is  flowinir 
and  melodious,  elegant  and  scholarlike.  The  Greek  Text  is  well  printed* 
the  notes  are  clear  and  useful." — Guardian. 
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ELEMENTS    OF 
QRAMMAB    TAHQHT    IN    ENQLISH. 

WITH  QUESTIONS. 

By  EDWARD  TSRING,  M.A. 

Head  Master  of  Uppingham  Grammar  School. 

Third  Edition.     136  pp.  (i860.)  Demy  i8mo.     Z9, 

THE    CHILD'S    ENQLISH    QTiAMMAR. 

t 

By  the  same  Author. 
New  Edition.  86  pp.  (1859).    Demy  i8mo.     is. 

The  Author^s  effort  in  these  two  books  has  been  to  point  out  the  broad, 
beaten,  erery-day  path,  carefullvayoiding  digressions  into  the  byeways 
and  eocentricities  of  lang^uage.  This  Work  took  its  rise  from  question- 
ings in  National  Schools,  and  the  whole  of  the  first  ^Mrt  is  merely 
the  writing  out  in  order  the  answers  to  questions  which  hare  been 
used  already  with  success.  The  study  of  Grammar  in  "Rnglish  has 
been  much  neglected,  nay  by  some  put  on  one  side  as  an  impossibility. 
There  was  perhaps  much  ground  for  this  opinion,  in  the  medley  of  arbi- 
trary rules  thrown  before  the  student,  which  applied  indeed  to  a  certain 
number  of  instances,  but  would  not  work  at  all  in  many  others,  as  must 
always  be  the  case  when  principles  are  not  put  forward  m  a  language  full 
of  ambiguities.  The  present  work  does  not,  therefore,  pretend  to  be 
a  compendium  of  idioms,  or  a  philological  treatise,  but  a  wammar.  Or 
in  other  words,  its  intention  is  to  teach  the  learner  how  to  speak  and 
write  correctly,  and  to  understand  and  explain  the  roeeoh  and  writings  of 
others.  Its  success,  not  only  in  National  Schools,  nrom  practical  work  in 
which  it  took  its  rise,  but  also,  in  classical  schools,  is  full  of  encourage- 
ment. 

SCHOOL    SONQS. 

A  COLLECTION  OP  SONGS  FOR  SCHOOLS. 

SKxtft    t^t    Pxtsic    ^mmgtir    for    ^wxt    S^mces. 
Edited  by  the  Bev.  E.  TEBINO,  and  IT.  BICCIU8. 

Music  Size.    'js.  6d. 
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ST.  PAUL'S  EPISTLE  TO  THE  BOMANS. 

THE  GEEEK  TEXT  WITH  ENGLISH  NOTES. 

By  a  J.  VAUGEAN,  D.D, 

Head  Master  of  Harrow  School. 

^Second  Edition.     Crown  8yo.  cloth  (1861).      5«. 

By  decficMitiTig  this  work  to  hia  elder  Pupila  at  Harrow,  the  Author 
hopes  that  he  siumciently  indicates  what  is  and  what  is  not  to  he  looked 
for  in  it.  He  desires  to  record  his  impression,  derived  from  the  experience 
of  many  years,  that  the  Epistles  of  the  New  Testamen^  no  less  than  the 
Gospels,  are  capable  of  nimishine  useful  and  solid  instruction  to  the 
highest  classes  of  our  Public  SchooiB.  If  they  are  taught  accurately,  not 
oontroTersially ;  podtiyelv,  not  negatively;  authontativelv,  yet  not 
dogmatically ;  taught  witn  close  and  constant  reference  to  their  literal 
meaning,  to  the  connexion  of  their  parts,  to  the  sequence  of  their  argu- 
ment, as  well  as  to  their  moral  and  spiritual  instruction;  they  will 
interest,  they  will  inform,  they  will  elevate ;  they  will  inspire  a  rever- 
ence for  Scripture  never  to  be  discarded,  they  will  awaken  a  desire  to 
drink  more  dei^ly  of  the  Word  of  God,  certain  hereafter  to  be  gratified 
and  fulfilled. 


RELIGIOUS    CLASS    BOOKS. 

THE   CHURCH  CATECHISM  ILLUSTRATED  AND  Ex- 
plained.    By  ABTHUK  BAMSAY,  M.A.    904  pp.  (1854).      iBmo.  doth. 

NOTES   FOR    LECTURES    ON    CONFIRMATION:    With 

Suitable  PraTen.     By  C.  J.  YAUOHAN  D.D.     Third  Edition.      70  pp.  (1859}. 
Fq;>.  8to.    u.  6d. 

HAND-BOOK  TO  BUTLER'S  ANALOGY.   By  C.  A. 

8WAIN8ON,  M. A.    55  pp.  (1856).    Crown  8to.    i«.  64. 

HISTORY    OF    THE    CHRISTIAN    CHURCH    DURING 

THE  FIRST  THREE  CENTURIES,  AND  THE  REFORBfATION  IN  ENG- 
LAND.    By  WILLIAM  SIMPSON,  M.A.    307  pp.  (1857).    Fep.  8vo.  eloCh.    5«. 

ANALYSIS    OF    PALEY'S    EVIDENCES    OF    CHRISTI- 
ANITY.   By  CHARLES  H.  CROSSE,  M.A.    115  pp.  (1855).    i8mo.  3*.  6d, 
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MANUALS    FOR    THEOLOGICAL 

STUDENTS. 

UNIFOKMLY   FEINTED   AND    BOUND. 


This  Series  of  Theological  Manuals  has  heen  puhlished  with 
the  aim  of  suppl3ring  Books  concise,  oomprehensiye,  and 
accurate,  convenient  for  the  Student  and  yet  interesting 
to  the  general  reader. 

HISTORY    OF    THE    CHRISTIAN    CHURCH 

DURING  THE  MIDDLE  AGES.    By  ARCHDEACON  HARD- 
WICK.    482  pp.  [1853].    With  Maps.    Crown  8to.  obth.    lOi.  6d. 

This  Volume  claims  to  be  regarded  as  an  integral  and  independent 
treatise  on  the  MediiBval  Church.  The  History  commences  with  the 
time  of  Gregory  the  Great,  because  it  is  admitted  on  all  himds  that  his 
pontificate  became  a  turning-point,  not  only  in  the  fortunes  of  the 
Western  tribes  and  nations,  but  of  Christendom  at  large.  A  kindred 
reason  has  suggested  the  propriety  of  pausing  at  the  year  1620, — ^the  year 
when  Luther,  haying  been  extruded  from  those  Churches  that  adhered  to 
the  Communion  of  the  Pope,  established  a  provisional  form  of  goyemment 
and  opened  a  fresh  era  in  the  history  of  Europe. 


HISTORY    OF    THE     CHRISTIAN    CHURCH 

DURING  THE  REFORMATIOIi      By  Aaohdn.  HARDWICK. 
459  pp.  [1866].    Crown  8yo.  cloth.    lOf.  6d. 

This  Work  forms  a  Sequel  to  the  Author^s  Book  on  The  Middle  Ages. 
The  Author^s  wish  has  been  to  giye  the  reader  a  trustworthy  yeraion  of 
those  stirring  incidents  which  mark  the  Relbnnation  period. 
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UANUAIiS  FOB  THEOLOGIOAL  ST17DENT&-0ontixiue(L 

HISTORY    OF    THE    BOOK     OF     COMMON 

PBAYEB.  With  a  Bationale  of  its  Offices.  By  FBANCIS 
PROCTER,  M.A.  Fourth  Edition.  464  pp.  [I860].  Crown  8vo. 
doth.     10«.  6d. 

The  Subject  of  this  Book  has  been  abeady  treated  by  numerous' 
vriters  of  distinction.  When  the  present  series  of  Manuals  was  proriected, 
it  did  not  appear  that  any  one  of  the  existing  yolumes  taken  singly  was 
available  for  the  desired  object.  In  the  course  of  the  last  twenty  years 
tiie  whole  question  of  liturgical  knowledge  has  been  reopened  witA  great 
learning  and  accurate  research,  and  it  is  mainly  with  the  view  of  epito- 
mizing their  extensive  publications,  and  oon«oting  by  their  help  iJie 
errors  and  misconceptions  which  had  obtained  currency,  that  the  present 
volume  has  been  put  together. 


HISTORY    OF   THE  CANON   OF  THE    NEW 

TESTAMENT  DURING  THE  FIRST  FOUR  CENTURIES. 
By  BROOKE  FOSS  WESTCOTT,  M.A.  694  pp.  [1865]. 
Crown  8yo.  doth.    12«.  6d, 

The  Author  has  endeavoured  to  connect  the  histoiT  of  the  New  Testa- 
ment Canon  with  the  growth  and  consolidation  of  the  Catholic  Church, 
and  to  point  out  the  relation  existing  between  the  amount  of  evidence 
for  the  authenticity  of  its  component  parts  and  the  whole  mass  of  Christian 
literature.  Such  a  method  of  inquiry  will  convey  both  the  truest  notion 
of  the  connexion  of  the  written  Word  with  the  living  Body  of  Christ,  and 
the 'surest  conviction  of  its  divine  authority. 


INTRODUCTION  TO  THE  STUDY  OF  THE 

GOSPELS.    By  BROOKE  FOSS  WESTCOTT,  M.A.    468  pp. 
[I860].    Crown  8vo.  cloth.    10».  6rf. 

The  title  of  this  book  will  explain  the  chief  aim  which  the  Author 
had  in  view.  It  is  intended  to'^'be  an  Introduction  to  the  Study  of  the 
Gospels.  The  Author  has  therefore  confined  himself  in  many  cases  to 
^e  mere  indication  of  lines  of  thought  and  inquiry  from  the  conviction 
that  truth  is  felt  to  be  more  precious  in  proportion  as  it  is  opened  to  us 
by  our  own  work.  In  a  subject  which  involves  so  vast  a  literature  mnoh 
must  have  been  overlooked ;  but  the  Author  has  made  it  a  point  at  leaat 
to  study  the  researches  of  the  great  writers,  and  consciously  to  neglect 
none. 
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leave..  KEPT   IN   VARIOUS   BINDINGS   BY   THE    PUBUSHERS. 


TOM  BROWITS  SCHOOL  DAYS.    Br  An  Old  Box.    Seventh       „, 

9  *  Edition.    Fcap.  8vo.  cloth.    5«. 

9».  6d,    TKE  HEROES;   or  GREEK  FAIRY  TALES.    By  Chakles       us, 

KiyoBLXT,  Rector  of  Eversley.    Second  Edition,  with  Eight  Illustratioxs. 
'      Imperial  itmo.  doth,  gilt  leaves.    5«. 

9*.  6rf.     DAYID,    KING    OF    ISRAEL;    Readings    for  the   Young.      us. 

With   Six  iLLraraATiOKS.      By  J.  Wkiobt,   M.A.      Imp.   i6mo.   cloth. 

9*.  6d,    LITTLE  ESTELLA  AND  OTHER  FAIRY  TALES.    Imp.       iw. 

i6mo.  cloth.    5«. 

.,    DAYS    OF    OLD:       STORIES    FROM    OLD    ENGLISH 

9^-  ^'  HISTORY  of  the  Droida,  Anglo-Sazonfl,  and  the  Cnuaders.    By  the  Author         '^'* 

of  Roth  akd  Hks  Fhixmds.    Imperial  i6mo.  cloth.    5«. 

9*.  6rf.     RUTH  AND  HER  FRIENDS.      A  Story  for  Girls.      Third       12*. 

Edition.    With  a  Fronti^iece.    Imp.  i6mo.  cloth.    5«. 

9*.  6rf.     OUR  YEAR:   A  Child's  Book  in  Prose  and  Verse.      By  the       iw. 

Author  of  "John  Halifax.'*    Nnmerooa  lUastrationa.     Royal  i6mo.  cloth,  gilt 
leaves.    5$. 

II*.       WESTWARD  HO!    THE  ADVENTURES  OF  SIR  AMYAS       i4;r. 

LEIGH  in  the  Reifm  of  Elizabeth.    Third  Edition.    By  Chaklks  Kikoslxt. 
Crown  8vo.  cloth.    69. 

,  „.      TWO  YEARS  AGO.    By  Charles  Kingslet.     Third  Edition.        ,4^ 

Crown  8vo.  cloth.    6«. 

iw.       THE    RECOLLECTIONS    OF   GEOFFRY  HAMLYN.     By       14,. 

HENBT  KINGSLEY.    SECO!a>  EnmoN.    Crown  8vo.  doth.    6*^ 

,2,.       GLAUCUS;  or,  WONDERS  OF  THE  SHORE.    By  Charles    ,4,.  sd. 

KiMosLST.      iLixflrxjiTSD   Editiok,    containing   Coloured   niustrations   of 
the  objects   mentioned   in  the  Work.      Imp.    i6mo.    cloth,    gUt  leaves. 

,Ss.       ESSAYS,    CHIEFLY   ON   ENGLISH   POETS.     By  David    ,^,  ^ 

Mabson,  M.A.    8vo.  doth.    int.  6d. 

168.      THE  REPUBLIC  OF  PLATO.    Translated  into  English  hy   20*.  6d. 

J.  Lucwvlltx  Davus,  M.A.,  and  D.  J.  Vaughav,  M.A.    Second  Edition.    8vo. 
doth.    lot.  6d. 

36*.       ARCHER    BUTLER'S    HISTORY    OF    ANCIENT    PHI-      45«- 

LOSOFHY.    a,  vols.  8vo.  cloth,    i/.  $*• 

15*.  6rf.    HISTORY  AND  RATIONALE   OF  THE  BOOK  OF  COM-    18*.  6d. 

MON  PRAYER.  By  F.  Pboctkh,  M.A.  4th  Edition.  Crown  8vo.  doth.  io«.  6d. 

'f'-^^-    HISTORY    OF    THE    CHRISTIAN    CHURCH    DURING    '^'J?^* 

eacn.  j^^    MIDDLE    AGES    AND    THE    REFORMATION.     By   Abctdeaoon        ®**^- 

Habdwick.    2  vols.    Crown  8vo.  doth.    io«.  6d,  each  volume. 

,-,  ^    HISTORY  OF  THE  CANON  OF  THE  NEW  TESTAMENT.  ^^  .. 

'  '  By  B.  F.  Wmtcott,  M.A.    Third  Edition.    Crown  8vo.  doth.    iu.6d.  '     ** 

INTRODUCTION  TO  THE  STUDY  OF  THE  GOSPELS. 

15*.  6rf.  By  B.  F.  WESTCOTT,  M.A.    Ctown  8vo.  doth.    io».6d.  l8».  6i. 

GEORGE  BRIMLEY'S  ESSAYS.       Second  Edition.      Fop. 

9*'  8vo.  cloth.    5#.  '^  '"• 

a3t.      THE  PLATONIC  DIALOGUES  FOR  ENGLISH  READERS.       28,. 

By  W.  WHEWELL,  D.D.    a  Vols.    Fep.  8vo.  doth.    141. 
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FORTHCOMING    BOOKS. 

First  Book  of  Algebra.     For  Schools.     By 

J.  C.  W.  ELLIS,  M.A.,  and  P.  M.  CLARK,  M.A.,  Sidney  Sussex 
College,  Cambridge.  IFreparinp. 

An  Elementary  Treatise  on  Quaternions. 

With  numerous  Examples.     By  P.  6.  TAIT,  M.A.,  Professor  of 
Natural  Philosophy  in  the  University  of  Edinburgh.    [^Preparmg, 

A  Treatise  on  Geometry  of  Three  Dimen- 
sions. 

By  PEfiCIVAL  FROST,  M.A.,  St  John's  College,  and  JOSEPH 
WOLSTENHOLME,  M.A.,  Christ's  College,  Cambridge. 

[In  the  Press. 

%*  The  Fir$t  Portion  has  been  issued  for  the  convenienes  of  Oambridgs  Students. 

A  Treatise  on  Trilinear  Coordinates. 

By  N.  M.  FERRERS,  M.A.,  Fellow  and  Mathematical  Lecturer  of 
Gonyille  and  Caius  College.  [in  the  iVvw. 

Aristotelis  de  Rhetorica.     With  Notes  and 

Introduction.     By  E.  M.  COPE,  M.A.,  Fellow  and  Assistant  Tutor 
of  Trinity  College,  Cambridge. 

The  New  Testament  in  the  Original  Greek. 

Text  revised  by  B.F.  WESTCOTT,  M.A.,  and  F.  J.  HORT,  M.A., 
formerly  Fellows  of  Trinity  College. 

Winer's  Grammar  of  the  New  Testament 

IDIOM.     Freely  Translated  and  revised  by  the  Rev.  F.  J.  A. 
HORT,  M.A.,  formcriy  Fellow  of  Trinity  College,  Cambridge. 
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